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PREFACE

Buoyancy forces arise as a result of variations of density in a fluid
subject to gravity, and produce a wide range of phenomena of
importance in many branches of fluid mechanics. Progress in this
field has been made largely through the desire to solve very practical
problems, arising for instance in meteorology or in hydraulic
engineering. This emphasis on particular applications has meant
that parallel developments have often been made in different
disciplines without much cross reference to related work, and some
results, well understood in one context, are less familiar in another
where they mightbeused toadvantage. In thisbook I have attempted
to write a coherent account of the various fluid motions which can be
driven or influenced by the presence of small density differences.
It is intended as a general introduction to the subject and its litera-
ture, in which the physical understanding of the phenomena is
emphasized, rather than the applications on the one hand or
detailed mathematical theory on the other.

The selection of subject matter must always be a personal one,
however, and my own research interests have certainly influenced
the topics chosen and the amount of space given to each of them. I
have worked with laboratory models of small scale processes in the
ocean and atmosphere, and so laboratory and geophysical examples
come most readily to mind, but comparisons have also been made
with results from various fields of engineering where possible. I have
been particularly interested in two problems, those of buoyant
convection, and mixing in stably stratified fluids. The sections on
these topics cover a larger fraction of the available material (though
much of this in the Jatter field is still rather speculative), while other
subjects which have a much firmer foundation in the published
literature are treated only to the extent neéded to provide a back-
ground for the understanding of more complicated processes. An

[ xiii ]



Xiv PREFACE

outline of the general plan of the book is given in the opening
section of chapter 1. ,

Some phenomena which might be implied by the title chosen
for this book have been arbitrarily omitted; I have taken this to
mean effects which are due primarily to small density variations in an
ordinary fluid such as water. Thus waves at a free surface are not
considered in detail, nor are bubbles and particles in a liquid,
except insofar as they produce small changes in the mean density.
For the most part we will be concerned with miscible fluids, so that
surface tension phenomena receive little attention. Flows in
porous media are mentioned only in passing, in the context of
numerical experiments in thermal convection, and not much is said
about conditionally unstable motions (such as convection in clouds,
when the release of latent heat dominates the buoyancy). The
effects of compressibility are ignored too, after some discussion of
the conditions under which a compressible fluid may be treated as
‘incompressible. Perhaps the most important restriction on the
scope is that no explicit results are given for rotating stratified fluids.
This implies that the natural phenomena of interest are small
enough or fast enough for the Coriolis forces due to the earth’s
rotation to be negligible compared with the buoyancy and inertia
forces.

Many people have helped in various ways during the preparation
of this book. I am grateful to Professor O. M. Phillips for suggesting
that I should write it, to Professor G. K. Batchelor for his encourage-
ment both as head of my department and as editor of this series,
and to the British Admiralty and the U.S. Office of Naval Research
for supporting my research during the years I have been learning
about stratified fluids. 'T. H. Ellison, H. B. Fischer, P.B. Rhines
and J.D.Woods, as well as many colleagues and students in
Cambridge and Woods Hole, have made helpful comments on parts
of the manuscript; and I owe a special debt to H. E. Huppert and
S. A. Thorpe who read the whole of an earlier draft and did much to
clarify the presentation. I acknowledge with thanks Mrs Glynis
Coulson and Mrs Susan Gray who did the typing, P. F. Linden
who assisted with the proofs, and last but not least, my wife and
family for their forbearance during the months when my attention
was even more divided than usual.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.x. The topics to be discussed

It seems useful to begin by outlining the range of subjects covered in
this book, to give a broad picture of the way in which the several
parts of the field have developed, and at the same time some
explanation of the theme which has been used to connect them.
The phenomena studied all depend on gravity acting on small
density differences in a non-rotating fluid. Often the undisturbed
fluid has a density distribution which varies in the vertical but is
constant in horizontal planes; this will be called a stratified system
whether the density changes smoothly or discontinuously. Special
attention will be given to the problems of buoyant convection
(arising from an unstable density distribution) and to various
mechanisms of mixing when the stratification is stable.

Chapters 2 and 3 summarize relevant results on internal waves,
and these were also historically the first phenomena to be studied.
The original applications of the methods of perfect fluid theory to
motion under gravity were to the problems of small amplitude
surface waves and tides (subjects which will not be discussed here).
These were soon extended to the case of two layers of uniform
density with a density discontinuity between them. Some of the
basic results had already been obtained by 1850 (notably by Stokes
1847), and they were applied to phenomena such as the drag
experienced by a ship when it creates a wave on an interface close
to the surface (Ekman 1904), and to internal seiches in lakes. The
later developments in the theory of internal waves owe more to
meteorology than to the study of the sea or lakes, probably because
of the directly visible and often spectacular effects which are caused
by gravity waves in the atmosphere. The studies of waves in a density
gradient, waves in the lee of obstacles and theeffect on these of wind
velocity changes with height, all originated in this context. Some of

I [x] TBE



2 BUOYANCY EFFECTS IN FLUIDS

these results have been extended to the case where the waves have
a large amplitude. The recent work on interactions between waves
has again been discussed with the oceanographic application in
mind (Phillips 1966 a).

Various finite amplitude flow phenomena in a stratified fluid are
also considered in chapter 3.} Many of these occur in the context of
hydraulic engineering, for example in the prediction of the velocity
of intrusion of saline water into a lock filled with fresh water when
the gate separating the two is opened, or the conditions under which
one layer can bé withdrawn from a stratified fluid without removing
an adjacent layer. An elementary discussion of small scale fronts in
the atmosphere also comes under this heading. The phenomenon of
blocking, and the jet-like motions which can arise in slow flows of a
stratified fluid are mentioned briefly, with some discussion of the
effects of viscosity and diffusion. ' '

Instabilities of various shear flows of a stratified fluid are treated
in chapter 4. Some parts of this subject have been well understood
for a long time, but other results are of more recent origin. A classi-
fication of the mechanisms of generation of turbulence is also given
here, as a logical prelude to the discussion of turbulent flow in a
stratified medium. The subject of forced and free convection in a
shear flow over a rough plane again owes much to the meteoro-
logical work, which will be used as the basis for chapter 5. The
behaviour of turbulent wakes in a stratified fluid seems to fit in
naturally here. :

In the next two chapters we consider gravitationally unstable
flows, i.e. the various mechanisms of buoyant convection. The
historical order of development is reversed here; the models of
convection which emphasize the buoyant elements themselves are
treated first, followed by studies of convection between horizontal
planes and some discussion of the relation between the two. The
impetus for much of this work has come from the problem of heat
transfer from the ground to the lower atmosphere, but some atten-
tion is also given to other geometries, and to current work on the
numerical simulation of turbulent motions. The discussion of
convection is extended in chapter 8 to the case where two properties

+ A more thorough historical review of this part of the subject has been
given recently by Hinwood (1970).



INTRODUCTION AND PRELIMINARIES 3

with different molecular diffusitivities are present simultaneously
in a fluid. When these have opposing effects on the vertical density
gradient, convection in well-mixed layers can be driven by an
unstable buoyancy flux (for example by a flux of heat from below),
while a net density difference is preserved across the interfaces
between them. These effects are believed to have important impli-
cations for vertical mixing in the ocean.

In the last two chapters, many of the ideas developed earlier are
used to discuss the processes responsible for mixing in large bodies
of stratified fluid, particularly in the ocean and atmosphere. It is
shown that there are many mechanisms which will cause a smoothly
stratified fluid to break up into a series of steps, and so a basic
problem is the understanding of mixing across a density interface.
Such mixing can be driven either directly by a boundary source of
mechanical energy, or by energy propagated into the interior by
internal waves.

It is impossible to arrange a subject with so many different
strands in an entirely satisfactory order, but I hope that enough
cross-references have been given to allow readers to choose a dif-
ferent sequence to suit their own interests. Some basic ideas and
approximations which are common to the whole book are outlined
in the following sections of this chapter, but it will be obvious that
neither this introduction nor the later chapters can be comprehen-
sive or complete. Most theoretical results will be quoted without
proof, and a background knowledge of fluid mechanics of homo-
geneous media is assumed. (See, for example, Batchelor 1967.)

1.2. Equilibrium and departures from it

The only external force field considered in this book is that of
gravity, which exerts a body force pg per unit volume on each ele-
ment of fluid (where p is the local density and g is the acceleration
due to gravity). The effects to be described result from variations of
p from point to point in the fluid, which will nearly always be
regarded as incompressible. The nature of the fluid is unimportant;
most of the ideas may be applied to liquids, in which density varia-
tions are due to differences of temperature or‘the concentrations of
solutes or sediment, or to gases, in which there may be differences of

I-2



4 BUCYANCY EFFECTS IN FLUIDS
. i Overturning
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(@) )

Fig. 1.1. Displacements from hydrostatic equilibrium:
(a) stable, and (b) unstable density distributions.

temperature or composition. The compressibility of gases becomes
significant in deep layers, but for many purposes these too can be
treated as incompressible by using potential temperature and
potential density (as defined below) in place of the actual density.

A body of homogeneous, inviscid incompressible fluid at rest is in
a state of neutral equilibrium. At every point the weight of a fluid
element is then exactly balanced by the pressure exerted on it by
neighbouring fluid, and this continues to hold true if the elements
are displaced to another position of rest. When p varies the hydro-
static equation

? :“Po_gjopdz | (1.2.1)

shows that the fluid (in the absence of diffusion) is in equilibrium
only when the density as well as the pressure is constant in every
horizontal plane. This equilibrium stratification is stable when the
heavier fluid lies below, since tilting of a density surface will produce
arestoring force: the resulting motion can overshoot the equilibrium
position and oscillate about it, thus giving rise to internal waves.
When light fluid lies below heavier, the equilibrium is unstable and
small displacements of density surfaces from the horizontal will
grow and lead to convective motions (see fig. 1.1).

The corresponding state of neutral static stability inacompressible
fluid is that for which the entropy is constant with depth. A change
of pressure results in a change in temperature in an adiabatic
process; and this must be taken into account when comparing dis-
placed fluid with its surroundings. The potential temperature § and
potential density p, are defined to be the temperature and density
when the fluid is compressed adiabatically to a standard pressure p,.
In a petfect gas for which p = Rp T (a good approximation for the
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‘atmosphere), R being the gas constant, they are related to the
absolute temperature T and the local properties p and p by

(y—D)ly 1y
=9(~P—) , P=Pe(£) ; (1.2.2)

bo bo
and it follows that
10pg 100 10T y—110p
ppdx Ooz Tox 7y poz’ (12.3)

where v is the ratio of specific heats y = C,/C, = C,/(C,,— R), and
is about 1.4 for air. An isothermal atmosphere has T = constant,
and it then follows from (1.2.1) and (1.2.3) that

P =poe BT and p = p,eIET, (1.2.4)

where p, is a reference density. The length Hy = RT/g in which the
density falls off by a factor e is called the scale height (it is about 8 km
in the earth’s atmosphere). In the isothermal atmosphere

19py _y—110p
Podz ¥ pox

An adiabatic atmosphere is one in which 6 is constant, and the
absolute temperature gradient is then

(1.2.5)

¢ _ y—1g_ g _
ol E‘"C‘"{,“"F (1.2.6)

or 2InT/9Inp = (v —1)/y using pressure as the vertical coordinate.

If the actual ‘lapse rate’, or decrease of temperature with height,
equals this (I' = 10 °C/km in the earth’s atmosphere), a displaced
fluid element will always have the same density as its new sur-
roundings and the equilibrium will be neutral; if the temperature
decreases less rapidly than I' the situation will be stable. An iso-
thermal atmosphere will be very stable in this sense, and an in-
version, in which the absolute temperature increases with height
over some interval, even more so. Thorough mixing of an arbitrarily
stratified compressible fluid results in the formation of an adiabatic
atmosphere. When the air is moist and lifting produces saturation,
the release of latent heat of condensation will heat the rising air,
and the rate of cooling of an unmixed parcel will be reduced to the
saturated adiabatic lapse rate. An atmosphere stable to dry convec-
tion may be unstable when there is moisture present, and one must
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be careful to specify which adiabatic process is to be used for
reference when assessing the static stability. Strictly speaking, the
potential density should be used also for liquids. The compressi-
bility of small volumes of water, say in the laboratory, may be
neglected, but it becomes significant for the deep ocean (see
Phillips 1966 a, p. 13). More restrictions must be put on the velocity
and amplitudes of the motion in a compressible fluid before it can be
regarded as incompressible, and these will be considered in the
next section.

1.3. The equations of motion, and various approximations

The characteristic differences between the motion of a homogeneous
and a heterogeneous fluid can most easily be explained by writing
down the equations of motion in several forms: and it will also be
useful to have these here for reference in later chapters. (For a
detailed derivation of these equations, see for example Yih (1965).)
From now on the fluid will be assumed incompressible and non-
diffusive unless it is explicitly stated otherwise, and this means that

Dp
D= (r.3.1)

where D/Dt denotes differentiation following the motion. The
continuity equation in vector notation is

V-u=o, (1.3.2)

where u = (u, v, w) is the velocity. The momentum (Navier-Stokes)

equations with the force of gravity included can be written (with

g = (0,0, —g), the & and y axes being in the horizontal plane and
z vertically upwards) as
Du Ju

p'_)Tt = p(§?+(u-Vu)) =—-Vp+pg+pViu.  (1.3.3)

The last term is the result of molecular viscosity g (assumed con-
stant here), and if this is neglected one obtains the Euler equations of
motion.

If p and p are now expanded about the values p, and p, in a
reference state of hydrostatic equilibrium for which Vp, = p,g
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(i.e. one sets p = py+p" and p = p,+p’), the Euler equations can be
written in terms of the deviations p" and.p’ from this state as

Du ! 4
Po; = VP P8 (1.3-4)

Thus as already implied in the elementary discussion of static
stability, only differences of density p’ from some standard value are
relevant in determining the effect of gravity. In a two-layer system,
for example, the layer with the standard density p, may be regarded
as weightless, and that with density p = p,+p’ as if it were acted
on by a reduced gravitational acceleration gp /p (See Prandtl
1952, p. 368.)
Taking the curl of the Navier—Stokes equatwn (1.3.3) leads to an
equation for the vorticity £ = V x u, namely
D¢

=83 Vu—I—VVZ?;—I-Vpr( ) (1.3.5)

where v = u/p, is the kinematic viscosity (which is also taken to be a
constant, implying the neglect of p’ compared to p, in this term).
The first three terms are the same as for a fluid of constant density; a
change of vorticity of a fluid element can again be brought about by
a stretching of vortex lines, or by the diffusion of vorticity from
boundaries. The last term contains the essential difference between
a stratified fluid and a uniform one. Vorticity will be created when-
ever a non-homogencous fluid is displaced from a state in which
Vp and Vp are parallel (the only condition for which the vector
product is zero). In the simplest case where p effectively depends on
gravity alone (and it is often true that contributions to p’ due to
other accelerations are negligible compared to the hydrostatic part)
displacements of density surfaces away from the horizontal will
produce vorticity. This will oscillate in magnitude and direction in
stable stratification (so that internal waves are rofational pheno-
mena), and it will tend to increase monotonically during the
development of convection.

The creation of vorticity also implies the creation of circulation

defined by P
r =f u~dl=J] C-dA, (1.3.6)
c s
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where dlis a line element of a closed curve C and dA is an element of
a surface .S bounded by C. The result for an inviscid fluid, obtained
originally by Bjerknes, can be written in the two forms

dr’ 1
W] v

=fJS(Vpr(%))-dA. (1:3-7)

This is a generalization of Kelvin’s theorem, which states that in an
inviscid fluid of constant density the circulation round a closed
curve moving with the fluid remains constant. When p is variable
along the path of integration, circulation is generated unless density
and pressure surfaces coincide. For example, a circuit taken just
below and just above an interface separating layers of different
density shows that a shear must be developed at the interface when
it is tilted from a state of rest, so that the pressure varies along the
path (fig. 1.1). If the surface S is chosen to be one of constant
density, the integrand of (1.3.%7) vanishes, and a motion started
from rest can be treated as a two-dimensional irrotational flow
within each density surface, the vortex lines being imbedded in
these surfaces. This last property can be exploited to derive an
integrated form of the Euler equations, which correspond to
Bernoulli’s equation in a uniform fluid, and in which the Bernoulli
constant is replaced by a function of density alone. These are given
and used explicitly in chapter 3.

Two widely used approximate forms of the Euler equations
(1.3.4) must also be introduced. The first simplification is that of
linearization, the neglect of the non-linear convection terms like
% 0uldx in comparison with du/ot. This procedure is justified when
the motions and velocities are of small amplitude. The parameter ¢
which must be kept small is different in different situations (see
chapter 3), but typically it is a ratio of a vertical displacement to a
horizontal lengthscale. The product terms are of order €% and can be
omitted to give the first order equations

u

Py =V +r'g (1.3.8)
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The importance of the linear equations lies in the fact that any small
oscillation described by them can be resolved into a set of ‘normal
modes’, in each of which the particle motions are simple harmonic
and independent of all other modes. (See Lamb 1932, ch. 8.) Note
that no assumption has been made here about the magnitude of the
density variation, and some linear problems can be solved without
further approximation (see §2.2.1).

In the second approximation to be mentioned here, on the
other hand, the density variation p’ is assumed to be small com-
pared to p,. Rewriting (1.3.4) in the form

p"\ Du Io.,. P ‘
(I +;0)Ft=—;7(,vp “i“a)g, (139)
we see that the density ratio p’/p, appears twice, in the first (inertia)
term and in the buoyancy term. When p'/p, is small, it produces
only a small correction to the inertia compared to a fluid of density
Po, but it is of primary importance in the buoyancy term. The
approximation introduced by Boussinesq (1903} consists essentially
of neglecting variations of density in so far as they affect inertia, but
retaining them in the buoyancy terms, where they occur in the
combination g’ = gp’[p,. When viscosity and diffusion are included,
variations of fluid properties are also neglected in this approxima-
tion. '

There are other restrictions necessary in compressible fluids
which are often included by the name ‘ Boussinesq approximation’;
these are discussed fully by Spiegel and Veronis (1960) and only
the results will be quoted here. First one must replace density by
potential density, as already shown in §1.2. The limitation of small
density deviations from a standard p, implies two things ; the vertical
scale of the mean motion must be much smaller'than the scale height
H; (1.2.4), and the fluctuating density changes due to local pressure
variations must also be negligible. The latter is the most important
of the extra conditions; it implies that the fluid can be treated as
incompressible (so that (1.3.2) is an adequate approximation to the
continuity equation), and it therefore excludes sound and shock
waves. Finally, the ratio of the length to the timescales of any varia-
tion in an unsteady flow should be much smaller than the velocity of
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10 BUOYANCY EFFECTS IN FLUIDS

sound, to ensure that information about pressure changes is trans-
mitted effectively instantaneously, as it is in an incompressible fluid.
The Boussinesq approximation may be made either indepen-

‘dently of the linear (small amplitude) assumption or in combination

with it. The lnearized Boussinesq equations for an inviscid liquid
are

—3}—:“——'VP +'—'g, (1’3'10)

together with (1.3.1) and (1.3.2). The linearized form of (1.3.1) is
just
o’ , 9P

TR = (1.3.11)

expressing the fact that changes of density at a point are due to
bodily displacement of the mean density structure. The second
(product) term is not small here, since dp,/dz is a finite quantity,
It is important to note immediately, however, that there are some
circumstances where it is inconsistent to use the Boussinesq approxi-
mation, even when the density differences are everywhere small.
In the theory of internal solitary waves, for example, (§3.1.2)
certain non-linear terms are retained which are of the same order as
those neglected in obtaining (1.3.9), and the whole phenomenon
depends on the consistent inclusion of all terms to this order.
Under other circumstances the Boussinesq approximation works
surprisingly well in fluids with large density variations (even in the
atmosphere), but this depends very much on the type of flow con-
sidered. Most meteorological flows with a vertical scale less than
about 1 km (small compared to H;) can be treated in this way, and
this includes wave motions which extend to great heights, provided
the vertical excursions of individual fluid particles are not too large.
The assumptions are most seriously violated by convective motions
extending through a height of the order Hy or more since fluid then
can traverse the whole depth. However another simplifying result is
available for incompressible fluids which can in some problems
remove the inertial effect of the density variation entirely from the
equations, and allow one to calculate it afterwards from the solution
of the corresponding Boussinesq problem. The simplest example is
a steady flow in which gravity effects are absent (Yih 1958). In this
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case a transformation of (1.3.4) to remove p from the convective
terms pu(du/dx) shows that the actual velocity is a factor (p,/p):
greater than that calculated using a constant p,. With a fixed pressure
gradient, this just implies that the kinetic energy per unit volume,
pu? say, is constant throughout such a flow. This same form of
result is obtained in §2.2.1 for small amplitude waves of a particular
form in an exponential density gradient (a problem which certainly
involves gravity), and Drazin (1969) has shown that this remains
true for internal gravity waves even when the amplitude is large.
It has not been strictly proved for other cases, but scaling # with p—%
will often give a good approximation for other incompressible flows
in regions of large density variation. No such general simplification
is possible for non-linear motions of compressible fluids over many
scale heights. (See Claus (1964) and §3.1.4.)

1.4. Basic parameters of heterogeneous flows

Several quantities and concepts which recur in different contexts
throughout this subject will now be introduced in an elementary
way (leaving a more detailed discussion of their physical signifi-
cance to the appropriate later chapter). Consider first the motion of
an element of inviscid fluid displaced a small distance % vertically
from its equilibrium position in a stable environment. The vertical
component of (1.3.10) (neglecting the small pressure fluctuation),
together with (1.3.11) gives

P _ g 90

oo (1.4.1)

The element will thus oscillate in simple harmonic motion with

angular frequency )
_(-8%)?
N—( p 32) . ‘ (1.4.2)

This is the frequency associated with the names of Brunt (in
meteorology, where of course the potential density gradient must
be used) and Viisili (especially in oceanography), but it will be
referred to here by the less cumbersome and more descriptive name
of buoyancy frequency. The corresponding periods 277/ N are typically
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afew minutes in the atmosphere and the oceanic thermocline, and up
to many hours in the deep ocean. Notice that NV is constant when the
density varies exponentially with height (if p = p,e™# then
N = g/H), and a variation of this kind is often assumed to simplify
the analysis. In the limit of small density differences the corre-
sponding gradient is linear, so the latter assumption is useful when
the Boussinesq equations are appropriate. '
In a shear flow the vertical gradient of the horizontal velocity also

‘has the dimensions of frequency, and the non-dimensional ratio

. ou\? 0 ou\2
Ri= Nz/(a—z) = _5’3—2 P(g&) (1.4.3)

is called the gradient Richardson number. (This was named in honour
of L. F. Richardson, though it is not exactly the form he used —see
Brunt 1952.) There are other related ratios called by this name, for
example, the flux Richardson number Rf defined in chapter s,
which is the ratio of the rate of removal of energy by buoyancy
forces to its production by the shear, and the particular definition
implied in each case must be kept clearly in mind. Another ratio of
this kind has a fundamental significance as an overall parameter
describing a whole flow (Batchelor 19534). When the Boussinesq
and hydrostatic approximations are made and the motion is
steady, the ratio of the buoyancy to the inertia terms in (1.3.9) is
the only dimensionless number needed to specify an inviscid flow.
Using the scales of velocity U and length L imposed by the boun-
dary conditions, this can be written

Riy = g'L{U> (1.4.4)

A subscript will always be used to denote the overall or finite dif-
ference form of the Richardson number.

In hydraulic engineering it is more common to use, instead of
Rz, the inverse square root of Ry, i.e.

F=UjgL}, (1.4:5)

which is called the internal or densimetric Froude number. (Some-
times this is written with a subscript i to denote ‘internal’, but this
will be dropped here.) This usage has arisen because of the corre-
spondence with the ordinary Froude number (defined with g
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replacing g’ in the above), which compares a characteristic flow
velocity with the velocity of long waves on a free surface. An entirely
analogous interpretation of F involving internal waves is given in
chapter 3. The use of the corresponding gradient parameter
(ou/0z)|N(= Fg say) instead of Rz (cf. (1.4.3)) has much to recom-
mend it, but both Ri and F will be retained since common usage
seems to demand them. |

Other parameters of course can become important when extra
physical effects are taken into account. The most obvious is the
Reynolds number Re = UL[v (where v is the kinematic viscosity) a
measure of the balance between inertial and viscous terms in
(1.3.3)- When the length and velocity scales, and therefore Re, are
large, it is justifiable in a homogeneous fluid to treat the motion as
inviscid, except perhaps near boundaries. Even in laboratory
experiments, especially the kind of free turbulent flows considered
in chapter 6, it is often possible to ignore the Reynolds number and
still to make reliable comparisons between a model and the proto-
type in nature. In a strongly stratified fluid, however, there is
another possibility which must be kept in mind: the density
gradient can suppress vertical motions, and so introduce a much
smaller internal lengthscale into the problem. The Reynolds
number defined using this new scale need no longer be large, and
viscosity (and also the effects of molecular diffusion) again become
relevant. (See §10.2.3.)

When molecular diffusion is taken into account explicitly,
various non-dimensional ratios may be defined, the simplest of
which is the Prandtl number Pr = v[x. The other parameters
depend on the ones already defined, and they are not so fundamental
to the whole range of problems under discussion, so their introduc-
tion will be left to the appropriate place in later chapters.

-

i



I

CHAPTER 2

LINEAR INTERNAL WAVES

Natural bodies of fluid such as the atmosphere, the oceans and lakes
are characteristically stably stratified : that is, their mean (potential)
density decreases as one goes upwards, in most regions and for most
of the time, When they are disturbed in any way, internal waves are
generated. These ubiquitous motions take many forms, and they
must be invoked to explain phenomena ranging from the tempera-
ture fluctuations in the deep ocean to the formation of clouds in the
lee of a mountain. In this chapter we summarize the results which
can be obtained using linear theory (i.e. when the amplitudes are
assumed to be small), and in §3.1 extend some of them to describe
waves of large amplitude.

Many of the elementary properties of infinitesimal wave motions
in stratified fluids can be introduced conveniently by considering
waves at an interface between two superposed layers, and so this
case is treated first in §2.1. These waves are analogous to waves ona
free water surface, and therefore seem very familiar. It should be
emphasized at the outset, however, that they are not the most
general wave motions which can occur in a continuously stratified
fluid. Energy can propagate through such a fluid at an angle to the
horizontal, not just along surfaces of constant density, and our
intuition based on surface waves is of little help here. The more
general theory, and a comparison between the two descriptions, is
given in §2.2.

2.1. Waves at a boundary between homogeneous layers

Consider two superposed layers, each of which has constant density
poand p; = po+p’ say and is initially at rest. Only two-dimensional
waves will be allowed, with motions confined to the x, & plane
(2 positive upwards) and crests consisting of parallel ridges running
in the y-direction. Waves of this kind are easily set up ina laboratory

[14]
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channel (see fig. 2.1 pl. 1)1, and more general three-dimensional
disturbances can be treated by superimposing such motions
(because the equations are linear when the motions are kept small).
The fluid will be assumed inviscid in these introductory sections,
and viscous effects added where they are needed to explain parti-
cular phenomena. For the derivation of the results quoted here,
reference should be made to Lamb (1932, ch. g).

The linearized equations (1.3.8) can be applied to each of the
layers separately, with p constant. Within the layers the motion is
irrotational and so potential theory can be used to describe the flows
above and below the interface. The equations satisfied by the
velocity potentials (which are defined by u = — é¢/ox, w = — d¢/0z
and because of the continuity equation satisfy V3¢ = oin each layer)
are obtained by integrating the component equations of (1.3.8).
They are

Py _ 9%

ot’
Po 5 , (2.1.1)
py Ot P

These equations apply whatever the (small) motion in the two
layers, but we can simplify the discussion by considering just one
component of a Fourier decomposition, a sinusoidal travelling wave
which displaces the interface an amount |

7 = acos kxelt, (2.1.2)

(where % is a wavenumber and o is the angular frequency). Clearly
7 and ¢ must be related by oy/dt = — 8¢/0z, since these are alter-
native expressions for the vertical velocity. The form of solution also
depends on the boundary condition away from the interface, and
two important cases are treated separately below.

2.1.1. Progressive waves in deep water

Suppose first that the layers are both very deep compared with the
wavelength, so that the disturbances vanish at kz = + 00, where the

T The plates are to be found between p. 96 and p. ¢7.
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origin of % is at the interface. Velocity potentials satisfying (2.1.1)
and the boundary conditions (2.1.2) and at infinity are

I N ke elot
%o Oek cos xfa } (2.1.3)
¢y = A; % cos kxelot,
The displacement 7 must be the same in the two layers, so
kA, = —FkA; = iwa. (2.1.4)

e A second condition relating the constants A, and A4, is that the
i pressure must be continuous at the interface (provided no extra
H forces are introduced by surface tension). For these to be consistent,
i there must be a special relation between w and % (the dispersion
10 relation) which can be expressed. in terms of the phase velocity
¢ = w/k and the wavelength A = 27/k as

2 & P _8Api=po
kpo+py  2mpi+po
Such waves are called dispersive, because motions generated with

given frequency but different wavelengths move at different veloci-
D ties and will separate as they travel away from the source. For

(2.1.5)

example if the oceanic thermocline is disturbed in an arbitrary
! ] way, the longest waves generated will always be the first to reach a
d distant observing point.

As with all gravity waves, the energy is divided between the
kinetic and potential forms, the two contributions being equal when
averaged over a wavelength., The phase velocity ¢ (which will
sometimes be written ¢,) is reduced by the factor

[o" [(po+ P11

compared with that for surface waves. In typical situations in the
ocean, for example, where p’/p, & 1073, internal waves travel with
only a few per cent of the velocity of surface waves. Energy is
propagated along the interface with the group velocity

dw
Cg=a}~€

(2.1.6)

which in this case is just cg = 4c, a relation which also holds for
surface waves on deep water. Fluid particles move in paths which
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Fig. 2.2. Streamlines and orbits in a progressive internal wave travelling
from left to right along the interface between two fluids. From Defant
(1961).

(in the linear approximation) are circular, with amplitude de-
creasing exponentially with distance from the interface. (Seefig. 2.2.)

The solutions (2.1.3) are consistent with the general rotational
property of stratified motions (§ 1.3). Although the normal velocity
has been made continuous, (2.1.4) shows that the tangential velocity
changes sign across the interface. The potential flows in two layers
are separated by a vortex sheet, with a maximum shear at the crests
and troughs of the waves. In a real fluid, of course, such discon-
tinuities will be spread out by viscosity into a vortex layer of finite
thickness. With miscible fluids in the two layers (the case we will be
most concerned with) diffusion of the property producing the
density difference (i.e. heat or salt) will already have produced a
continuous density distribution rather than strictly a step, and this
will modify the vorticity distribution associatéd with the wave even
without viscosity (cf. §4.3.3). There will always be a maximum shear
where the density gradient is a maximum. (See, for example,

Phillips 19664, p. 168.)

R rtedl
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2.1.2. Waves between layers of finite thickness

More general boundary conditions can be put on (2.1.1), with
(2.1.2) again applied at the interface. When the fluids are confined
between rigid horizontal planes at =/, and = = —h, so that
w = o at these depths, the dispersion relation becomes

c? = ‘%’:— (pgcoth kRl +py c'oth khy) 7L | (2.1.7)

Various special cases are recovered using the limits coth k2— 1 as
kh — oo (which when kk, and k%, are both large gives (2.1.5)), and
coth ki — (kh)~2 as kh—o. When k#, is large and k%, is small, the
phase velocity is

2= ghy. (2.1.8)

P1

Small amplitude Jong waves on a layer of denser fluid underlying a
deep light fluid are thus non-dispersive. Their phase velocity de-
pends on the layer depth and the densities (through a reduced
acceleration) but not on the wavenumber, and ¢g = ¢. In this limit
the vertical acceleration may be neglected (a result which continues
to be valid for finite amplitude long waves—see §3.1.1), and the
horizontal velocity is the same for all particles on a vertical line.
This implies that a line of dye just moves back and forth as the wave
passes by; the amplitude of the vertical velocity increases linearly
from zero with distance above the solid bottom.

When there is a free surface above the upper layer the boundary
condition to be applied there is more complicated; this case will be
considered only to the extent needed to show how the internal wave
motions may be affected. Because of the extra degree of freedom, the
dispersion relation is now a quadratic in ¢2; for each &, two different
wave modes may exist. If one now adds the Boussinesq approxima-
tion (for the first time in this chapter restricting the density varia-
tion), it can be shown that the extra root is approximately

o =%tanh E(hy+ 1), (2.1.9)

and ¢,2is of the form (2.1.7). The first wave (the ‘barotropic’ mode)
is identical with a surface wave on a layer of constant density with
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depth (Ay,+ A,). It has particle velocities decreasing with depth in
the same way, with no discontinuity of tangential velocity at the
internal boundary, and this remains true of the surface mode for an
arbitrary distribution of density with depth.

The second mode with phase velocity ¢, is the internal wave, with
largest amplitude and a discontinuity in « at the interface. Just
below the free surface is a level where the motions vanish, and the
phase of the displacements at the surface is opposite to that at the
interface. The horizontal velocity u at the surface can be large, and
regions of maximum convergence of # lie above the nodes of the
interface displacement. The resulting gathering of contaminants (or
some other process which changes the reflectivity at a convergence)
can produce visible lines or ‘slicks’ which are an indication of the
presence of two-dimensional internal waves (L.a Fond 1962, and see
fig. 2.3 pl. 1v). The vertical displacement of the free surface is smaller
than that at the interface by a factor of the order —p’/p,; for many
geophysical applications this is negligible, and the surface can be
treated as a rigid lid as far as the internal waves are concerned.

This last statement can, however, be turned round the other
way : because of the much smaller potential energy changes needed
to produce an internal wave, imposed disturbances at the surface
can be very effective generators of internal waves. 'The phenomenon
of ‘dead water’, an increased resistance to the motion of a ship
when it is steaming on a thin light surface layer overlying denser
water, can be explained in this way, as was shown in a classic series
of experiments by Ekman (1904). So long as the speed is less than
¢ = (g'hy)* there will be an extra drag due to an internal wave which
moves with the ship, but if the speed can be increased beyond this
value, only the surface mode can be generated and the drag is much
reduced. |

-

2.1.3. Standing waves -

The properties of internal standing waves, in which sections of an
interface oscillate vertically between fixed nodes, can be derived by
superimposed identical wavetrains travelling in opposite directions,
and few specific results need be quoted here. There is more to be
said about the finite amplitude case (§3.1.1) but we should note one
result which is used in §4.3.2: the maximum shear occurs now at the



1] Wiy !
1| i

‘;‘
1
!

gt

20 BUOYANCY EFFECTS IN FLUIDS

nodes i.e. the position of maximum slope (instead of at the crests
and troughs as for progressive waves). The second wavetrain can be
formed by reflection of a travelling wave from a solid barrier, and so
standing waves (called surface or internal seiches) are of interest
especially in closed basins such as lakes. One is thus led to study the
free modes of vibration for various density distributions and basin
shapes, solving an eigenvalue problem to determine the normal
modes and associated resonant periods.

In the simplest case of longituidnal oscillations of two layers
contained in a rectangular basin which is narrow but much longer
than its depth, the long wave approximation is appropriate for the
first few modes, the relevant wavelength for the seiche with one
nodal line being twice the length of the lake. The two-layer approxi-
mation is often a good one here, since typical observations in lakes
(or the ocean) show a well-mixed warm surface layer separated from
a colder homogeneous region by a shallow thermocline, or layer of
high gradient. The periods of all the internal seiches of this kind are

(cf. (2.1.7))

(2.1.10)

2l{ p' hohy )"‘lf
T==|g=
n (gp0h0+h1 ’

where zis the number of nodal fines. The motions are predominantly
horizontal and of opposite sign above and below the interface, and
again the vertical displacements at the surface are smaller than those
at the interface by a factor p’/p,, with opposite senses of tilt at these
two levels.

A seiche can be set up by wind blowing along a lake, which piles
surface water up at the leeward end. At the same time the bottom
layer comes closer to the surface to windward, driven by a hori-
zontal pressure gradient in the opposite direction to that in the
surface layer, and it may even reach the surface there (see fig. 2.4).

'This quasi-steady state (which when the wind drops leads to the

seiches) is complicated by the return circulations set up in each of
the layers. It should be noted too that seiches set up in this way
can be of such large amplitude that non-linear theory must be
used to give a full description of them (cf. §3.2.2); a particularly
good example in Loch Ness has been studied recently by Thorpe,
Hall and Crofts (1972).
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Fig. 2.4. The mechanism of generation of an internal seiche.

Proudman (1953) has shown how such calculations can be ex-
tended to basins of variable width, and to those in which the trans-
verse oscillations must also be considered. Cases where there are
several superposed layers, rather than just two, are also little dif-
ferent in principle, with another period and associated mode of
oscillation in the vertical becoming possible each time a layer is
added. For example, Mortimer (1952) obtained good agreement
between observed and computed periods of internal oscillations in
Lake Windermere by approximating to the density distributions
using three layers. As discussed in chapters 8 and 10, step-like
distributions are often observed even in large bodies of stratified
fluid (such as the ocean), and the multi-layer wave theory will also
be relevant there. When the lowest modes dominate, of course, the
motions will be little affected by the presence of thin layers, though
the micfostructure will influence measurements of temperature
fluctuations made at fixed depths (Phillips 1971, Garrett and
Munk 1971).

When the density distribution becomes truly continuous, an
infinite set of modes becomes possible and this leads us to the sub-
ject of the next section, where a simple example is given. A method
of practical computation of modes for an arbitrary density distribu-
tion was developed by Fjeldstad (1933), but neither this nor more
recent work on this problem will be described here.

2.2. Waves in a continuously stratified fluid
Infinitesimal motions in a continuously stratified incompressible
fluid, otherwise at rest, are described by (1.3.1), (1.3.2) and (1.3.8),
in which arbitrarily large variations of mean density with height are
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retained, but the non-linear terms are neglected because they are
products of two small quantities, For two-dimensional motions, the
component equations can be written as

fu i)
ot pox
3w+1§ji+ ‘=0
ot p oz £=9
| B (2.2.1)
i u
Jf‘[ ox oz
f
i ’
. E‘g——Nzw =0,
‘ ot

where p = p(2) (now assumed to be continuous), and
N2 = —(g/p) (9p/2=)

is the buoyancy frequency. The fourth equation indicates that
density variations at a fixed point are due entirely to the vertical
displacement, and are go° out of phase with the vertical velocity.
Two complementary approaches to this problem are instructive
‘ IW and we will first consider the one which emphasizes the similarity
with the problem of waves in layered fluids.

2.2.1. Description in terms of modes

Various forms of equations for velocity components or a stream-
function can be obtained from the above set by the successive
elimination of the variables; one such reduction will be made in
§2.2.2 after adding the restriction of the Boussinesq approximation,
but this is not a necessary restriction. It is already clear that wave-
like solutions of (2.2.1) are possible, with u, %, p’, and g’ depending
on time through a factor e“¢, An especially simple form of solution
has been obtained for the case of an exponential density distribu-
tion, say

p = pse#H (2.2.2)

(which gives N? = g/H, a constant), since exponential factors can
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3

Fig. 2.5. Displacements and streamlines in a cellular standing
internal gravity wave. (From Prandtl 1952.)

appear in each of the other terms, Only the velocity components are
written down here following Prandtl (1952):

' 1 m .
u = awe2H cos kx(—-——- cos Mg ——SInmz

) eiwt,
2Hk k (2_2.3)
w = awe?2H sin kx cos mz lt,

where a is the (small) amplitude, and the real part is implied in each
case. The associated pattern of displacements is drawn in fig. 2.5.

These expressions represent a cellular standing wave, with
horizontal and vertical wavelengths An = 27/k and Ay = 27/m
which are twice the distance between the nodal lines (i.e. twice the
width or height of the cells shown). The close correspondence with
the modal description of waves on layers is evident; this pattern can
be fitted in a closed rectangular region whose boundaries coincide
with the planes of no normal motion, and there can be an arbitrary
number of cells in the horizontal and vertical. The cells are identical
in size, but the amplitude increases upwards in-such a way that the
energy (proportional to p(u®+w?) is the same in each. This is a
particular example of the result quoted in §1.3; the velocity is
increased by a factor (pg/p)* compared with that calculated by
assuming small variations of density (small z/H). There is a definite
frequency associated with each mode, namely

= N k? t
W = (k2+m2-+ 1/4H2) . L (2.2.3a)
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In the limit where H or the scale height H; are large, the same form
of result applies to gravity waves in an isothermal compressible
atmosphere (another case of an exponential density variation), but
in the compressible case NV = [(y —1)/v](g/Hs) (see (1.2.5)).

Internal standing waves with a variety of modal structures have
been produced in a laboratory tank by Thorpe (1968 2), and several
of these are illustrated in fig. 2.6 pl. 1. The bands of colour are .
merely markers in a continuous density gradient, which bring out
clearly the property common to this and stepped structures, namely
the vertical oscillation of density surfaces (in phase over the whole of
a cell for standing waves). ‘

2.2.2. Description in terms of rays

We now turn to the second way of describing internal wave motions
in a fluid with continuous stratification. Though this can be shown
to be entirely equivalent to the mode analysis, it is especially illu-
minating when considering waves produced by a small localized
disturbance, propagating through an environment with gradually
varying properties. As shown first by Gortler (1943) and redis-
covered by Mowbray and Rarity (1967), the oscillatory motions can
then be concentrated in bands bounded by ‘rays’ originating at
the edges of the source. Fig. 2.7 pl. 11, taken from the latter paper,
shows the effect in a striking way; we will return to a detailed dis-
cussion of these experiments later.

The equations (2.2.1) will be used here in the Boussinesq approxi-
mation, setting p = p,, 2 constant. The elimination of the pressure
from the first two by cross differentiation then gives
o {ou ow\ g
alea) o e (2:2.4)

This form shows that only horizontal gradients of buoyancy are

responsible for changing the y-component of vorticity

ou ow
gy__—

oz ox’

in agreement with the general result (1.3.5). Further differentiation
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and combination of the equations can be used to eliminate g’ and u
to give a single equation for w,

0% (0% % or y 020
%(W“LE) NH2) 32 = © (2.2:5)

in terms of which it is convenient to continue the analysis, (Of course

corresponding equations can be .derived for the other variables,

whose solutions must have the same time and space dependence.)
Assuming a plane progressive wave solution of the form

w = @(2) exp i(kx — wi)
and substituting into (2.2.5) gives for @
d2® (N 2
_|.,.

— -1
ds? w?

) 27 =. 0. | (2.2.6)

Instead of applying the boundary conditions round the edge of a
closed region (which was the procedure used in the ‘mode’ approach
to derive (2.2.3) for example), consider the implications of (2.2.6)
when a small local disturbance is applied to the stratified fluid. The
solutions of this equation only have a wave-like character when
w < N;energy can then propagate away from the region where it is
generated. If w > N the disturbances remain local and fall off expo-
nentially away from the source, and waves cannot exist. Thus the
buoyancy frequency N can be interpreted as the upper limit of
frequency for which wave motions can exist in a stratified fluid. Ina
fluid with variable N, waves will be trapped within the layer where
N exceeds the imposed frequency (see (2.2.11) and the following
discussion), but sharp interfaces can sustain waves of arbitrary
frequency, since N is then very large.

Now let us specialize further to the case where N2 is constant
(ie. to a linear density gradient in the Boussinesq approximation),
and @ = @we™ is also periodic in 2. It follows that the dispersion
relation is (c.f. (2.2.3)) E

k2 \%
W= N(w) y (2.2.7)
or w = N cos 0, ' (2.2.8)

where 6 is the angle (|6] < 1) between the horizontal and the
resultant wavenumber vector k (whose components are £ and ).
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Particle c
motions

X

Fig. 2.8. The relation between the phase and group velocities and the
particle motions for plane waves propagating through a continuously
stratified fluid.

For a given stratification, therefore, waves with fixed w < IV propa-
gate at a fixed angle to the horizontal independent of the wavelength,
and this result isaccurately verified by experiments of the kind shown
in fig. 2.7 pl. 1. The phase velocity ¢, = w/k clearly does still
depend on the wavelength and hence on the scale of the phenomenon
of interest.

The continuity equation implies that

ik.li = o, (2.2.9)

so the particle velocities are all in lines perpendicular to k (and
parallel to the direction of the wavefronts — see fig. 2.8). For a motion
of thiskind the non-linear terms u- Vu in the equations of motion are
identically zero, and thus a single wave component is a solution of the
full equations of motion, There is now no restriction on amplitude,
but nevertheless the linear theory remains applicable.

Several particular cases are of interest. When 7 = o, @ = N and
the wavefronts and particle motions are vertical; this is-in accord
with the original definition of N as the natural frequency of a
vertically displaced particle. A similar argument can be used to
show that N cos 0 is the natural frequency of a particle displaced at
an angle (377 — 0) to the horizontal. This then gives a physical reason
why special directions are so important; when a frequency is
imposed externally the fluid picks out that direction of oscillation
which allows it to match the forcing motion. The other limit of low
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frequency (i.e. a small steady perturbation) must be such that
k? € m?. The motion is necessarily horizontal, and in phase over
all 2. In two dimensions, a solid body moved slowly in the x-direction
will carry with it the layer of fluid bounded by tangent planes above
and below, since there can be no vertical flow to carry fluid around it.
This result (which is of course obtainable directly from the equa-
tions of motion in this limit) is analogous to the formation of
‘Taylor columns’ in rotating fluids, and will be referred to again in
§3.3.2. : _ '
The group velocity is again significant in determining the direc-
tion of energy transfer; for waves propagating in two dimensions it
has components (cf. (2.1.6))

_ (%0 2wy (2.2.10)
=25 3m) 2.2.10
Since o depends only on the direction of k and not on its magnitude
(2.2.8) the group velocity must be normal to k and hence to the
phase velocity. Energy is transmitted away from a source along rays
which coincide with the directions of the particle motions; these
are characteristics of the differential equation derived from (2.2.1)
and lie at an angle sin™! w/N to the horizontal (see fig. 2.8). The
magnitude of cg is |cg| = (N/|k|)sin& (using the notation of
(2.2.8) and fig. 2.8), with components
m? N
N _ Y
=N R ma T 1K]
_ km N
mNm = —m31n90050.
The horizontal components of ¢ and ¢g are thus directed inthe same
sense, while the vertical components are in opposite senses.
These ideas can be applied to fluids in which the density gradient
varies slowly from point to point. One uses a method similar to that
of geometrical optics, tracing the paths of rays whose directions are

sin26,
(2.2.11)
Wg =

defined locally by (2.2.8). There are two conditions under which a

group of waves can no longer propagate vertically; when either
¢ = o or % the vertical group velocity (2.2.11) becomes zero. As
60— o, the wavefronts are turned towards the vertical and the energy
is reflected at the level where @ = IV, with a cusp in the ray path
(fig. 2.9). Successive reflections of this kind ensure that the wave
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=== i

Fig. 2.9. Reflection and absorption of waves in a continuously stratified
fluid. Paths of rays (a) in a weakening gradient, reflection where 6 = o,
® = N, (b) at a critical level, absorption when & — i, (¢) the behaviour
of a wave group in case ().

=~

Fig. 2.10. Reflection conditions at solid boundaries. The
angle which rays make with the horizontal stays constant.

energy is retained in the region where N > w (in the ocean thermo-
cline for example). As @—>17 the wavefronts become nearly
horizontal and ¢, o; this case is of special importance in 2 moving
fluid, and will be discussed further in §2.3.3.

The reflection conditions at a solid boundary should also be
mentioned here. The angle the rays make to the korizontal (3m —0)
must be the same for the incident and reflected rays, since this
depends only on frequency (2.2.8) regardless of the angle of the
boundary 8. If # > 37— 0 energy will be reflected back, with the
horizontal component of group velocity in the opposite direction to
the incident ray, but if § < 37— @it will continue in the same direc-
tion after reflection (fig. 2.10). For a given frequency, a shallow
enough wedge acts as a perfect absorber of internal waves, since
energy cannot escape backwards. From the geometry of adjoining
rays, it is clear that the wavelength and velocity do change on reflec-
tion (except at vertical or horizontal boundaries) and in a wedge the
wavelength will decrease and the amplitude grow. This problem
has been treated in detail by Wunsch (1969), including the singular
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case where f§ = 37— 6. Eventually the waves must break and the
energy is absorbed by viscous dissipation (see §4.3.4).

2.2.3. Laboratory experiments on waves in bounded regions

It is now possible to explain most, but not all, of the features of
experiments such as that pictured in fig. 2. pl. 1. In this section
these and related observations will be described in more detail,
with the additions needed to give a more complete understanding.
To produce this picture Mowbray and Rarity (196%7) used an
elegant optical (Schlieren) technique to detect horizontal density
gradients caused by the propagation of two-dimensional waves away
from an oscillated cylinder. Similar patterns are seen when alumin-
ium particles suspended in the flow are illuminated from the top
(see fig. 2.11 pl. 11); in that case the orientation of the particles, and
the light reflected from them, is a measure of the local shear. Experi-
ments using either of these techniques verify the main predictions
of the ray theory. In a uniform density gradient, the dominant
particle motions are in straight lines and confined to bands lying
between rays emanating from the edges of the wavemaker, at an
angle sin~! w/N to the horizontal. Reflections from the vertical and
horizontal boundaries can be seen in fig. 2.11, with a steepening of
the ray paths at the top and bottom (because the condition that there
can be no diffusion through a boundary reduces the density gradient
to zero there, and the ‘ cusp’ condition for reflection is approached).

One also sees in both these experiments an optical manifestation
of crests and troughs (i.e. brighter and darker lines) moving across
the bands, in a direction normal to the particle motion. These are
clear evidence for a phase velocity in the predicted direction, but
cannot be explained purely in terms of motions in phase with the
plunger, which would cause the whole of a band to move as a solid
plug with a shear layer at its edge. There are also seen to be smaller.
oscillatory motions in the regions outside the bands, and both of
these effects can be described by adding a wave component which is
9o° out of phase. This also allows the boundary conditions to be
fitted at the wavemaker and round the whole perimeter of a closed
region. T

At first sight it seems inconsistent to attempt a description of a




|{ iHm\mu 1+

30 BUOYANCY EFFECTS IN FLUIDS

T

el

O

F1g 2.13. The flow regions associated with the oscillation of a segment PQ
of the boundary in a closed box (see text).

boundary value problem in terms of the ray theory, but the fact
that it is possible underlines the duality of the two approaches. The
mode theory emphasizes the free oscillations of a region with given
fixed boundaries, whereas ray theory is appropriate when the motion
is forced by oscillating part of the boundary (though the rest of the
boundary may be fixed). Both features are brought out in the
photograph of fig. 2.12 pl. 11 due to Thorpe (1968a). He was
generating various modes in a container by oscillating a paddle at
one end, but a band of strong motions propagating away from the
edge of the wavemaker in accordance with ray theory is also clearly
seen. Such problems with mixed boundary conditions have been
solved completely in several cases: as noted above it has been done
for a wedge (Wunsch 1969, Hurley 1970), for waves in a channel
passing a thin vertical barrier (Larsen 1969 @ and Sandstrom 1969),
and for the emission of internal waves by vibrating slender cylinders
(Hurley 1969). Baines (1969) has treated the case where a section
PQ of the upper boundary at one end of a semi-infinite channel is
oscillated vertically (see fig. 2.13); his results will be described
briefly here since they correspond closely to the experiment
shown in fig. 2.1x pl. 11 in which the wavemaker was a solid
piston.

Baines showed how the boundary conditions round the solid walls
plus that of outward propagating energy towards infinity can be
satisfied using a sum of internal wave modes plus a barotropic
motion, all with frequency w. The net effect of the summation
varies strongly with position however. In the regions D and E
(fig. 2.13) the in-phase component is a block motion along the
characteristics, i.e. described by ray theory; there is vertical motion
under the piston in B, and horizontal motion in C. In each of these
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regions there is also an out-of-phase component, which has a
logarithmic infinity at the edge of D and E because of the discon-
tinuity in the forcing motion (which of course is removed by vis-
cosity in a real fluid). When these two components are added, a line
of no motion is found to move across the bands from left to right
during a cycle, and it is this which can be observed visually and
interpreted as the motion of a crest. Outside the regions covered by
the beam and its reflections (i.e. in 4) only the out-of-phase motion
is present. Streak photography of neutrally buoyant particles has
confirmed these predictions for the various regions at different
phases of the cycle. A special case is worth mentioning; when the
frequency is such that the characteristic from the corner of the
piston at P goes to O, only the regions B and C are then present.
All the internal wave modes cancel, and the barotropic mode
remains, with vertical motion in B and horizontal in C, and a
strong shear layer between. This motion can conveniently be pro-
duced in a channel of finite length by having a second plunger at the
other end, oscillating in antiphase.

Transient problems of wave generation have also received some
attention. Rarity (1967) has studied the waves produced by a two-
dimensional body moving through a stratified fluid in a straight line
at an arbitrary angle to the horizontal. Experiments confirming the
essential predictions of this theory have been reported by Stevenson
(1968), who has also considered the three-dimensional problem.
Larsen (19695) has observed the free oscillations of solid spheres
displaced in a fluid having a constant density gradient. It is relevant
to mention this here, since he can explain the measured damping of
the oscillation entirely in terms of the radiated waves, with only a
minor contribution to the drag coming from the viscous boundary
layer.

2.3. Waves in a moving stratified fluid
2.3.1. Velocity constant with height

We will now discuss the additional effects which become possible
when infinitesimal two-dimensional waves are propagating in a
moving fluid with continuous stratification (though some recent
developments in this subject must be left to"§3.1.4, where non-
linear processes are considered). When the fluid velocity is constant
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with height, the first extension is a relatively simple one. Any
travelling wave mode in a region bounded by a flat bottom can have
a constant velocity superimposed on it; if this is chosen to be equal
and opposite to the horizontal phase velocity, then another kind of
stationary wave results, with fluid moving through the crests over
the whole region —oo < x <oco. (The cellular wave solution
(2.2.3), for example, can be extended in this way.) Of more practical
importance is the generation of a stationary pattern of lee waves by
an obstacle placed in the flow (e.g. a mountain at the bottom of the
atmosphere). The choice of the proper sum of wave-like and
decaying motions which satisfy the imposed boundary conditions
is the problem here, and results are given below for an inviscid,
Boussinesq liquid having constant N2, Some subtle points which
arise in the complex variable analysis used to obtain them will be
ignored here,

Consider first a flow with velocity U confined between fixed planes
a distance H apart in the vertical, containing stationary waves
produced by an obstacle of (small) height % and width & placed at
the origin. The phase velocity of the waves must be upstream rela-
tive to the fluid, and such that ¢, = — U. The group velocity also
has an upstream component; moreover it follows from (2.2.7) and
(2.2.11) that the horizontal component of ¢ is less than ¢, for all
possible modes trapped between z = o, ¥ = H, and so energy is
being swept downstream. Thus the waves are indeed ‘lee waves’
in this situation, since no energy is available to sustain them
upstream.

When the flow of interest is steady relative to fixed axes, the time
derivatives in (2.2.5) may be replaced by the spatial derivatives
(1.e. one can set D/Dt = U 0/9x) which gives

2' 02 (2w  Pw
ox2\ox2 '~ 022

2
)+N28—xiu=o. - (2.3.1)

The linearization here depends on A/H being small, and this also
implies that the boundary condition at the obstacle, which is
w = Udh[dx, can be applied at 2 = o, not on the raised obstacle
itself. The other boundary conditions are w = o at z = H, and
w =0 as ¥~>-—c0 for all 2; no assumption is made about w as
¥—>+00. From (2.3.1) one can derive an equation equivalent to
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(2.2.6) for the amplitude #¥(z, k) of a wave with horizontal wave-
number &, namely . .
2773+(%2—k2)@ =o. (2.3.2)
It is clear that any motion with % = o will also satisfy (2.3.1); these
modes, which are called ¢ columnar’ because the motions are uniform
in the x-direction, do not enter in the steady linear theory, but they
will be referred to again in §3.1.3. |
The kinds of waves which are possible in this flow can best be
understood by examining the case where @ is set equal to zero at
z = o as well as at 2 = H (i.e. the free wave modes in the channel
with the obstacle removed). The vertical velocity has non-decaying
(sinusoidal) solutions satisfying these simpler top and bottom
boundary conditions only for a discrete set of k£ = &, such that

(ko? —k,2YH = n, (2.3.3)

where k, = N/U and # is an integer, There is a finite number of
separate wavetrains (i.e. &,,), which can exist with a given flow and
stratification when there are rigid boundaries above and below. The
behaviour of this system thus depends largely on the magnitude of
the parameter Ri, = F-2 = R 2H? = N?H?{U?, which has the form
of an overall Richardson number (§ 1.4). If thisis very small (e.g. U'is
too large for a given V), no stationary lee waves can form, since all
such waves are then swept downstream. As R7, increases above 72
(or F falls below 7~ and the flowspeed becomes subcritical for the
particular mode in question) first one, then two wavenumbers can
satisfy (2.2.3), and so on.

These conclusions are not changed when a shallow obstacle is
placed in the flow and the forced motions are of interest, but the
information about its shape has not yet been used; this enters
through the application of the proper boundéry condition on
(2.3.2), which fixes the amplitudes of all the components. As we
will see again in chapter 3, for an infinitesimal obstacle the ampli-
tude is proportional to %b, i.e. to its cross-sectional area, rather
than just its height. When b is increased to finite values, the
wave amplitude will be largest when k,5 is of order unity. This
condition implies that the width of the obstacle is comparable with
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the wavelength of one of the possible lee wave modes, thus ensuring
that the forcing frequency is close to a natural frequency of the
system. This can happen in the atmosphere for commonly found
values of U and N2, and some mountain ranges with just the right
width to give this kind of resonant excitation of the lowest mode %;
frequently have prominent trains of lee waves associated with
them.

'The atmosphere, of course, differs from the above model in that
it is virtually unconfined at the top, rather than having a rigid upper
lid, but the arguments can be extended to that case without diffi-
culty. (Historically important solutions were obtained for instance
by Queney (1941, 1948) and Lyra (1943) for exponential density
distributions and special obstacle shapes, but these will not be
discussed in detail.) Both exponentially decaying and oscillatory
types of solution in 2 can be relevant here. The latter must always be
chosen to have a form which corresponds to the upward propagation
of energy, and if for practical reasons the calculations is cut off at
some fixed upper level, this outward radiation condition must
always be applied there. The continual radiation of energy upwards
(which spreads it through a large volume) means that the amplitude
of the waves decreases with increasing x at large distances down-
stream, even without friction, in contrast to the case of a rigid upper
lid where the energy is reflected back and remains in the flow. In the
unbounded case, the limit of (2.3.3) as H—co implies that lee waves
should be possible for any wind speed (since Ri,—co provided
ky,+ 0), but in practice lee waves are not observed if kyb is small.
Another overall Richardson number based on the dimensions of the
obstacle instead of H becomes relevant and the square root
of this, k = Nh/U, is the parameter used in the non-linear
theory of §3.1.4. Detailed flow patterns will be described in that
section.

2.3.2. Lee waves with varying properties in the vertical

If the horizontal velocity # is now allowed to be a function of height =
instead of constant, an extra term w du/dz appears in the horizontal
momentum equation (2.2.1 a), representing the vertical convection
of mean horizontal momentum by the perturbed flow. Proceeding
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as before, it follows that the equation for the amplitude % (replacing

(2.3.2)) 1s
0 (N2 162 .\ .
gt () 2=
o0 (2.3-4)
or prom (B(x)—k)D =0
N2 1%
. oo NP 1%
with 1P(z) = R

Provided [2 > o, the behaviour is little changed by the addition of
the extra term; in a flow with du/dz decreasing upwards, this just
acts to increase the restoring force on a displaced particle (i.e. like an
increased density gradient). In cases of practical interest the effect
of allowing [V also to be variable is small and so /(z) can be assumed
to contain this variation as well.

Much of the detailed work based on (2.3.4) has assumed for
the convenience of calculation that the stratified fluid (e.g. the
earth’s atmosphere) can be approximated by a series of layers in
which [? is step-wise constant, reducing the problem again to one
with constant coefficients. Scorer (1949) considered two layers, the
lower having depth % and [ = /; and the upper very deep with [ = £,
and connected them by requiring both components of velocity to
be continuous at the boundary. A mode analysis then showed that
lee waves are possible provided

212 > T4, (23.5)

i.e. provided ! decreases upwards sufficiently rapidly. The waves
obtained in this way have the character of an interfacial wave on the
boundary between the regions, and the lower layer acts like a wave-
guide along which this can propagate. (See §2.2.2.)

Various three-layer models such as those of Scorer (1954) and
Corby and Wallington (1956) have extended these ideas to find
particular combinations of layer depths and / values which will lead
to large lee waves amplitudes. One more recent example will be
given, Pearce and White (1967) have made numerical calculations
for the case of an atmosphere consisting of two layers with the same
I2, above and below a thin ‘inversion’ layer in which 12 = [;2 is
larger. The possible wave patterns now depend strongly on the
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Fig. 2.14. Displacements of streamlines over a ridge, computed for (@) an
airstream for which 22 is nearly independent of height, (b) a flow for which
% is substantially larger in the lowest 2 km. (After Sawyer 1960. These

figures are Crown copyright and are produced with the permission of
the Controller of H.M.S.0.)

waveguide effect of this intermediate stable layer. For a given [; and
barrier shape, the maximum wave amplitude near the inversion layer
has a sharp maximum as a function of its depth. In the range where
the amplitude decreases as the depth decreases, the wavelength of
the possible waves is increasing. This is consistent with the observed
behaviour of atmospheric lee waves, which weaken when the lower
layers are heated, thus reducing the inversion thickness through the
process of turbulent entrainment from below. (See chapter g for a
further discussion of this last point.)

It is by no means necessary to restrict the discussion to these
special and somewhat artificial variations of /2 with height. Sawyer
(1960) has computed the streamlines for the flow of observed air
streams (as well as some idealized flows) over a two-dimensional
barrier of the form z = Ay /(1 +(x/b)?), a shape first used by Queney
(x941) and incorporated in many subsequent calculations. He was
able to deal numerically with continuous variations of /%, cutting the
calculation off at the top by assuming a small constant /2 above this
and using the outward radiation condition. In various circumstances
he found lee waves diminishing in amplitude downstream, or staying
substantially constant when there are very stable layers near the
ground, and two examples are given in fig. 2.14. Note that the line of
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the crests slopes backwards (against the flow) with increasing height,
which is a general property of lee waves. 'This is consistent with a
group velocity and propagation of energy relative to the fluid
directed in that same sense, upstream and away from the obstacle
(see§2.2.2). Sawyer confirmed the conclusions arrived at by studying
simpler models, and added more information about the behaviour at
greater heights. When /2 increases upwards, waves can maintain a
large amplitude up to the stratosphere (the inertial effect of density
variation i.e. the factor (p,/p)? is significant here), though these may
decrease in amplitude downstream. If two wavelengths are possible,
the shorter is emphasized near the ground and the longer at higher
levels. _ :

It should also be noted that problems related to lee waves can
arise when there is a layer of convecting fluid below a stably strati-
fied region, rather than a solid obstacle. The large eddies of the
convection may then be regarded as moving relative to the stable
layer, and generating waves in it. (See §§7.3.4 and 9.2.4.)

2.3.3. Reversals of velocity and critical layers

It was implicitly assumed above in discussing (2.3.4) that « = o,
since then the equation becomes singular. When the flow velocity
reverses direction with height (so that the mean horizontal velocity
() relative to the obstacle is zero at some level), important effects
arise which require separate treatment. These will be sketched using
the concepts of ray theory and group velocity (§2.2.2), following the
method used by Bretherton and Garrett (1968) and in previous
work referred to by them. They have provided rigorous justification
for the ray tracing procedure, and have shown that a medium may
be regarded as locally uniform provided the gradient Richardson
number is large and the vertical wavelength small compared to the
scale of variation of U and N in the region of irterest.

When fluid is moving, the frequency of a wave measured relative
to a fixed point is no longer given by (2.2.7); that is the frequency
relative to the fluid, but it is changed by the advection of wave
crests past the point to become

© = ku+ NR(E2 +m2) (2.3.6)

It is this frequency which is imposed at the source and which must
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remain constant following a wave group. The rate of transmission of
energy relative to the fluid (i.e. the group velocity) is unchanged by
the locally uniform motion so the total group velocity relative to
the ground again has components (dw/0k, dw|ém) and (2.2.11) are
modified only by adding the local wind speed to the horizontal
component. '

Near a level where

: w, = w—ku = o, (2.3.7)
i.e. where the phase velocity w/k equals the velocity of flow, the wave
will not be propagating at all through the fluid; this occurs for
stationary lee waves when # = o since the mechanism of their
formation ensures that the phase velocity relative to the ground is
zero. As such a critical level is approached, (2.3.6) shows that m
must become large. The wavefronts become nearly horizontal and
closer together, but in such a way that the horizontal wavenumber &
is unaltered following a group. (See fig. 2.g¢.) Both components of
group velocity become zero, relative to the fluid at the critical level,
and so the energy density (and amplitude of the waves) increases to
large values here. This is consistent with a general result proved by
Bretherton and Garrett (1g68): it is no longer the energy density E,
but E/w; which is conserved following a wave group, where w;
(defined by (2.3.7)) is called the intrinsic frequency of the wave
relative to the local mean flow. More detailed studies of the critical
layer have been reported by Booker and Bretherton (1967) and
Hazel (1967); these confirm that, when the gradient Richardson
number is greater than about unity, very little wave energy gets
through the critical level.

The consequences of this concentration of energy (and of the
associated absorption of the momentum flux) will be explored
further in chapters 4 and 10. It suffices to say now that the momen-
tum lost by the waves can act to accelerate the mean flow, and there
can also be instabilities associated with the increased wave ampli-
tudes. The main predictions of this theory of the critical layer have
beenverified in a simple laboratory experiment (Hazel 196+7). Ashear
flow can be produced in a long closed tube containing stratified fluid
by tilting it about a horizontal axis (see chapter 4 where this method
is described more fully in another context). A linear stratification
produces a linear velocity profile with zero velocity at the central
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depth. A small obstacle at the bottom of the flow produces lee waves,
made visible in fig. 2.15 pl. Iv by thin lines of dye placed at regular
height intervals. In accordance with the prediction waves reach the
centre of the channel but cannot pass through the level where
# = o. There is also the suggestion in this experiment of a distortion
of the velocity profile corresponding to the injection of momentum
at the critical level.

2.4. Weak non-linearities: interactions between waves

The success of linear theory in describing the various phenomena
mentioned above gives confidence in the basic assumption that the
component waves can be regarded as independent. If this were not
so, and energy were transferred rapidly and indiscriminantly
between the modes because of non-linear effects which have been
omitted, no simple pattern could remain recognizable for long.
There is one circumstance, however, in which even a weakly non-
linear process can have an important result, and this will be de-
scribed next. In this extension each individual wave can still be
treated by linear theory, but when several waves satisfy certain
resonance conditions, energy is interchanged preferentially between
them, The other extreme case of strong non-linear interactions,
where no such selective effect operates, has more of the charac-
teristics of turbulence, and this will be discussed in later chapters
and also briefly in §2.4.3.

2.4.%. The mechanism of resonant interaction

Allinteraction calculations require much tedious algebrato complete
the details but the essential physical argument can be given more
simply and without at first referring to a particular problem. Con-
sider any system which can be described on linearized theory in
terms of a sum of undamped waves sin (k- x — wt), and for which the
dispersion relation is known, say

Fk,w)=0. (2.4.1)

Suppose now that two waves specified by (k;, @,) and (k,, w,) are of
small enough amplitude for each to be adequately described in this
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way, but that the lowest order cross-product term s retained. That s,
the equation describing, for example, the displacement of an inter-
face will now contain an extra term sin (k; - X — @, ¢} - sin (K;* X — w, £).
This can be regarded as a forcing disturbance acting on the linear-
ized system, and the problem of ‘interaction’ consists in calculating
the response to this weak forcing. As for any vibrating system, the
response must depend on the relation between the natural and
forcing frequencies.

Now the above product (forcing) term can be expressed as sum
and difference waves with wavenumbers and frequencies

k; = klikz,} (2.4.2)

(()3 = (1)1 i w2.

Fach combination having one of the wavenumbers k; will tend to
generate secondary waves which are possible free modes of the
system, that is, which have frequencies w; satisfying F(k;, ©;) = o,
and move with the phase speed o,/(ks|. In general none of the v,
will equal w, given by (2.4.2), and so the forcing and the secondary
waves will not remain in phase and the energy transfer will remain
small. If, on the other hand, w; = »; and one of the combination
waves moves at the same speed as a free oscillation of the same
wavenumber, resonance occurs; the waves stay in phase and a
continuous transfer of energy can take place. The growth is limited
by the amount of energy available in the primary waves, by the
closeness of w; and w; and by viscosity in a real fluid, Other factors
which influence the time during which k, and k, overlap (such as the
length of the wavetrains) are also relevant, but given long enough,
such secondary waves can grow to amplitudes comparable with those
of the primary waves, no matter how small the original amplitude.

This process, in which two waves interact to give a third, is
called a quadratic interaction, and three waves which are related by
(2.4.2) and separately satisfy the dispersion relation (2.4.1) constitute
aresonant trio. If there are no other transfers, the energy insuch a trio
is just passed back and forth among the components (since the
mechanism still operates if another pair of waves is regarded as
primary). In some special cases the variations of all three components
have been calculated explicitly as functions of time. It is a property
of the weak interaction process that the period characteristic of the
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interchange is much longer than those of the separate wave com-
ponents, and this period is inversely proportional to the amplitude
of the interacting waves (Bretherton 1964). For a lucid general
treatment of this problem, see Simmons (1969).

Tt should be noted that the wavenumbers used above are vector
wavenumbers, and so in general waves travelling in different direc-
tions can interact. Hasselman (1966) has shown how a wide variety
of resonant interaction processes can be conveniently discussed by
constructing vector diagrams which are closely related to collision
diagrams for elementary particles, but none of these more sophisti-
cated results will be given here.

2.4.2. Interactions of interfacial waves

Particular examples of resonant interactions can now be given,
starting with the simple case of interfacial waves in a two layer
system studied by Ball (1964). He showed that the conditions for
resonance can be satisfied by a triplet consisting of two surface
waves (k;, 0,), (ky, 0,) travelling in opposite directions, and an
interfacial wave (kj, wg) having the same direction as one of them.
One such triplet is shown diagrammatically by the points AB; C, on
the dispersion curves drawn in fig. 2.16. The two branches of the
curve are just equations (2.1.7) for the internal mode and (2.1.8) for
the surface mode, with particular choices of the density difference
and layer depths. For two-dimensional waves this and a similar
triplet AB, C, are the only possible ones involving wave 4. When a
general direction of propagation is allowed, however, wave 4 can
interact with an infinite set of other surface waves (two for each
choice of direction) and the result must again be an internal
wave.

Herein lies the relevance of this process for internal waves, and
the reason why it has been mentioned although surface waves per se
are not of concern to us here. It is a possible mechanism for generat-
ing internal waves from surface waves on the ocean, which can
operate over a wide range of conditions of the surface. Itis especially
significant when compared with purely surface gravity wave inter-
actions, since Phillips (1g60) has shown that thiose can only occur at
higher order, between three components to give a fourth (i.e. that no
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2]

Fig. 2.16. Schematic representation of the conditions for resonant inter~
action. The surface wave 4 belongs to the two interacting wave triplets
A B; Cy and A4 B, C,. (From Ball 1964.)

resonant #rzo can be found using only one branch of the dispersion
curve or surface).

The locus of surface wavenumbers of arbitrary direction, which
can interact with a given wavenumber to give an internal wave,
is shown in fig. 2.1% for two choices of the frequencies w; and w,. As
the difference in frequency (and therefore wg = w,— wy, the fre-
quency of the internal wave) becomes small, the distance between
the two branches of this curve is reduced. Thus as shown by the
vectors on the right-hand figure, one can get an interaction between
two surface waves of nearly the same wavenumber (but different
directions) to produce an internal wave of comparable wavenumber
in a third direction, having the very low frequency characteristic of
internal waves. It is also clear from this vector diagram that short
waves travelling in nearly the same direction can interact to produce
amuch longer (smaller |k|) wave, travelling nearly at right angles to
the surface waves. The attenuation of the disturbances with depth
should be least important in this latter case, and significant long
waves on a shallow thermocline can arise even though the surface
wave motions themselves fall off sharply with depth (see Thorpe
(1966b) for a more detailed discussion of this problem).

No direct experimental demonstration of this surface-internal
wave interaction has been given (experimenters have been deterred
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() ®
Fig. 2.17. Loci of surface vector wavenumbers k; which can interact
resonantly with k, to give an internal wavenumber k;. The magnitudes of
k, and k, are (@) unequal (b) nearly equal.

by the difficulties of absorbing the surface waves without disturbing
the stratification). A comparable interaction has, however, been
demonstrated between three wave modes all on the intetfacial
transition region separating two uniform layers. Davis and Acrivos
(x967b) observed that a simple waveform generated at one end of a
channel can under certain circumstances become unstable, in the
sense that irregularities characteristic of higher modes spon-
taneously appear on the interface. (See fig. 2.18 pl. 111.) They ex-
plained this behaviour by showing that resonant triads can exist for
which the two waves interacting with the primary wave can begin
with arbitrarily small amplitude, and both grow exponentially by
extracting energy from the primary wave. (Hasselman (1967)
showed that this is an example of a more general result, namely that
the sum interaction of the pair described by (2.4.2) will always be
unstable in this way.) .

This can be illustrated by writing down the equations for the
variation of amplitudes in the general form |

dal/dt = a1a2a3,
day/dt = agayay, | (24:3)
daaldt = 063011612. L

Here the a; are the interaction constants (whose calculation for
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particular systems will not be undertaken). Suppose that a; = 4 is
so much larger than @, and a, that initially it can be regarded as
constant. Then (2.4.3) can be linearized and have solutions

ay, ag ~ exp { + A (005) 2}. (2.4-4)
In a real fluid, the growth will be limited also by viscosity, and
adding damping terms proportional to amplitude gives

dazldt = fozAa::;_ ﬂ2a2,}
da:_;/dt = (ngaz - ﬂ3 a3-
(For a discussion of the calculation of the coefficients £, and £; and

other effects of viscosity see, for example, Thorpe (1968¢).) Thus
growth is possible provided ayot; > 0 and

A > Ao = (BaPalrnas)t. (2.4.6)
Davis and Acrivos applied these results to the wave modes on a
density profile of the form p oc tanh (2/L) (some more details will be
given in §4.3.3). They showed that the above conditions for growth
can be satisfied by a trio consisting of a primary wave, the second
mode moving in the same direction (the simplest description of the
observed bulges on the interface shown in fig. 2.18) and a third
mode component travelling in the opposite direction, which could be
produced by reflections at the far end of the experimental tank. The
measured relation between the frequencies agreed with that pre-
dicted from the dispersion relations using the observed interface
thickness. They also showed that the critical amplitude criterion
can be translated into a frequency condition, for fixed amplitude of
the primary wave. Instability will only occur provided the fre-
quency @, is high enough, and a thick interface is more unstable
than a thin one, for a given density difference. All of these statements
are in agreement with their own experimental findings, and with
some earlier observations reported by Keulegan and Carpenter
(1961) which were at that time unexplained.

(2.4.5)

2.4.3. Interactions with continuous stratification

Thorpe (1966 ) has generalized the arguments outlined above to
include interactions which occur between internal wave modes with
either multilayered or continuous stratification. The only restriction
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is that not all the waves of a resonant trio can belong to the same
mode (for the same reason as purely surface wave quadratic inter-
actions are excluded). Phillips (1968) combined the frequency con-
dition for resonance (w, = w, + w,) with the result (2.2.8) for bodily
internal waves. Together these imply that the slopes of the three
interacting wavenumbers to the horizontal must form a closed
triangle

cos 0, + cos By, = cos G, (2.4.7)

and this geometrical property can be used with the summation con-
dition on the wavenumbers to construct diagrams of the possible
interactions with a given internal wave. Interactions between waves
and currents can be included by regarding the latter as the limitofa
wave as w— o (Phillips, George and Mied 1968). It has been shown,
for example, how periodic variations of density or current speed can
lead to the trapping of internal waves in a finite layer of an un-
bounded fluid, essentially by a resonance mechanism.

Direct observations of a resonant interaction between three
internal wave modes in a linearly stratified fluid have been madeina
large laboratory channel by Martin, Simmons and Wunsch (1969).
They produced the first and third modes using an array of paddles to
give appropriate independent displacements at one end of the tank,
and absorbed the energy at the other end using a ‘beach’ in the form
of a shallow wedge having a small enough angle not to reflect any of
the frequencies of interest (see §2.2.2 and Wunsch 1969). They
tuned the paddle frequencies close (but not exactly) to the resonant
condition and measured vertical displacements by means of con-
ductivity probe arrays at various depths and distances from the
wavemaker.

They found, in agreement with theory, that a fourth mode wave
could be detected by numerical analysis of the spectra and cross
spectra of the signals from the vertical arrays. Its amplitude grows
not with time but with distance down the channel (because this
determines how long the waves have been interacting) and its phase
velocity is in the opposite direction to that of the original two. This
mode is clearly distinguished in the periodograms because it has a
much larger amplitude than any other peak Corresponding to sums
or differences of the original frequencies. ‘There is also evidence of
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multiple resonances leading to higher modes, which have been more
thoroughly documented in later experiments.

McEwan (1971) has reported an elegant experiment in which a
resonant interaction was observed between a trio of standing internal
waves in a rectangular tank of linearly stratified salt solution. One
mode (generally that having one half wavelength in the vertical
direction and a few wavelengths in the horizontal) was directly
forced, together with its harmonics. T'wo higher free modes then
grew from the background noise, each energized by the interaction
of the other with the forced wave. The results are in excellent
agreement with a theory developed for the standing wave case, and
this configuration seems especially suitable for careful quantitative
work. Viscous dissipation round the boundaries and due to the
internal shears can be estimated accurately, and the amplitude of
forcing necessary to produce growing disturbances to the original
mode can readily be calculated (cf. (2.4.6)). McEwan was parti-
cularly interested in the processes of degeneration of the wave field
and wave breaking at supercritical amplitudes, but a discussion of
this aspect of his work will have more relevance in the context of
mixing in the interior of large bodies of stratified fluid, and will
therefore be deferred until the final chapter.

Before we leave the subject of weak resonant interactions they
should be contrasted again with strong interactions, in this context
of a continuously stratified fluid. The fact that each wave mode
separately satisfies the equations of motion exactly has already been
mentioned (following (2.2.9)), and this implies that the amplitudes
can become large, while the non-linear terms in the equations of
motion still vanish identically. It is now possible for forced modes,
generated by an arbitrary pair of internal waves of large amplitude,
to attain amplitudes comparable with the primary waves without
the help of the resonance mechanism. These can in turn interact
with each other and with the original internal wave modes with no
restrictions on frequency or wavenumber, and instead of energy
being interchanged continuously and slowly between three modes,
the result will be an indiscriminant transfer of energy between many
modes.

The formal statement of the conditions for each of these mecha-
nisms can be expressed in several equivalent ways (Phillips 1966 4,
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p. 178), which physically amount to the following. The resonant
mechanism is the more important provided the vorticity associated
with the internal waves remains small compared to the buoyancy
frequency [V, and this restriction also ensures that the interaction
must extend over many wave periods for substantial transfer of
energy. If on the other hand a typical rate of vertical shear (which is
usually the more important contribution to the vorticity) is of the

same order as N
ouw'[oz ~ N, (2.4.8)

(i-e. the gradient Richardson number (1.4.3) is of order one or less),
then the forced modes are comparable in magnitude to the initial
modes and they can develop rapidly within a period of the primary
wave. The condition for a range of a continuous spectrum near
wavenumber magnitude % to have a vigorous (‘turbulent’) energy
exchange can be written in a form comparable to (2.4.8), namely

S = {BE(E))} ~ N, (2.4.9)

and weak resonant interactions are important when S <€ N. This is
the appropriate generalization of (2.4.8) since the combination on the
left is the only quantity with the dimensions of a shear which can be
formed from & and the energy density E(k). (See §5.2.2 for the
definition of E(%) and a further discussion of this point.)
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CHAPTER 3

FINITE AMPLITUDE MOTIONS IN STABLY
STRATIFIED FLUIDS

The previous chapter was based on equations of motion made linear
by assuming that the amplitude of wave-like disturbances of the
fluid remained infinitesimal. We now consider various large ampli-
tude phenomena which require the inclusion of the non-linear
terms for their explanation, First, some of the inviscid wave prob-
lems already treated will be extended to finite amplitude, and the
essentially non-linear phenomenon of internal solitary waves will
be discussed. Then various quasi-steady flows which arise in nature
and in civil engineering applications will be treated, using a
generalization of free surface hydraulic theory (and thus relating
the properties of such flows to the waves which can form on them).
Internal hydraulic jumps, the flow of a thin layer down a slope, and
the nose at the front of a gravity current come under this heading.
Finally we introduce the effects that viscosity and diffusion can have
on slow steady motions in a stratified fluid, describing upstream
wakes and boundary layers and the process of selective withdrawal.

3.1. Internal waves of finite amplitude
3.1.1. Interfacial waves

We refer again to the statement made in §2.1.2, that (2.1.8) is valid
for finite amplitude long waves. (Cf. Lamb 1932, p. 278.) This
implies that the highest point of any disturbance will move fastest,
and so the forward slope of a wave of finite amplitude will tend to
steepen, an effect called ‘amplitude dispersion’. This is in contrast
with the result of the frequency or wavenumber dispersion pre-
viously described by (2.1.77) which is valid for general depths. Since
long waves propagate faster than short, this will lead to the spread-
ing out of an arbitrary waveform and a decrease of slope. Thus it
seems plausible that under some circumstances a balance between

[48]
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these opposing tendencies can be achieved, and that it will be
possible to have waves of finite amplitude and permanent form.,

Some approximate results for internal waves of this kind will be
quoted below. "These are obtained by an expansion technique first
used by Stokes for surface waves (and applied to interfacial waves
by Hunt (1961)), and are given in the form of a power series in a
small parameter, successive terms of which contain the higher
harmonics. The first term represents the linear solution with sinu-
soidal waveform, and the higher order terms imply a distortion of
this shape. One must be careful in each case to define the expansion
parameter in such a way that it is indeed small. Initially it will be
taken as the wave slope (a; k) where g, is an amplitude and % the
wavenumber, but in some later cases it will be seen that this needs
modification, and the fluid depth must be taken into account.
Thorpe (19684, ¢) has made an extensive study, both theoretical
and experimental, of progressive and standing waves at interfaces
and in continuous stratification and his papers also contain a good
survey of the earlier work, Other features of his experiment will
be referred to in other chapters, but here only three special cases
will be chosen for illustration and later use. All of these are for
progressive waves on an interface, though comparable results
were obtained for standing waves.

For two deep layers, the interface displacement 7 is given to
third order by

7(x,t) = a, cos (kx— wi)+ta(a k) ( —F 1) cos 2(kx — wi)
P1t+pq |

(al k)% (3012 — 10p, 03+ 30,%)
8 (p1+po)?

and the dispersion relation is

+a c0s3(kx—a)t) (3.1.1)

> _gk(Pz—Pl){I 2% +P2 }
o2, PAT
P1+pP2 (P1+p2 )2( k)

If the density difference is small, the distortion of the wave profile is
determined by the third order term; this implies that the crests
and troughs are symmetrical but flattened relative to a sine curve.
The frequency for a given wavenumber increases with increasing
amplitude.

(3.1.2)
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When one layer is shallow (k% small) and the other is deep,
(ps—p1) < Po, and Ty denotes tanh kk;, then to second order

9(x, 1) = a, cos (kx—~ wt)— fay(a, k) {(1 — T,)/T,%} cos 2(kx — wi)
(3-1.3)

and

k(ps—p )TT{ (2 k)
w? =8P T PU e W) 22T+1 T2+ T3} 1.
DTk pol, o7, (9~ 312 +4770); . (3.1.4)

The form (3.1.3) shows that the wave profile is more sharply peaked
on the side pointing into the deeper layer (and this result holds also
for more general ratios of layer depths). This asymmetry has been
observed in the laboratory and also in the ocean, as shown by the
records obtained by La Fond (1966) in a shallow thermocline
(reproduced in fig. 3.1). (Note however, that the whole picture is
changed if there is 2 mean shear across the interface.)

For the third example we take that of equal layer depths, with at
first an arbitrary density difference. Then with A = /Ay =&,
T = tanh kh

7(x, t) = a, cos (kx — wi)

+%ay(ak) [(pj_l_gl)g e ]cos a(kx— wt) (3.1.5)

and
KR Y
kT( Pl){ (a, }
— A o s 8T py tpo))

where ¥ = [4(p,+pol* T¥2T?~1) + (2?3 = T3} (3.1.6)

which in the case of small density differences simplifies to

ng(§j+£:) {1 +(21T2 (22— 1)}. (3.1.7)
When one or both of the layers is shallow, (3.1.4) and (3.1.7) show
that there will be a reversal of the frequency dependence on wave-
length at a particular depth, which for equal layers occurs at
T2 = 1 or a depth to wavelength ratio of 0-140. The experiments of
Keulegan and Carpenter (1961) show both that the frequency
decreases with increasing amplitude for equal layers when they are
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Fig. 3.1. Smoothed records of the shape of internal waves (4) near the sea
surface, {B) at an intermediate depth and (C) near the sea floor. (From
La Fond 1966. In Encyclopedia of Oceanography, ed. R. W. Fairbridge,
© 1966 by Litton Educational Publishing, Inc. Reptinted by permission
of Van Nostrand Reinhold Company.)

shallow enough, and that the wave profiles are symmetrical and
very nearly sinusoidal, in agreement with (3.1.5).

Another consequence of a finite amplitude wave motion at an
interface, i.e. the retention of second order terms, is that the orbits of
individual fluid particles are changed. A steady horizontal drift in
the direction of wave propagation, of order (a; k)2, is superimposed
on the circular orbits, with a maximum at the interface and an
exponential decay on each side.(cf. the ‘Stokes drift’ for surface
waves). As Dore (1970) has shown, a small viscosity greatly in-
creases this effect, producing a current proportional to (a, k)2Re?,
where Re = (w[vk?)is a Reynolds number based on the wave motion.
The calculated form of the velocity profile in a channel with rigid
top and bottom is shown in fig. 3.2. The conditions of no net hori-
zontal flow imposed on this solution is appropriate to the case of a
tank of limited length, and measurements of the distortion of dye
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Fig. 3.2. The profile of horizontal mass transport velocity for a progressive
wave moving from left to right in a two-layer fluid system bounded by two
rigid horizontal planes. (After Dore 1970.)

streaks show the same general features. When the interface is not
sharp, however, a backflow is predicted near the centre, and there is
the extra complication that the density distribution is distorted near
the ends of the tank and the simple drift cannot continue indefi-
nitely. Similar drift motions have been documented by Thorpe
(1968¢) for the case of continuous stratification.

3.1.2. Cnoidal and solitary waves

Itis clear that when one or both of the layer depths is small enough
for tanh k% ~ kA to be small, the above expansions must become
invalid. In this limit, the ratio of the coefficient of the second
harmonic in (3.1.5) to that of the first is of order

@ pmpy_ ,
Fhpi+p, (3:1.5)
which need not be small just because ¢,k is small. A different
procedure is necessary when both layers are shallow which in effect
uses /; as the expansion parameter, and puts a limitation on its
magnitude. Similarly, the ratio of the corresponding coefficients

in (3.1.3) is of order
- a/khy* = by, (3-1.9)
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and this is the appropiate parameter to use when only one layer
is thin. The difference between /; and [, is of some importance,
which will be brought out in the discussion below.

For the case of two thin layers Benjamin (1966) has obtained valid
solutions for periodic waves of permanent form (called cnoidal
waves because of the symbol ‘cn’ used to denote the Jacobean
elliptic functions which describe their shape). He used a method
which takes no account of the fact that the density difference in /;
may be small, i.e. it does not rely on the Boussinesq approximation,
We will write down explicitly only the result for the limiting case as
kh—>o, that is, for the internal solitary wave (first considered by
Keulegan (1953)). The interface displacement from its state of rest
can be written, neglecting terms of order (a,/k)*, as

7 = alsechzzi, (3.1.10)

where the lengthscale b depends on the densities and layer depths.
With equal layers and rigid boundaries, for example, the displace-
ment is upwards and
B2 = 182p+p, {I _{_?_1102"»01} ‘
30102~ Py b py+py

For unequal layers and small density differences the crest of the
wave is towards the deeper layer. If b is identified with the wave-
length £ 1in (3.1.8) it is clear that the parameter /; is of order unity
for internal solitary waves. The longer the wave, the smaller must be
its amplitude for the required balance between the two non-linear
effects to be maintained ; higher waves will continue to steepen and
even break (see § 3.2.2). The phase velocity is

(3.1.11)

6‘2

_ gn(P2—P1) [Hprpla_l_], (3.1.12)

~ S (prtpo) P1t+P2 h},
always greater than that of infinitesimal waves; the solitary wave is
in fact the fastest travelling wave of given height and unchanging
form.

Analogous results have been obtained by Long (1965) and
Benjamin (1966) for solitary waves in a continuous (exponential)
density gradient. They showed that in that case it is not possible to
use the Boussinesq approximation since this implies an inconsistent
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neglect of terms which may be of the same order as others which

have been retained. A crude indication of what can happen is
obtained by examining (3.1.6) (and a similar coefficient in the next
term omitted from the expansion (3.1.5)). When T is small, the two
terms in the factor Y are generally comparable, and though they
are small, an accurate estimate of both of them is essential when
discussing the limit corresponding to the solitary wave.

- A different kind of internal wave can exist on a thin layer of light
fluid lying over a deep layer, or in the equivalent circumstances
described below. Benjamin (1967) has produced a comprehensive
theory for progressive waves and continuous variations of density
confined to shallow regions, but again only the solitary wave solu-
tion on uniform layers between rigid boundaries will be written
down here. The interface displacement is downwards, and pro-
vided a, [k, is fairly small, is of the form

—a A2

77 =x2+1/12’ (3'1'13)
2
where )t=if)—lél—.
3P Gy

This is clearly consistent with /, (defined by (3.1.9)) being of order
unity if A~ is identified with k. The phase velocity is

= LB gl + ) (3.1.14)

1

note the much stronger dependence on amplitude than in (3.1.12),
when the density difference is small. A free surface has the effect of
decreasing both the speed and the length of the wave, for a given
amplitude. :

Solitary waves of this second type are likely to be important on the
seasonal thermocline i.e. below a thin light layer at the surface of the
ocean. They can also occur on a thin transition region between two
uniform layers, and then (by symmetry) take the form of bulges
travelling along the interface. They were first observed in the
laboratory by Davis and Acrivos (1967 4) in a study which brought
out the close relationship between these bulges and the second mode
waves formed as a result of resonant interactions (see fig. 2.18). It
was shown that such a disturbance can propagate back and forth
along a tank, being reflected off the ends and persisting until
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damped by viscosity (fig. 3.34 pl. 111). The measured velocities
were in good agreement with an expression equivalent to (3.1.14),
modified to take account of the actual density distribution. When
the amplitude of the disturbance is larger, the character of the
motion changes, and a lump of fluid having a circulation like thatina
vortex pair propagates bodily along the interface (fig. 3.35). Davis
and Acrivos produced numerical calculations, valid for large
amplitude, which contain this feature of closed streamlines (though
the equations themselves break down in this range for another
reason, which will be discussed in §3.1.3).

3.1.3. Waves and flows in a density gradient

Asmentioned above, related expansion techniques have been used to
calculate the form of internal waves with continuous stratification
(for example by Thorpe (1968¢) and Benjamin (1966)) but these
problems will not be pursued further here. We turn instead to a
restricted class of flows for which exact solutions can be obtained,
but with no limitation on amplitude (such as is still required by
(3.1.8) and (3.1.9)). Dubreil-Jacotin (1937) and Long (19534)
derived an exact first integral of the equations of motion which is in
general non-linear, but which becomes linear (without approxima-
tion) for special choices of stratification and velocity. Much of the
detailed work on large amplitude waves has been based on this
simplification.

Several forms of this equation will be written down below without
proof, but the conditions necessary for their validity must be clearly
understood. The motion is supposed two-dimensional, incompres-
sible and steady. At some horizontal position upstream of the body
(in the negative x-direction) there are no disturbances and the
velocity and density distributions are specified functions of =.
Finally, there should be no reversal of flow in any vertical section, so
that a streamfunction ¥ may be defined which varies monotonic-
ally with 2, and the density p = p(¥) (i.e. is constant along stream-
lines). With these assumptions (which will be discussed further
below) it follows from the full inviscid equations of motion that

vy 4 g%@[%(u2+w2)+gz] — 1), (3.1.15)
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where u=0oY/oz, w=—0p[ox

and f(¥) is a specified function of /.
Yih (1960) gave a transformed version of (3.1.15) in terms of a
pseudo-streamfunction ¥ defined by

pru = a0z, plw=—af/ox

(whose definition is related to the procedure discussed at the end of
§ 1.3, which removes the inertia effects). This may be written

V2¢+gzg—%= df;’ (3.1.16)
where Hy = p+Hu2+a?)+gpz is the ‘total head’, which is
constant along a streamline. From this form it is clear that the
equation is linear provided both p and H,, are polynomials of degree
no higher than quadratic in 3. Yih (1965) has discussed the various
possible cases, one of which corresponds to the situation of interest
here. If both dp/dz, the density gradient, and 3pU?, the dynamic
pressure, are assumed independent of z in the undisturbed flow,
(3.1.16) reduces to an especially simple form. At the same time one
can introduce the displacement 7, of the streamlines from their
initial position as the dependent variable, to obtain the equation
which is our starting point in the following section on lee waves

N2
Vzﬂo‘f"‘(ﬁ% = 0. (3.1.17)

Note that the Boussinesq assumption has not yet been made, but
whenitis added, the condition on (3.1.17) is that N2and U2separately
should be constant with height. This equation, with constant
coeflicients, is the Helmholtz equation, exactly the same form as that
obtained for (8%w/&x?) in the linear theory (2.3.1).

The assumptions leading to (3.1.17) can break down in several
ways. Most important in the lee wave application is the restriction
that all streamlines must emanate from a position far upstream. It
will be shown in §3.1.4 that statically unstable regions with closed
streamlines appear in the solutions when the wave amplitude be-
comes large; though such ‘rotors’ are physically plausible, they
cannot consistently be described using the present model. There is
also the problem of ‘upstream influence’, the possibility that the
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introduction of a finite obstacle into a flow on which lee waves can
form will result in ‘columnar’ disturbances extending upstream
(i-e. those having k = o; see §2.3.1). From the first of equations
(2.2.11), it is clear that energy could then propagate upstream
provided the vertical wavenumber m < N/U,; if such motions were
present they would change the approaching flow and thus violate
the assumed conditions far upstream.

The columnar disturbances are not needed to satisfy the boun-
dary conditions in the lee wave problem, but they can nevertheless
arise in connection with non-linear transient effects. Benjamin
(1970) gave an integral argument concerning the inviscid transient
problem which suggested that there will always in principle be an
upstream influence in a confined flow which is subcritical in the
sense used in §2.3.1. McIntyre (1972) has modified this conclusion
by showing that, while there will always be a columnar disturbance,
this need not appear ahead of the body. For the first lee wave mode
there is an upstream influence (to second order in the wave slope)
only when NH|U > 2m,1.e. under conditions where a second mode
can also appear. Though the question has a basic philosophical
importance, it is often of less practical significance. Even when
upstream influence is predicted it is weak, and it is still useful in
practice to investigate the effects of an obstacle for a given flow
upstream, disregarding the changes in the flow caused by the intro-
duction of the obstacle. In an unconfined flow the disturbances fall
off with distance, and the assumption of no upstream influence is
formally valid at large times after the introduction of the obstacle
(though. of course disturbances could arise in other ways not con-
sidered here, for example through the mechanism of resonant
interaction described in §2.4.3).

- An associated difficulty raised by Benjamin (1966} has not yet
been fully resolved. He has questioned whether the special boundary
conditions imposed to bring the equations to linear form are in fact
representative of the full non-linear steady problem (which requires
also the specification of a downstream boundary condition).
Certainly the ‘critical layer’ phenomena of §2.3.3, as well as the
formation of the rotors mentioned above and of hydraulic jumps
(§3.2.2) are excluded from the formulation based on the assumptions
leading to (3.1.17).




1y

58 BUOYANCY EFFECTS IN FLUIDS

3.1.4. Finite amplitude lee waves

Because of the identical form of (2.3.1) and (3.1.17) the solution to
some non-linear problems can be obtained directly from the
linearized solutions described in §2.3. The boundary condition at
the obstacle is still essentially non-linear, however, since the lowest
streamline must follow its surface, which may have an arbitrary
height. Long (1955) showed (for the case of a closed channel) how
an znverse method can be used to calculate related flowpatterns and
obstacle shapes. He first calculated streamlines for a convenient
shape of infinitesimal barrier, using a superposition of linear solu-
tions, and then increased the amplitude of the motion to a finite
value. The resulting solution still satisfies (3.1.17) but it no longer
satisfies the boundary conditions on the obstacle (which on the
linearized theory were applied at & = o). The final step is to replace
the original obstacle by another having the shape of the bottom
streamnline calculated in this way, on which the conditions are
automatically satisfied.

Long (1955) compared his calculated streamlines for various
obstacle shapes and heights with flow patterns observed in a series of
laboratory experiments (which remain the best and most compre-
hensive in this field). All his photographs are worth detailed study,
but only two are reproduced here. In fig. 3.4a, b pl. v are compared
the observations and calculations in a case where only one lee wave
mode can occur, and fig. 3.4¢, d correspond to the range with lower
velocity (Rzt > 277) where a second mode appears. In the second
case rotors are observed, but apart from the fact that the observed
wave motions are weaker than predicted, the agreement between
theory and experiment is surprisingly good, and the flow outside
these regions of reversed flow is apparently little affected by their
presence. Some alteration of the flow ahead of the obstacle is also
seen in fig. 3.4d, a first indication of the ‘blocking” which becomes
important in very slow flows or for high barriers. ('This phenomenon
is discussed further in §§3.2.1 and 3.3.2. Note that it is a different
limiting case from that described earlier in connection with
‘upstream influence’, when flows of finite velocity over small
barriers were of interest.)

Yih (1960) used a different inverse approach, in which instead of
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specifying a barrier shape he investigated (using a linearized form of
(3.1.16)) the effect of introducing various singularities into a
stratified flow in a channel. A vertical line of cross-stream vorticity,
for example, can produce a region of closed streamlines in its
neighbourhood, as well as wave-like disturbances downstream. By
choosing the boundary of this closed region as the shape of the
obstacle, one again obtains a possible exact solution for the flow over
a rather blunt body. Source and sink distributions (with total
strength zero) can also be used, a device closely analogous to that
used by Rankine to generate streamlined bodies in a uniform inviscid
flow. Pao (1969) has extended Yih’s method by using distributions
of vortex pairs and doublets to generate barriers and satisfy up-
stream boundary conditions in a semi-infinite as well as a confined
flow. (Again these calculations were continued well past the point
where the equations become invalid.)

One more result for channel flows should be mentioned. Claus
(1964) used a comparable equation to (3.1.17) for a compressible
flow, and calculated exact lee wave patterns for particular density
and velocity distributions using Long’s method. He then compared
this with a similar calculation for an incompressible fluid having the
same velocity profile but a density stratification the same as the
potential density distribution in the compressible flow. The wave-
lengths in the case compared were identical, but the maximum
amplitude in the compressible case was nearly twice that of the
incompressible flow, reflecting the fact that it is density and not
potential density which determines the energy density.

‘When indirect methods are used, the shape of a barrier producing
waves cannot be specified a priori. It is much more convenient to be
able to fix the shape, and then investigate systematically what
happens to the lee waves as the stratification and flow velocity are
changed. Drazin and Moore (1967) were the first to obtain such a
solution, with boundary conditions prescribed on.a thin vertical
strip projecting above the floor of a channel. Important as this
solution was theoretically, it is an unrealistic case physically (because
the flow cannot remain attached to such a barrier—see below). A
series of papers by Miles (19684,b)t and Miles and Huppert
(1969) has shown how a modified diffraction theory, familiar in

1 Miles (1969) has also given an excellent review of the whole subject.
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other contexts, can be used to solve the problem for any obstacle
shape in a closed channel and for an infinite half-plane. Only the
latter will be considered here; for this case, we recall, it can be
shown that there will be no ‘upstream influence’ extending to
x = —co0.

The governing equation (3.1.1%7), obtained by making the as-
sumptions dp/d= = const and pU? = const, can be written in the
non-dimensional form

Vi#n+&% = o, (3.1.18)

where both 9 = 7,/ and the dimensionless operator V,? are scaled
with the maximum height % of the barrier, and «* = (NA/U)? has the
form of an overall Richardson number, Thelee waves depend on the
obstacle height through the parameter «2, which is different from the
Ri, used to characterize the whole flow in §2.3.1. Riy is always large
since a lengthscale H 3 h comparable with the scale height of the
whole region of interest must be used. The range of interest of the
constant x is roughly o < k < 1.5, as the barrier height for a given
flow is increased from zero to that at which the flow becomes un-
stable, in the sense that overturning and backflow first appears. At
this point, when k = k., a streamline becomes vertical somewhere in
the flow and the model is strictly invalid at larger k, though outside
the regions of overturning the solutions again seem to describe
observed phenomena reasonably well. Another kind of instability,
which draws energy from the shear flow due to the waves, will be
discussed in chapter 4.

Streamlines calculated by Huppert for the case of a semi-circular
obstacle are shown in fig. 3.5, for three values of k:x = ke = 1.27
and two values on either side of this. The increase of amplitude of
the waves and the tendency to overturn as x is increased are clearly
seen. Values of k¢ have also been calculated for a wide variety of
obstacle shapes, using a representation in terms of appropriate
distributions of dipole sources (cf. the indirect methods). Given the
functional form, two parameters are enough to specify the shape,
namely « and ¢ = h/b where b is a measure of the width. Huppert
and Miles (1969) explored the whole range of semi-elliptical
obstacles, for which k¢ varies smoothly from 1.73 for € =00 {(corre-
sponding to the vertical strip) through k¢ = 1.27 at ¢ = 1 (the semi-
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Fig. 3.5. Streamlines of a stratified flow over a semi-circular obstacle,
calculated by Huppert (1968) using (3.1.18) (@) k = 1.0, () ¥k = k., = 1.27,
(c) « = 1.5.

circle), too-67ate = o.In the last paper of the series theyinvestigated
various limiting cases and compared them with the exact solutions.
When k- o with ¢ fixed (i.e. weak waves are formed behind a body of
given shape) a simple dipole field results, with amplitude propor-
tional to the moment of the dipole, and therefore to the cross-
sectional area of the obstacle 4b (as remarked in §2.3.1). The
limiting solutions as e->o0 with «/e fixed (i.e. for a fixed length of
obstacle) show that the linear theory is accurate only for & < 1. The
largest value of x. ever found explicitly for a wide flat body is
k¢ = 0835, for the shape z = A[1 4+ (x/b)*]~1 used in so many linear
lee wave computations (see §2.3.2). '

The direct calculations of Miles and Huppert also lead to
numerical estimates of the drag coefficient (for the limited class of

|1
i
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Fig. 3.6. Flow over a triangular obstacle with « = 2.7, (From Davis
1969.) (a) observed flow, with hatched areas denoting mixing regions;
(b) calculated flow, showing rotors.

flows described by (3.1.18); reference should again be made here to
the work of Benjamin (19*70) who has shown that the drag exerted by
an obstacle on a stream is intimately connected with the question of
upstream influence). A knowledge of the flow pattern immediately
allows a computation of the change in the flux of horizontal momen-
tum, and hence of the wave drag D. The drag coefficient Cy, is
defined by comparing D to the force due to the dynamic pressure
1 = £pU? acting over the height % of the body, so

Cp = D[p;h. (3.1.19)

The drag coeflicient for tall ellipses is a monotonically increasing
function of k at any €, which. varies little with ¢, whereas for squat
ellipses it depends more strongly on € as well as on k. For all elliptical
bodies, however, the maximum Cp for unseparated flows with
K < K¢varieslittle, between 2-3 ate =coto 3.0ate = o. A comparison
of the exact Cp, with the drag calculated using the several asymptotic
approximations of Miles and Huppert (1969) referred to above
showed that there is a substantial range of x/e where only the full
solution gives an accurate estimate of Cp,.

Davis (1969) has used a related method to obtain numerical
solutions for the flow over a triangular obstacle in a channel of
finite depth. He has also compared his solutions with laboratory
experiments which are especially interesting in that they emphasize
the differences between the assumed and actual flows for the same
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Fig. 3.7. Comparison between measured total drag and wave drag co-
efficients for a stratified flow over a thin barrier. (After Davis 1969.)

nominal upstream conditions. Using triangular and also thin
barriers, he recorded flowpatterns (fig. 3.6) which are a combina-
tion of a turbulent wake due to the separation of the flow from
the sharp-edged bodies, lee waves produced by the barrier and the
wake, and also the turbulent rotors which form as a result of the
waves but are not adequately dealt with by the theories based on
(3.1.18). He made an estimate of the pure wave drag from the
- observed amplitude of the waves, and compared this with. direct
measurements of drag, made by towing a floating obstacle along the
channel and measuring the force on it. As shown in fig. 3.7, the
total drag is considerably greater than the wave drag, and this must
be due to phenomena which are not described by lee wave theory.
Outside the ‘stable’ range of k < ke, the wave solutions provide no
guide at all to the behaviour of the flow ortothe drag. (The properties
of the turbulent wake as such will be discussed further in §35.3.1.)
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3.2. Internal hydraulics and related problems

The flow of a layer of heavy fluid under lighter fluid has many fea-
tures in common with the hydraulics of a stream with a free surface.
Some of these analogous properties willnowbesummarized, asa pre-
lude to the discussion of the new effects which become possible when
the density differences are small and the fluids can mix freely. In
nature, most flows of this kind are turbulent, but they can for many
purposes be accurately described using perfect fluid theory, with
sometimes the addition of terms to take into account friction on the
bottom and at the interface, and the overall energy losses.

3.2.1. Steady frictionless flow of a thin layer

Consider first a two layer system in two dimensions, with a layer of
depth #4,(x), density p, flowing with a velocity U in the x-direction
under a deep layer at rest. Suppose that an obstacle is introduced,
with height & = A(x) above the horizontal bottom, and length L > A
so that the flow is slowly varying and can be regarded as uniform at
any section. Applying Bernoulli’s equation just below the interface
gives

%+%U2+g(h+h1) = const, (3-2.1)
1

where p, is the pressure at the interface, and just above:

5 £ g(h+hy) = const (3.2.2)

(any change in velocity in the upper layer will be small because its
depth is large). The continuity equation in the lower layer is

Uhy = Q say, (3-2.3)

and eliminating p; and U from the above gives

L ()= C—h (3.2

Zg'k 2( ) 1 (x)’ 3 4‘)
where C is a constant. This is of exactly the same form as the
ordinary hydraulic relation with g’ = g(py —p,)/p, replacing g, and is
sketched in fig. 3.8.
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Fig. 3.8. The behaviour of a heavy layer flowing over an obstacle and under
a deep lighter layer at rest, as described by the ‘hydraulic’ relation
(3.2.4). If the flow is supercritical upstream, (situatlon (@) F > 1) the
interface bows upwards over the obstacle; if it is subcritical (as at (b)
with F' < 1) the interface drops.

Given the form of the obstacle (x) the volume flux per unit width
O and the constant C, the depth of the layer %, can be found from
(3.2.4). Its behaviour depends critically on the upstream value of the
internal Froude number defined by (cf. (1.4.5))

since the left-hand side of (3.2.4) has a minimum at F =1, If
F > 1 far upstream, ;z; will increase as A(x) increases and the inter-
face bows upwards over the obstacle (as shown in fig. 3.84). If
F < 1 on the other hand, the level drops (%+ 5, decreases) as the
flow draws on its potential energy to gain enough kinetic energy to
surmount the obstacle (fig. 3.85).

The ‘critical’ internal Froude number F = 1 corresponds to the
state in which the flow velocity just equals the velocity of infinites-
imal long waves on the layer, called the critical velocity U, (See
(2.1.8).) When the flow is supercritical (¥ > 1), small disturbances
cannot propagate upstream against the flow and any obstacle will
have a purely local effect. When the flow is subcritical (F < 1), short
waves can remain at rest relative to the obstacle, and so a pheno-
menon analogous to lee waves on the intérface can be observed
downstream of shorter obstacles (Long 1954). (This criterion

3 TBE
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for wave formation can be compared with that found in §2.3.1
for a continuous gradient, namely F = Ri; % < 77!, remember-
ing of course the different definition of the internal Froude
number.)

This subcritical case also sheds some light on the difference
between the phenomena of upstream influence and blocking. In
general, when stationary waves appear downstream, longer waves
can propagate upstream, but if 4 is small these will be damped by
friction. Though there is undoubtedly an upstream effect, its net
result is small. If £ is increased beyond the point where the right-
hand side of (3.2.4) falls below 3(0%¢")}, however, no solution is
possible, essentially because the fluid no longer has enough energy
to get over the barrier. In this case true blocking occurs, and the
depth upstream must increase until a new steady state is established
with F' = 1 over the obstacle, which now acts as a control section for
the whole flow. Upstream the flow is subcritical, with depth 4, say,
and above the obstacle (where the depth is %A, = Ak, the critical
depth) it changes smoothly to a supercritical flow downstream.

3.2.2. Internal hydraulic jumps

Changes in the flow can also take place more abruptly. For example,
when the blocking described above is produced by suddenly.
increasing the height of an obstacle, the front of the layer of in-
creased depth may be very sharp, and will propagate upstream as a
travelling hydraulic jump (also called a bore or surge). If the super-
critical flow below the barrier is obstructed again further down-
stream, it can pass again into a subcritical flow through a stationary
hydraulic jump (fig. 3.9). This arises as a result of finite amplitude
long waves, which can travel faster than U, and therefore move
upstream, transmitting information faster than is possible on linear
theory. (Such waves, whose properties depend only on the local
mass flux and the continuity equation have been called ‘kinematic
waves’ by Lighthill and Whitham 1955.) If their amplitude becomes
so large that frequency dispersion can no longer balance the
steepening effect (see §3.1.2), then the upstream face of the wave
eventually breaks, with the accompanying turbulence which
- characterizes jumps and surges. '
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Fig. 3.9. Flow of a layer over a high obstacle: production of
internal hydraulic jumps.

The conditions at a jump can be investigated using the conserva-
tion of momentum and mass, i.e. by applying (3.2.1) and (3.2.3) to
the states before and after the jump where the depths are 4, and 5,’.
It follows on eliminating the velocities that

he® = fhihn/ (I +hy); (3-2.5)

thus a stationary jump can only occur between two ‘conjugate’
states, one shallower and the other deeper than the critical depth.
The final depth A, may be expressed in terms of &, and F; upstream

as
by’ = Ynf(x +8F2 —1]. (3.2.6)

By comparing the fluxes of kinetic energy before and after a jump, it
can be shown that a jump can only take place from a supercritical to
a subcritical flow, and that an amount of energy equal to

(' —h)%'0
40 By’

is dissipated in the process. (The opposite case would imply a
creation of energy at the jump.) When £, is only just supercritical
(a weak jump), some of the energy can be radiated away in the form
of internal waves, but at higher F, not enough energy can be dissi-
pated in the waves alone and they must break (Benjamin 1966, 1967).
In strong jumps little energy goes into waves.

Phenomena which can be interpreted in terms of each of these
processes have often been observed in the atmosphere (Ellison
1961). A sudden pressure change, accompanied by a change in wind
speed, can signal the passage of a strong jump. Regular oscillations

per unit span

3-2
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in a barometer record (with the number of crests increasing in time
as the energy travels away from the jump) correspond to an undulat-
ing jump. Sometimes condensation and precipitation effects com-
plicate and intensify the atmospheric jump phenomenon (producing
a ‘squall line’); the same is true if a moist supercritical flow passes
over a mountain, where the thickening and lifting can give rise to
heavy orographic rainfall. Other related processes which are
important in the atmosphere, but which do not have close parallels
inordinary hydraulic theory, remain to be discussed in later chapters,
namely the effect of a stratified environment above the flowing layer
(§9.2) and the turbulent mixing produced by the kinetic energy
released in a jump (§6.2.3). |

The above ideas have been generalized to apply to several layers
having arbitrary depths and velocities, notably by Long (1954). He
concentrated on the case of comparable depths and equal velocities,
simulating this experimentally by moving an obstacle through a
tank containing immiscible layers, initially at rest. He produced
convincing demonstrations of the various regimes of flow over the
obstacle, and of the jump phenomena (fig. 3.10 pl. v), and applied
the ideas (Long 19535) to explain the violent winds and turbulence
observed in the flow over the Sierra Nevada range (see fig. 3.11
pl. v1). More recent developments in this field, which will also be
important in the study of changing flows in shallow estuaries, have
been summarized by Yih (1965, p. 130), and reference has already
been made to the observations by Thorpe et al. (1972) of large
amplitude internal seiches in a lake, which take the form of surges
travelling along the thermocline and reflecting from the ends.

3.2.3. Flow down a slope

In considering changes in the flow along a horizontal bed which take
place over a relatively short distance, it was reasonable to neglect
friction as we did above; but when the flow of a heavy layer down a
long slope is of interest, friction must certainly be added if the
velocity is not to increase without limit. Here, following the usual
hydraulic assumption, we take the drag to be proportional to the
square of the velocity and to include the effects of friction at the
bottom and at the interface. (The form of the latter is treated more
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fully in §6.2.) The momentum equation parallel to a slope at a small
angle 0 to the horizontal is then

d . , ,, dh '

S (Uh) =gl 0—ghy TH=Co T (3.2)
where the terms on the right represent respectively the component
of gravity accelerating the layer, the pressure force due to a possible
change in depth, and the frictional force (Cy) now being used to

denote a combined drag coefficient). Eliminating the velocity
using (3.2.3) gives 7
(31—];1(1 —F?) = (6 - Cy, F?). (3.2.8)

When F = 1 (and #; = A, the critical depth), & = CY,, the critical
slope; a smooth change from subcritical to supercritical flow or vice
versa can only occur when the slope is critical. More generally,
when the flow is uniform and d#,/dx = o, F2 = 6/Cyp, a constant
which depends only on the slope and the friction, not at all on the
rate of supply of fluid or its density. The corresponding normal
depth of the flow &, is from (3.2.5) -

hy? = Cp Q%(0g'. (3.2.9)

When a flow is started with depth %, + %, its behaviour depends
on the relative magnitudes of %, 4, and ke. If by > by > he, dhy/dxis
positive and tends towards ¢ for large x; this flow can remain sub-
critical everywhere and spread out smoothly to merge with a layer of
heavy fluid overlying a horizontal plane at the bottom of the slope
(see fig. 3.12). Supercritical flows, on the other hand, can only change
to subcritical through a jump, which may occur either on the slope
or further out over the horizontal plane. An especially convincing
application of this result was made by Ball (1957). He explained
the sudden changes from light to strong winds at a coastal station in
Antarctica in terms of the movement of a jump, which is formed as
the katabatic wind (the downslope flow formed by cooling of the
air over the continent) flows over the sea. Sometimes it is not clear
if one should describe observations in these terms, or as a flow over
an obstacle (fig. 3.9); the important feature in either case is that the
flow is supercritical at the slope. Although a line of clouds, strong
rotary motions and sometimes waves downstream are associated
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Fig. 3.12. Flow of a heavy layer down a slope and onto a horizontal plane
(a) a subcritical flow can spread out smoothly, () a supercritical flow must
become subcritical through a hydraulic jump, whose position can change
as the flow rate fluctuates.

with such hydraulic jumps, they arise in a rather different way from
ordinary ‘lee waves’ and the rotors discussed previously, which can
only be formed when the flow over a mountain is subcritical.

3.2.4. The ‘lock exchange’ problem

We turn now to phenomena in which the intrusion of a front or
‘nose’ into a fluid of different density is the main concern, rather
than the steady flow of the layer behind it. Important examples are
the motion of a front of cold air under warmer air in the atmosphere
(on a small enough scale for rotation to be neglected, say a sea-
breeze front rather than one associated with a large depression), or
the intrusion of salt water under fresh when a lock gate is opened at
the mouth of a river. Following Benjamin (1968) we will concentrate
here on flows along a horizontal plane. It has been shown by Middle-
ton (1966) that for small slopes the motion of the nose can be de-
scribed using the depth and density difference at the nose itself,
with the slope and the depth of the layer behind playing only a
secondary role. (See the next section and especially §6.3.4 for a
discussion of noses on steep slopes.)

Consider first-a two-dimensional frictionless flow in a closed
channel of depth d, referred to axes fixed relative to the nose (see
fig. 3.13 for the notation). As in §3.2.1, continuity and Bernoulli’s
equation applied just above the interface give two equations in-
volving the final velocity U, and depth 4 of the flowing layer. In the
absence of friction a third relation follows from the fact that the
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Fig. 3.13. T'wo-dimensional flow of a heavy layer. (a) Frictionless flow in
a channel, (b) a real flow under a deep lighter layer.

‘flow force’ (the total pressure force plus the momentum flux per
unit span) is constant, which gives

ip(UPd+4'd%) = py(Ush + 3g'H). (3-2.10)

For consistency of the three relations, Benjamin (1968) showed that
_g(d2—-h¥d

U22=2g’(d‘—h) == "(—'z"d'—':h)—k, (3.2.11)
whose only non-trivial solution is % = 3d. Thus the only steady,
energy conserving flow (this is implied by the use of the Bernoulli
condition) is one in which the advancing layer fills half the channel.
In this symmetrical case, the Froude number of the approaching flow
is subcritical -

Ulg'd)t = 4 (3.2.12)
and that of the receding flow supercritical
Upl(g'h)t = 2. (3-2.13)

Benjamin has also calculated accurately the shape of the interface;
this agrees with an earlier result of von Kérmén (1940), who found
that the slope of the nose at the stagnation point is 60° to the hori-
zontal. -

Many measurements have been made of the flow generated by
removing a vertical barrier separating two layers of equal depth and
slightly different densities, in channels of various sizes and cross-
sections (see Barr 1967). At low flow rates, the Reynolds number
must be used explicitlyin the interpretation, but for flows on a large
enough scale for the direct effects of viscosity to be small, the experi-
ments confirm the near constancy of the nose velocity U over a
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considerable length of travel. In completely enclosed wide conduits,
the measured velocity is about N,

U = o.44(g'd)t, (3.2.14)

not very different from the inviscid value predicted by (3.2.12). Ina
channel with a free surface, the flow becomes unsymmetrical, the
corresponding multiplying constants bemg 0.477 for the underflow
and o.59 for the overflow.

Lofquist (1960) has made direct measurements of the stress
between a single layer flowing along a horizontal plane and a station-
ary fluid above, and has shown that this is much smaller than the
bottom stress. The latter must therefore account for most of the
discrepancy between (3.2.12) and (3.2.14), though the interfacial
stress can still be important in describing stationary noses (see the
next section). Observations of the interface (when one of the layers
is dyed) show that it is covered by an irregular pattern of cusped
short waves (see fig. 4.13). These have been interpreted either as
disturbances due to turbulence generated in each of the layers by
the shear at the boundaries, or as a manifestation of a small scale
instability of the shear flow at the interface. They will be discussed
further in §4.1.4 in the context of interfacial stability, and also in
§9.1 when describing the process of mixing at an interface.

3.2.5. Gravity currents and noses

When an advancing nose is shallower than half the total depth (as it
often is in practice) Benjamin’s argument shows that there must be
a loss of energy near the front, He has demonstrated further that
 this energy cannot be carried away in the form of a smooth wave
train but must be accompanied by ‘breaking’. This is in accord with
laboratory observations of gravity currents in deep water (Keulegan
1958) which show that they have ‘head’ just over twice the depth H
of the layer, behind which is a turbulent region and an abrupt drop
to the uniform layer behind (see fig. 3.135). The drag associated
with the velocity change in the deep layer due to this turbulent
wake must be taken into account when considering the force
balance on the layer. In no other way can the net force §(p, — p,) gH?




FINITE AMPLITUDE MOTIONS 73

_ acting in the direction of motion be balanced and a steady state
attained.

If one neglects mixing (as we are doing throughout this ‘ hydraulic’
approach), and supposes that the pressure in the ‘wake’ is hydro-
static, then the velocity of advance U of a nose advancing under a
deep fluid can be calculated as follows. The dynamic pressure
$p, U? at the stagnation point must equal the difference in hydro-
static pressure measured at the boundary far upstream and down-
stream i.e. g(p, —ps) H, so

U = 24 g'H)t. (3.2.15)

Benjamin (1968) has made the point that these pressures should be
compared by taking a circuit passing between the stagnation point
and the layer far downstream through the deeper overlying fluid.
An earlier argument due to von Kdrman (1940), (though giving the
same expression for the velocity) is erroneous, since it applied
Bernoulli’s equation along the interface, an invalid procedure in a
dissipating, rotational flow. We note too that the reasoning used by
Prandtl (1952, p. 369) is sound only for the initial transient phase of
the motion. He equated the dynamic pressures due to the two fluids
at the front, neglecting any effects of hydrostatic pressure due to the
heavy fluid ejected upwards, and deduced a front velocity half that
of the layer behind. As soon as the extra fluid arriving at the nose has
fallen back on the underlying layer, a steady state will be achieved
in which the nose and layer velocities are nearly equal.

The development of a mixed region of increasing length compli-
cates the argument somewhat, and so does the observed lifting of
the stagnation point above the bottom, an effect of bottom friction.
Taking the latter into account empirically reduces the multiplying
constant in (3.2.15), to give closer agreement with the experimental
value of 1.1 suggested by the experiments reported by Keulegan
(1958)and Wood (1966). In making this comparison with experiment
one must also be careful to allow for the effect of a finite channel
depth. When expressed in terms of the layer thickness H = d—#,
the nose velocity changes monotonically (and almost linearly with
H|d) between 2~ ¥(g'H)} for H = }d, as implied by (3.2.12), and the
value (3.2.15) as H|d—>o. Even at H/d = 0.1, 2 common condition
in laboratory experiments, the correction can be significant.
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The above arguments of course take no account of cross-stream
non-uniformities and three dimensional motions, though these have
been clearly documented by Simpson (1969) in the laboratory and
the atmosphere. (See fig. 3.14, pl. v1.) Something more should be
said here too about observations of noses on inclined beds. As the
slope is increased the ratio of the front to the layer velocity steadily
decreases, and it is down to about 0.7 on a slope of 5. Through the
whole of this range of slopes, however, the velocity of the nose can
be described using the local density difference and the height D of

the head by the relation
U = o.75(g' D)t (3.2.16)

A rather more complicated example of the hydraulic approach to
‘noses’ is provided by studies of the intrusion of a salt wedge far
upstream against an opposing fresh water flow. (See Ippen 1966
chapter 11.) Here we consider only a stationary wedge over a flat
bottom and a fixed total depth d. The extra factor is that the inter-
facial stress must now be taken into account explicitly in deter-
mining the shape of the interface, and so a momentum equation of
the form (3.2.7) is applied to each layer. Assuming again a quadratic
dependence of stress on velocity, and that the velocity in the wedge is
so small that the bottom stress under it can be neglected compared
with that at the interface, one obtains (cf. (3.2.8))

- dAa d '
F-0 G =GRz ), (3.2.17)

where Fy =U,/(g’'h,)? is the internal Froude number of the upper
layer. This can clearly be written as a relation involving only 4,
and the distance x (ineasured from the nose say), using U, &, = const.

The final step necessary to produce a closed solution is the
recognition that a natural control section for the flow of the upper
layer occurs where the cross-section increases abruptly either in
depth or width (see Wood 1968), for instance at the mouth of an
estuary as a river enters the sea. In general, when both layers are
moving, the condition here is

P4+ FE =1, (3.2.18)

For a single flowing layer F = 1, and no external disturbances can
propagate upstream past this point. The integration of (3.2.17) with
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Fig. 3.15. Observed shapes of arrested saline Wédges for three fresh water
flows (i.e. different internal Froude numbers), with the theoretical points
fitted to one of them by Harleman (1961).

boundary conditions applied at the control gives an explicit relation
between the initial value of F' = F say, the depth £, and the distance
x along the wedge; this is compared with observations due to
Keulegan (1957) in fig. 3.15. The total length of the wedge is given
by

£‘=-i-[1~F”2—2—}— F3— SRt (3-2.19)

d = 1C, 00 3L0* —5L0%l- 3-2.19
If the mean value of Cp, can be regarded as constant, then a know-
ledge of L for one Fj allows the evaluation of Cy, which can be
used to predict the length of the intrusion for other flow conditions
and to calculate the shape of the nose. This method gives results in
good agreement with Keulegan’s laboratory experiments, though
its extension to the full scale phenomenon still involves a good
deal of empiricism.

The gradual change in length of intrusion predicted by (3.2.19)
should be contrasted with a later result (§6.2.3). When the motion of
the bottom layer is taken into account explicitly, there can be a
rather rapid transition between a regime of slow flow against the
upper current, and a more rapid flow in the same direction. This
arises as a result of a change in the rate of mixing (and therefore of
the stress) between a turbulent bottom current and the flow outside
it, and it is more appropriately discussed in the context of mixing.
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3-3- Slow motions in a stratified fluid
3.3.1. The problem of selective withdrawal

In many applications (an important example is the design of cooling
water intakes for power stations) it is necessary to be able to predict
the maximum rate of withdrawal of fluid with desired properties
which can be attained before fluid from a different level also begins
to flow. The simplest approach to this problem is to use the hydraulic
method, and one problem of this kind has already been solved
implicitly in §3.2.1. The flow of a layer of heavy fluid through a
control section (or over a barrier), where F = 1, represents the
maximum flowrate for which the lighter fluid is at rest. If fluid is
removed at a line sink located on the bottom downstream of the
control at any rate less than this, then only the lower fluid will flow
out, but if F (based on the mass flux and A¢) rises above a critical
value of order unity, then the upper fluid will be drawn in too. Wood
(1968, 1970) has shown how this idea can be extended to multi-layer
systems flowing through horizontal contractions which act as a
control, and has calculated the fluxes in each layer as the total
withdrawal rate is increased.

The theory becomes considerably more difficult when a sink
discharges from a large body of fluid where there is no clear point of
control. Craya (1949) and Huber (1960) considered various cases
of sinks in the end wall of a channel, at a different level from the
interface between two layers, and proposed methods for calculating
the form of the interface as well as the critical condition. Such
calculations are at best approximate, and it is often necessary to find
the conditions for ‘drawdown’ experimentally. A fundamental
difficultyis that such experiments can never be really steady, because
the upstream boundary conditions are altered as the flow continues
(see §3.2.2). Nevertheless, practically useful estimates can be made
and fig. 3.16 summarizes some of these results for a two-layer system.
It is clear on dimensional grounds that, if the orifice width or
diameter D is small, the critical condition must always be expressible
as F' = F,; where the critical Froude number is defined in terms of
g', some flux and the vertical separation 4 of the sink and interface.

For point sinks
Forss = Qsfg'thi (3.3.1)
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Fig. 3.16. Selective withdrawal of fluid from a two-layer system: critical
Froude numbers (as defined in the text) for various boundary conditions.
(@) Orifice or slot in end wall, F,; = 2.6 (orifice), 1.5 (slot). (b) Orifice
in bottom, Fg; = 1.6. (¢) Large tube above interface F.; = 4.5 (D/h)%.
(d) Slot in corner (Huber, theoretical), F,,;, = 1.66.

and for line sinks Foy = Og'bt © (3.3.2)

where (J; is a volume flowrate and Q, the flux per unit width. This
simplification is not always clear from the original papers, where the
form in which the results are given puts undue emphasis on D. An
explicit dependence on D/k appears in the results of Rouse (1956)
- shown in fig. 3.16¢ because the orifice diameters ranged up to

D = 10h. -

Similar results hold for continuously stratified fluid, though
theoretically they are approached rather differently. Yih (1963, p. 82)
used the linear equation (3.1.16) to find a series solution for the flow
into a line sink at the end of a channel, with the velocity specified
upstream (uniform U in the Boussinesq approximation). He showed
that this solution only remains valid provided F = U/NH is
sufficiently large, H being the channel depth. For slow flows, when
F < 771, wavelike solutions also become relevant upstream (cf.
§2.3.1) and itis no longer possible to satisfy the boundary conditions
at ¥ = —o0, thatis, to draw fluid in uniformly from all heights in the
channel. The experiments of Debler (1959) have confirmed that
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Fig. 3.17. Selective withdrawal from a continuously stratified fluid, (@)
complete withdrawal, (b) the formation of a corner eddy, (¢) a stagnant
upper region. ‘

these solutions give realistic flowpatterns for F > 7~ As F ap-
proaches 77! from above a closed corner eddy appears in the solu-
tions (as shown schematically in fig. 3.17). As remarked earlier in
connection with rotors this is not properly described by (3.1.16), but
it does (perhaps fortuitously) correspond to what was observed in
this range.

- For F' < 7! the fluid is divided into a flowing region and a stag-
nant layer extending all the way upstream. Debler’s results suggest
that a similar criterion to (3.3.2) can be used to describe the amount
of fluid withdrawn. Defining

Foyy = %Nﬂ% = gj,%—lg (3:3-3)
where (O is the flux per unit width, 4, is the depth of the flowing
layer far from the source and g’ is based on the density difference

“across d;, the experiments correspond to a value of F;;; = 0.25. It
turns out to be a good general rule for all kinds of slow flows that this
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internal Froude number, based on the properties of the flowing
layer (or each of the layers, if there is more than one), lies between
% and 1, the lower values probably being due to viscous effects
which have so far been neglected here. Yih (1965, p. 9o) has shown
how the formation of a stagnant region can be postponed to smaller
F by inserting an obstacle near the sink (whose form was calculated
by an indirect method, using an array of singularities and choosing
a closed streamline). At even lower I blocking must inevitably
occur, when a layer of fluid at the bottom of the channel cannot
flow over the barrier.

3.3.2. Blocking ahead of an obstacle

Itis clear both from the lee wave experiments described in §3.1.4 and
the sink flows just discussed that it is not profitable to treat slow
flows in a density gradient, for which F < 1, using a steady model
and fixed upstream boundary conditions. Now it is appropriate to
recall the result quoted in §2.2.2; in the limit F— o, a two-dimen-
sional body in steady horizontal motion will carry along with it a
plug of fluid bounded by tangents above and below it and extending
to infinity both up and down stream. What is observed experimen-
tally (see fig. 3.18 pl. vir) just after such a body is set into slow motion
is not so simple, however. In addition to a plug of finite length
directly ahead of the body, an array of alternating jets develops at
other horizontal levels. These jets become more numerous as F is
reduced, and they all propagate upstream in time, altering the
approaching flow. All of these results can be reconciled provided the
flow is treated as time-dependent, and the approach to a steady state is
examined as an initial value problem.

Using a model of this kind Trustrum (1964) obtained solutions
which contain features resembling Long’s and Debler’s observa-
tions (and also some analogous results for rotating fluids, which will
not be described here). She assumed a steady inviscid flow with
constant U and linear density gradient, into whichat¢ =o0,x = 0, a
disturbance (in the form of a source-sink distribution) is inserted.
The governing equations in this essentially linear theory were
derived using the Boussinesq assumption, and also one of the

‘Oseen type in which the perturbation velocity is ignored in the
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convective terms. With the convention (to be used also in §3.3.3)
that the mean flow is in the negative x-direction, her solutions as
t—o0 are periodic in both x and z for ¥ < o (i.e. for appropriate
boundary conditions they describe lee waves downstream), whereas
the upstream solutions are periodic in z and independent of ¥, and
therefore describe one-dimensional flows extending to x = 400
(the columnar modes). The magnitude of both parts of the flow is
proportional to the strength of the source-sink distribution, as in
Yih’s solutions, but the new terms (those independent of x) were
previously excluded by the initial assumption of uniform upstream
velocity. When the method is applied to sink flows, realistic looking
closed streamlines are obtained. The approximations are strictly
valid only far from the sink, however, and even there the predicted
perturbations upstream are finite and not small, so the basic
assumption leading to the linearized theory becomes questionable
again.

Another approach to the time-dependent problem was made by
Bretherton (1967) who examined the development of the flow in
terms of waves propagating away from the body. (His analysis too
was carried out for inertial waves in a rotating fluid, i.e. for a
“Taylor column’, but the translation of the results to the case of
plane gravity waves in a stratified fluid is immediate.) His physical
interpretation is as follows. If a cylindrical body is rapidly acceler-
ated from rest to a small horizontal velocity, gravity waves will be
generated, which spread out in all directions. Far from the body, the
larger scale waves arrive first, since for any angle of propagation the
group velocity depends inversely on & (2.2.11), and a broad velocity
profile is at first produced (fig. 3.19). In the region ahead of the
body the waves have zero frequency but finite group velocity
relative to the body. As more energy is put into the fluid, the length
of the steady flow region increases at a finite rate comparable with
the group velocity of waves whose half wavelength is equal to the
diameter of the obstacle.

Regions of larger velocity gradients can build up later as the
slower shorter waves arrive, and fig. 3.195 shows the velocity profile
at a later time; the central plug flow is now nearly at rest relative to
the body. This profile was calculated by superposing the velocities
due to all the waves which had arrived at the time of interest (which
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Fig. 3.19. The development of a blocked flow far from a cylinder moved
slowly in a horizontal direction through a stratified fluid. (a) Broad velocity
profile due to the first long waves. (b) Plug flow produced much later as the
slower short waves arrive. (From Bretherton 1967.)

implies the restriction of infinitesimal motion and hence linear
equations). Very near the surface of the body a singularity tends to
develop because of the cumulative effect of very small scale waves
which have not had time to propagate away. Bretherton went on to
discuss the effect of a small viscosity on his inviscid solutions. He
argued that this could be treated separately from the problem of
generation and propagation, and that each wave component will
decay exponentially at a rate which increases as the wavelength
decreases. The singularities will be removed in a real fluid because
the shortest waves are rapidly damped, but the longest waves are
little affected. Ultimately a steady state is predicted in which the
‘blocked’ regions are of finite length.

Whatever detailed model is used to describe these slow flows it is
clear that an inviscid solution must become physically unrealistic in
two regions. Very near an obstacle a viscous boundary layer must
dominate, and at large distances viscosity must éventually cause all
the disturbances to die away. Problems in which viscous (and also
diffusive) terms have been taken explicitly into account are dis-
cussed in the following sections.

e
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3-3.3. Upstream wakes and boundary layers

Martin and Long (1968) have given a careful derivation of the
relevant equations (to which reference should be made for the
details), but the essential points can be made simply from first
principles. Consider a steady motion in which fluid particles pre-
serve their identity and properties (i.e. there is no diffusion), and
in which viscous and buoyancy forces are dominant. One can then
neglect the time-dependent and inertial terms on the left of (1.3.3)
to obtain the component Navier—Stokes equations

o

0 = ———+ V2,
ox
o (3-3-4)
— ol 2
0=—7 gpo—t-vV w,

where p’ and g’ are the perturbationpressureand density (cf. (1.3.4)).
Now eliminating the pressure by cross-differentiation, and at the
same time using a boundary layer type of approximation to neglect
the higher x derivatives, gives
’ A
é%%=—vg—g-, (335)
where ¢ is the streamfunction defined as in §3.1.3 by u = 9yr/0z,
w = — dir/0x. This last assumption is justified by the fact that the
flows of interest (as in the inviscid case), are elongated horizontally,
and have much smaller variations in the x- than in the z-direction.
Again the discussion is simplified if one assumes that far upstream
there is a uniform flow, say in the negative x-direction, with a linear
density gradient (cf. §3.1.3), i.e.

h=—Upz, gp'[po=—N?%

Since without diffusion p” must be constant along streamlines,
combining these two gives a relation between 3 and p’ which is
valid even when the flow is disturbed by the introduction of a thin
obstacle:

& _ ?Z\—]—zvﬁ- (3-3-6)
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Substituting this in (3.3.3) gives a single equation for ¢

L

i th5s =0 (3-3-7)
where § = N?/U,v has the dimensions of (length)~3. If this is made
non-dimensional using a lengthscale L (say the length of the body or
the distance along it) so that x = Lx,, ¥ = Lz, then

8
——4+ﬂ1—¢—11=0~ (3-3-8)

Here f; = N2L3/U,v is the ratio of buoyancy to viscous forces,
which can be written in the form of a Richardson number R¢, times a
Reynolds number Re, where Riy = N2L*/Ug, Re = U,L[v. Martin
(1966) has shown further that the terms neglected in arriving at
(3-3.7) are of order (Re/Ri)* = Re ;% if Re 2 1; this latter ratio is
therefore a measure of the importance of higher order inertia terms
relative to those retained. We also note here for later reference his
result that the neglect of diffusion is justified provided

k Ritjv Ret < 1,

where « is the molecular diffusivity of the property causing the
density variations.

The parabolic nature of (3.3.8) implies that, just as in the ordinary
one-dimensional diffusion equation in which time is analogous to
the variable x,;, boundary conditions imposed upstream of a given
flow section (cf. those imposed at future times) cannot influence the
flow there, This approximation therefore means that in the region
behind a body there is no way in which its presence can be felt by
the fluid. Ahead of the body there will, however, be an upstream
wake, whose form can be calculated from (3.3.7) using the boundary
conditions imposed on the body and upstream (in the positive
%;-direction). This asymmetry in the behaviour can’also be deduced
using a physical argument based on vorticity; only upstream of a
body is the vorticity generated by buoyancy in the opposite sense
to that generated by viscosity, so that a balance between the two
becomes possible.t

+ It is of course the restriction to very slow motions which has elimi-

nated the possibility of the more familiar kind of wake, whose properties
in the limit of large velocity will be treated in chapter 5.
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Fig. 3.20. The horizontal velocity profile in an upstream wake.
(From Martin and L.ong 1968.)

Two special solutions of (3.3.7) with different boundary con-
ditions are of interest here. Far upstream of the body the form of the
solution does not depend on the details of the flow around it, but
only on the drag D or the momentum defect flux

D =
= — ,d e 2.
. f_m;b z (3:39)

which is constant at all sections upstream. Long (1959) showed that,
by choosing a certain combination of powers of x and & as a new
independent variable, (3.3.7) with the condition (3.3.9) can be
reduced to an ordinary differential equation, i.e. he found a similarity
solution which can be written as

v =L (peygt) (33.10)
: 4 ‘
where N = z(%) . (3.3.11)

The substitution of these expressions into (3.3.7) gives the equation
for the non-dimensional function g(5) (dashes denoting derivatives),

48" —ng' —28 =0, (3-3.12)
which was solved numerically by Long to obtain (for example) the

horizontal velocity profile reproduced in fig. 3.20. Qualitatively this
agrees with the alternating jet structure which is observed, but
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Martin and Long (1968) showed that it is difficult to go far enough
upstream to make the direct effect of a body neg11g1b1e and obtaina
quantitative experimental check.

Pao (1968 a) also produced comparable solutions for the upstream
wake, and carried out experiments (see fig. 3.21 pl. ViI) covering a
range of values of Re/Ri, between 0.2 and 10. At the higher values
of this ratio (as inertia effects became increasingly important) he
showed that the wake becomes weaker but that successive velocity
maxima spread out further vertically. These features are predicted
by the theory of Janowitz (1968), who, instead of neglecting inertial
terms entirely, linearized the equations of motion using the Oseen
approximation (compare §3.3.2). He also showed that decaying lee
waves can exist downstream, which attenuate more slowly as the
speed of the body increases.

Graebel (1969) has extended the theory based on (3.3.7) to include
bodies with a finite vertical thickness 2 b, taking 4 as the lengthscale
in £, instead of L. He showed that the blocked region upstream hasa
length of order £, and that here viscosity must act to raise a fluid
particle against gravity so that it can pass the body, while behind
gravity is the principal controlling factor. The resulting difference
in pressure distribution, nearly constant immediately upstream in
the stagnant region and varying hydrostatically downstream as in
the original undisturbed fluid, dominates the drag, which can be
expressed to this approximation as

D =pJ = §gb® (3.3-13)

dp
&
independent of both viscosity and speed (though of course the
existence of viscosity and some motion is essential to establish the
pressure distribution).

A second similarity solution of (3.3.7) has been found to describe
the motion immediately over a thin plate (i.e. the upstream boun-
dary layer). Taking the plate to be semi-infinite o < % <co (and the
origin therefore at the back of the plate), the solution corresponding
to boundary conditions of no slip at the surface and small distur-

bances at large z is |
v =u,(3) s (33.14)

e

with # again defined by (3.3.11). This represents a boundary layer
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which grows upstream from the back of the plate, and it is also
applicable to finite plates because of the property that conditions
upstream cannot affect the flow at any given section. Substitution
of (3.3.14) into (3.3.7) gives an ordinary differential equation for
f(n) comparable to (3.3.12) whose numerical solution gives the
horizontal velocity profile.

Several of the predictions of this theory have been verified in a
careful series of experiments carried out by Martin (1966), using
streak photography of aluminium particles suspended in a large
channel of stratified salt water. He measured the heights of the
first two stagnation surfaces (i.e. the positions where the flow was
moving with the free stream velocity, in a cordinate system moving
with the plate), and obtained excellent quantitative agreement with
(3.3-14) in the region of its validity. He also clearly demonstrated
the upstream growth of the boundary layer from the back of the
plate. (See fig. 3.22 pl. vi1.) The two conditions mentioned foliowing
(3.3.8) do, however, place severe (and opposing) restrictions on the
range of applicability of (3.3.14). Inertia becomes important at
large velocities and very close to the rear of the plate. More serious
is the neglect of diffusion, which becomes important near the plate
at low velocities, because of the wrong boundary condition imposed
on the salinity field there. A diffusive boundary layer grows from
the front of the plate, and this can become thick enough at the rear
edge to have a visible effect on the flow. For these reasons, the
experiments are limited in practice to velocities of about 1 mm/s with
very slowly diffusing substances, and it is impossible to get a range
of conditions where both these effects are negligible if a temperature
gradient in water is used to produce the density variation.

3.3.4. Viscous diffusive flows
When diffusion is introduced into the problem, it is no longer
permissible to use the assumption that p’ is a function of ¥ alone,
which led to (3.3.6) and to the elimination of p’ from (3.3.5).
Instead, one must add to (3.3.4) (or the more general form of these
which includes inertial effects) a diffusion equation
op"  op %p

U tw o =K7, (3-3-15)

! !
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where « is the diffusivity of the substance producing the density
gradient. Equations (3.3.5) and (3.3.15) must now be treated as a
coupled pair, from which p’ can be eliminated to give a single sixth-
order equation for ¢r. With the extra assumptions that the density
gradient is linear and that perturbations to this gradient can be
neglected (and again making the boundary layer assumption and
taking the velocity to be small), (3.3.15) becomes

N2 _ gk PP

T P PR (3.3.16)
Eliminating p’ from (3.3.5) and (3.3.16) gives
o8 0>
3;f+8 a;g= o, (3-3.17)

where B = N2/kv.

In all problems where diffusion replaces inertia as a significant
parameter (and buoyancy and viscosity remain important), the
combination B, having dimensions of (length)—4, always emerges,
and replaces the £ which appeared in (3.3.7). The non-dimensional
form of this parameter, B, = L*B, where L is a characteristic
horizontal lengthscale of the problem, is a Rayleigh number (see
chapter 7). Koh (1966) showed how higher order approximations
(in which (3.3.17) corresponds to the zeroth order term) can be
developed using an expansion technique. The appropriate expansion
parameter is equivalent to Pe-B;% (where Pe = Q/k is a Péclet
number based on the volume flux per unit width Q). This combi-
nation is therefore a measure of the importance of inertia relative to
the terms retained and its smallness ensures the adequacy of
(3.3-17), in which B (or B,) alone determines the behaviour.
(Compare with the different roles of Re- #,~tand f; discussed in the
preceding section after (3.3.8).) -

In just the same way as before, similarity solutions of (3-3.17) can
be found for wakes and boundary layers by imposing appropriate
boundary conditions.t It should be noted immediately, however,
that the governing equations are no longer parabolic, and so the

1 All the solutions considered here are for infinitely large regions; the

extra problems introduced by vertical boundaries are discussed by Foster
and Saffman (1970).
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solutions for the wake which include diffusion are symmetric, valid
downstream as well as upstream of the body. Long (1962) found the
stream function for the wake far from a body, which can be ex-
pressed in terms of the drag pJ, the parameter B and the geometry as

¥ =2 (B He(y) (33.18)
with y = Bbz/«b. (3.3-19)

(Compare with the viscous, non-diffusive case (3.3.10), and (3.3.11)
in which there was a different dependence on x.) The function
g:(7), obtained by numerical integration of the resulting ordinary
differential equation, is very similar to that for g(y)) (reproduced in
fig. 3.20) and will not be drawn here.

The diffusive boundary layer, which grows from the front of a
thin plate (now taken as the origin), is described by

i = — U, B~3fy(y) (3.3.20)

with y defined by (3.3.19). Again the form of f,(y) is not very dif-
ferent from that of f(%) in (3.3.14). The ratio of the coefficients in
(3.3.20) and (3.3.14), at a fixed value of x, can be used to assess the
importance of diffusion; this agrees with the criterion stated in the
previous section. |

A third problem in which diffusion matters as well as viscosity and
buoyancy is that of the very slow withdrawal of a continuously
stratified fluid from a two-dimensional slit placed at the origin
(Koh 1966). In this case the stream function must be everywhere
proportional to the volume flux per unit width O, and to the same
order of approximation as before

¥ =—0f(7) (3-3.21)

where f, is another non-dimensional function of the same similarity
variable y = Biz/x?%. The fluid removed will come from a confined
region near 2 = o (like an internal boundary layer), and the hori-
zontal velocity has a sharp peak at this level. The shape of the with-
drawal layer (see fig. 3.23) can be deduced from the form of v,
using the numerical solution for f; only to find the numerical con-
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d(x)

Fig, 3.23. Viscous stratified flow towards a line sink. Calculated form of
the withdrawal layer. (From Koh 1966.)

stant. 'Thus the edge of this region corresponds to the value of y
where fy(y) = 0 i.e. to Bsz/x% = v; = constant.

Koh (1966) evaluated the constant by assuming that this theory
remains valid right to the origin, and predicted that

8(x) = 7.14x5B%. (3.3.22)

Later work (Imberger 1972) has shown, however, that the observed
thicknesses are consistently gredter than this, and in agreement with
a theory which takes inertial forces properly into account. Near a
strong sink the inviscid theory discussed in §3.3.1 will apply to a
layer of uniform depth in which inertial effects matter, but at large
distances viscosity and diffusion eventually dominate, and the
layer must spread out further vertically (by an amount which is
given approximately by (3.3.22)). In some practical situations, for
example in reservoirs, Pe-B;~¢ may never be small enough for
inertia to be neglected even at the far end of the region of
interest. s

Vertical profiles of horizontal velocity were also predicted by Koh,
using the numerical solutions for f, to calculate # = dy/dz from
(3.3.21). These were compared with measurements in a large channel
of water stratified with either temperature or salinity, by recording
photographically the distortion of vertical streaks of dye as fluid was
withdrawn steadily at one end. The measured/shapes were in good
agreement with theory at all positions along the tank, though the
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magnitudes differed from the simple prediction based on the
buoyancy—diffusion theory. This was attributed to the neglect of
inertial effects, but we should emphasize again the fundamental
problem of time dependence, which will be just as serious for
viscous as for inviscid flows (see §3.3.1). Experiments of this kind
cannot achieve a steady state, though in the absence of a simple
alternative they are interpreted using relations like (3.3.22) which
are based on this assumption.




CHAPTER 4

INSTABILITY AND THE
PRODUCTION OF TURBULENCE

In this chapter we consider various mechanisms whereby laminar
flows of a stably stratified fluid can break down and become turbu-
lent. The first task is to summarize some results of hydrodynamic
stability theory as it applies in this context, that is, the investigation
of the conditions under which small disturbances to the motion
can grow. The logical development of the preceeding chapters
will be followed by restricting the discussion to dynamic instabilities
due to shearing motions of a statically stable initial stratification.
‘ Convective’ instability associated with an increase of density with
height will be Ieft until chapter 7, and two-component systems, in
which different diffusivities play a vital role, will be treated
separately in chapter 8.

The problem of instability-of layers across which both density
and velocity are rapidly varying functions of height is given special
attention here, since such shear layers are very common in the
atmosphere and ocean, and the vertical transports of properties
such as heat and salt depend strongly on what happens near them.
The topics covered now will, however, go beyond what is usually
meant by the term ‘instability’ in the strict sense. It seems
useful at the same time to outline other ways in which energy
can be fed into limited regions of a more extensive flow, at a
rate sufficient to cause a local breakdown. Some of the phenomena
have already been mentioned in the context of steady flows, and the
wider geophysical implications of the results will be discussed in
chapter 10.

[or]
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4.1. The stability of a free shear layer
4.1.1. The various types of instability

We cannot do justice here to the extensive literature on hydro-
dynamic stability, or even to the small part of it which deals with
stratified shear flows. Before considering special cases, however, it
seems desirable to outline the methods used and to give a physical
picture of the various possible mechanisms which can lead to
instability. Details are to be found for example in the book by
Betchov and Criminale (1967), and the review by Drazin and
Howard (1966) (the latter concentrates specifically on the inviscid
stratified case). |
Consider first a homogeneous inviscid two-dimensional flow in
the x-direction, with velocity u(z). If this has a wave-like distur-
bance with horizontal wavenumber % and phase velocity ¢ imposed
on it, then it follows from the equations of motion that the amplitude
of a small vertical velocity perturbation @’ can be described by
Derss!
d—ﬂ; = [(u )‘1d 2+k2] (4.1.1)

This equation, obtained by Rayleigh, has been extended by others
to include the effects of viscosity and density gradients, through the
addition of terms involving the Reynolds and Richardson numbers
respectively. In the latter case, this adds a term (2 —c¢)~?(du/dz)2R:
to the square brackets on the right (where Riis the gradient Richard-
son number defined by (x.4.3), and the Boussinesq approximation
has been used). The equation poses in each case an eigenvalue
problem, which allows one to determine for given boundary con-
ditions a criterion for neutrally stable waves. This takes the form of
a relation between &, the phase speed and the appropriate physical
parameter (e.g. Re or Ri). It is also possible to calculate growthrates
of the unstable disturbances as a function of these parameters, and
numerical methods have been developed which now allow quite
general flows to be investigated.

Let us turn now to the problem of particular interest, a density
interface across which there is a velocity difference. Benjamin
(1963) has distinguished three types of instability which can occur in
this situation, and though his ideas were applied initially to the
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motion of a fluid near a flexible solid boundary they are readily
adapted to the two-fluid interface. What he has called Class A
instability takes the form of waves which are of the same kind as
Tollmien—Schlichting ('T-S) waves, the mechanism of breakdown
of flows near fixed solid boundaries. The presence of viscosity is
essential for the growth of these waves. The disturbance originates
at the critical level where # = ¢ (using the notation of (4.1.1)), but in
order for this to grow, momentum must be transferred from the wall
to the critical layer (by Reynolds stresses). A small but non-zero
viscosity makes it possible to initiate this process in flows for which
the inviscid solution is stable; the loss of energy by the mean flow
exceeds the gain by the oscillatory motion. (A larger viscous effect
can again lead to damping, and this of course is the origin of the
critical Reynolds number criterion for transition to turbulence.)

Class B disturbances are related on the other hand to the free
surface waves which can exist in the flexible medium when there is
no flow over it. In the two-fluid context, they are like waves on the
surface of the sea, and are the kind considered by Miles (1957) in his
theory of wind-generated waves. (See also Lighthill (1962) for a
physical interpretation of the mechanism.) The shear of the ‘wind’
profile is an essential factor for the growth of such waves: provided
the curvature is negative at the critical height 2., energy and momen-
tum can be extracted from the mean flow at that level and trans-
ferred to the surface below. This mechanism is effective only for
wavelengths very much longer than z., and dissipation acts now
- always to inhibit the growth. Care is necessary when trying to apply
these ideas to ‘internal’ interfaces, since in the limit of small
density differences which is of special concern to us here there is a
range of velocities for which unstable waves are of Class A (i.e.
viscosity becomes a destabilizing influence).

The Class C, or Kelvin—Helmholtz (K-H). instability, occurs
when waves of the above two types (in the fluid-and on the ‘flexible
boundary’ or interface) coincide in both speed and wavelength.
Historically this was the first kind to be described, and it will be
discussed explicitly in §4.1.2. It Ieads to a violent breakdown at an
interface and in a region on each side of it, whose character is
practically independent of viscosity. It car be interpreted alter-
natively as a result of the action of the pressure disturbance in phase
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with the interface elevation in overcoming the ‘stiffness’ of the
surface {due to the restoring force of gravity in the case of interest
here), and in terms of the instability of a vortex sheet (or more
diffuse vortex layer).

The results quoted later suggest that the form of instability which
is actually observed first on an interior shear layer in a stably strati-
fied fluid is of the Kelvin—Helmbholtz type, and that the breakdown
can therefore be treated as an inviscid problem. Benjamin (1963) has
shown that when the density difference is small, a Class A wave is
the first which can theoretically become unstable, at a velocity dif-
ference across the interface of {1/4/2) times that necessary for the
K-H mechanism to operate; but the growthrate of the former is so
much slower that it is overwhelmed by the latter in any situation
where the shear continues to increase.

4.1.2. The Kelvin—Helmholtz mechanism

The results of inviscid stability analyses for various density and
shear profiles will be considered in turn, beginning with the
simplest case of a vortex sheet between two deep uniform layers
moving with different velocities. This can be treated using the
method described in §2.1 (and see Lamb (1932), p. 373 for the
history of this problem) by defining the velocity potentials so as to
include the mean flow as well as the disturbance. Using the same
notation as before, |

Po=—Upx+ ¢y, ¢1=-Upz+¢, (4.1.2)
where U, and U, are the layer velocities in the positive x-direction.
A theorem due to Yih (1955) has shown that the first disturbances
to go unstable as R? is decreased are two-dimensional, so it can be
assumed without loss of generality for the present purpose that the
displacements are again of the form (z.1.2). Applying the conditions
that the displacement and the pressure must be continuous across
the interface, and eliminating @, 4, and 4, now leads to

Po(@ —RUo)? +py(@ —RUL)® = gk(p;—p). (4-1.3)
The phase velocity ¢ = w/k is

@ _PoUs+pi Uy {,é_’Pl—Po_ Pobs (UIHUO)Z}% (4.1.4)

kR PotP1 kpi+py  (po+p1)?

C =
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which reduces to (2.1.5) when U, = U; = o. The first term is a
weighted mean velocity of the layers, and the waves move relative
to this with a phase speed related to the shear across the interface.

The stability of the interfacial waves depends on the character
of the second term in (4.1.4). The square root is imaginary (so that
the disturbances are exponentially growing and stationary relative
to the mean velocity, rather than oscillatory) and the flow unstable if

2 _ 2. 8 P1*—Po®
Uy = U -Tye > § 2t (4-1.5)
For a given velocity difference, the motion will be unstable and
waves will grow if k is sufficiently large.{ In the limiting case of zero
density difference, all disturbances are unstable. This example
illustrates a more general result: when the phase velocity of waves is
expressed as a complex function ¢ = ¢;+1ic;, the magnitude of the
imaginary part of the frequency k¢, is a measure of the growthrate,
and the criterion for marginal stability is ¢; = o. '
For comparison with later results we note that (4.1.5) can, in
the case of a small density difference, be written as

AUy 1
ot (41.6)

i.e. in the form of a critical internal Froude number (or inverse
Richardson number) based on the wavelength of the disturbance.
This indeed is the only form which can arise when buoyancy and
inertia forces alone are acting and there is no other relevant length
scale in the problem.

The result (4.1.3) can easily be generalized to give the condition
that there should be stationary, neutrally stable waves (¢ = o)onan
interface between layers of finite thickness %, and b, :

poUy? coth khy -+ p, U2 coth klty = %(p_r— o). (4.1.7)

In the limit of very long waves, this reduces to the ’form_(3;2.17),
quoted in the context of hydraulic theory. The limiting relationis not
a stability criterion of the same kind as (4.1.5): even if it is satisfied,

T As in chapter 2, surface tension effects are neglected here; but
surface tension would limit this instability by providing an extra restoring
force which is important for small wavelengths.
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Fig. 4.1. The rolling up of a vortex sheet which has been given a small
sinusoidal displacement. (From Rosenhead 1931.)

the flow may already be unstable to other disturbances of shorter
wavelength. (It is related to the propagation rather than the growth
of waves, and implies that a two-layer flow cannot be changed
gradually through a state where (3.2.17) applies without leading to
the violent disruption of the flow by an internal hydraulic jump.)

It must be emphasized again that the above results are based on
linear theory, so that one can strictly obtain information only about
the initial stages of growth, and cannot assume that the exponential
growth will continue indefinitely (until the waves ‘break’ for
example). In the limiting case of a vortex sheet with no density
difference across it, however, Rosenhead (1931) made a calculation
taking non-linear terms into account which should be valid at later
times. The development of the shape of an originally sinusoidal
interface is shown in fig. 4.1, which indicates that it winds up into a
spiral form due to the interaction of the various parts of the vortex
sheet and the distortion of the waveform by the mean flow. It will be
seen later that patterns very like this are observed when a density
interface becomes unstable.
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PLATE1

Fig. 2.1. A wave on the interface between two homogeneous fluid layers
with different densities and depths. The lower layer is dyed.

Fig. 2.6. Laboratory experiments on standing internal waves in a con-
tinuously stratified fluid (@) mode (2, 1), (b) mode (2, 3). The dyed layers
marking surfaces of constant density were inserted during the filling of the
tank. (From Thorpe 1968a.)



PLATE II

Fig. 2.7. Schlieren pictures of the density variations produced by internal
waves propagating along rays and originating at a horizontally oscillatf:d
body (a) w/N = o0.615, (b) w/N = o.9oo. (From Mowbray and Rarity
1967.)

Fig. 2.11. Streak pictures of particle motions associated with internal
waves propagating away from a vertically oscillated source (/N = 0.60).
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Fig. 2.12. Waves produced by oscillating a flap at one end of a tank of salt
solution with linear density gradient. Disturbances described by the
‘mode’ and ‘ray’ theories can both be seen. (From Thorpe 1968¢.)



PLATE III

Fig. 2.18. Instability of an interfacial wave caused by the growth of higher
modes by resonant interaction. (From Davis and Acrivos 19675.)
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Fig. 3.3. Solitary waves on an interfacial transition region between two
layers (a) small amplitude, (b) large amplitude, showing closed streamlines.
(From Davis and Acrivos 1967a.)



PLATE IV
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Fig. 2.3. Surface slicks produced by internal waves
(British Columbia Air Photographic Service).

Fig. 2.15. Absorption of energy at a critical level in a shear flow: lee waves

cannot penetrate beyond the centre-line of the channel where u = o.
(From Hazel 1967.)



PLATE YV

Fig. 3.4. Stratified flow (from right to left) over a barrier in a channel.
(a), (b) Comparison between observed/calculated flow patterns, with one
lee mode present and parameters (defined following (3.1.18)) Kk = 0.60/0.65
and € = 0.27/0.38. (From Long 1955.) (d), (¢) Comparison between
observed/calculated flow patterns for a case where there are two lee
modes, and rotors are formed; k = 0.65/0.70, ¢ = o.17/0o.15. (From

Long 1955.)

Fig. 3.10. Flow of a three-layer fluid system over a ridge, produced by
moving a two-dimensional obstacle from right to left, There is a weak
hydraulic jump on the upper interface near the obstacle, and a stronger
Jjump downstream on the lower interface; the latter can be compared to
the Sierra Wave phenomenon shown in fig. 3.11 pl. vi. (From Long 1953 5.)



PLATE VI

Fig. 3.11. A hydraulic jump in a supercritical airflow over the Sierra
Nevada range, made visible by the formation of cloud, and by dust
raised from the ground in the turbulent flow behind the jump. (Photo-
graph by Robert Symons, published in Communications on Pure and
Applied Maths, 20, no. 2 (review by M. J. Lighthill), © John Wiley &
Sons, Inc., 1967.)

Fig. 3.14. The front of a gravity current in the atmosphere: a Sudanese
haboob, in which thick dust swept up by a cold outflow from a thunder-
storm contributes to the density difference which drives the flow. Note
the overhang, and the clefts in the front which are probably associated
with convective motions arising from the unstable density distribution
near the ground. (Photograph: Flight International.)



PLATE VII

Fig. 3.18. Streak picture of a very slow flow (from right to left) over a high
barrier, showing the complete blocking upstream of the obstacle, and
the formation of multiple jets. (From Long 1955.)
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Fig. 3.21. Streak picture of an upstream wake, produced by a plate

moving from right to left; camera stationary, centred about 1o cm upstream.
(From Pao (1968), Boeing Scientific Labs. Document D1-82-0488.)
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Fig. 3.22. The upstream boundary layer, at two positions along a plate
moving from left to right past a stationary camera. The alternating jet
structure, and the growth of the boundary layer with distance from the
back of the plate, are clearly shown. (From Martin 1966.)



PLATE VIII

Fig. 4.10. The breakdown of a density interface in a shear flow produced
by tilting the containing tube. The interface in (b) has been allowed to
diffuse (and thicken) about three times as long as that in (a). (From
Thorpe 1971.)

Fig. 4.12. A sequence of shadowgraph pictures of a density interface
subjected to a steady shear. Reading from left to right, top to bottom, an
instability of the K—H form grows, turbulence is produced, the interface
thickens and finally the turbulence is suppressed. (From Thorpe 1971.)



PLATE IX

-'i' R

=il iR R e R

Fig. 4.13. ‘Cusped’ breaking waves on the interface between the layers
which follow two noses advancing in opposite directions along a closed
tube (the lock exchange flow). (From Thorpe 19685.)
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Fig. 4.15. Time-height record of growing and overturning waves obtained
using radar in clear air. (From Atlas ef al. 1970.)

Fig. 4.20. Stages in the development of a billow produced by a long wave
travelling along an interface in the thermocline. (From Woods 19685.)



PLATE X

Fig. 4.14. Billow clouds, formed by the K—H shear instability
mechanism. (Photograph: P. M. Saunders.)

Fig. 4.21. A patch of billows produced by the K-H mechanism on the
crest of a 10 m long internal wave on a thermocline sheet. (From Woods
19685b.)



PLATE XI

Fig. 4.23. Clouds formed by lee waves over a mountain. The lowest cloud
is associated with a turbulent rotor; above it is a smooth lenticular cloud
formed on a wave crest which is not overturning. (Photograph: Betsy
Woodward.)
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Fig. 7.2. Convective clouds in an unstable layer, aligned in ‘streets’ along
the direction of shear. (Compare with fig. 4.14 pl. X, which shows clouds
formed by a shear instability and aligned across the flow. The form of
‘billow’ clouds can vary widely according to the relative importance of
shear and convection.) (Photograph: R. S. Scorer.)



PLATE XII

Fig. 4.22. Shear instability occurring at a node of a standing interfacial
gravity wave. (From Thorpe 1968a.)

Fig. 4.24. The breaking of an interfacial wave as it
approaches a slope. (From Thorpe 1966a.)
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Fig. 4.25. The breaking of an internal wave in a continuous density
gradient as it approaches a slope. (From Thorpe 1966a.)



PLATE XIII

Fig. 5.10. Shadowgraph pictures due to Pao (19685), of a turbulent wake
behind a circular cylinder in a stratified fluid (a) near the body: the wake
resembles that in a homogeneous fluid, (b) 50 diameters behind the body:
the large scale motions have been damped, (¢) 100 diameters behind the
body: the fine structure has also decayed, leaving horizontal striations of
concentration. (From Pao (1968), Boeing Scientific Labs. Document
D1-82-0959.)



PLATE XIV

gt—e

Fig. 6.2. Steady turbulent plumes of dyed buoyant fluid (a) in a uniform
environment, with a short exposure which shows the large eddy struc-
ture, (b) in a stably stratified environment: a time exposure during an early
stage of release, (c) in a stably stratified fluid: a time exposure at a later
stage when a layer is spreading out sideways at the top. (From Morton,
Taylor and Turner 1956.)

() I

Fig. 6.9. (a) An internal hydraulic jump of the maximum entraining type,
with entrainment along its whole length. (&) An internal hydraulic jump
controlled by a broad-crested weir downstream: the flow upstream of the
jump is identical to that in (@). Entrainment is occurring only at the far
upstream end of the jump, and the remainder consists of a roller zone.
(From Wilkinson and Wood 1971.)




PLATE XV

Fig. 6.13. Streak picture of the flow in and around an isolated thermal of
dyed salt solution, showing approximate streamlines relative to axes at rest.
(Photograph by P. M. Saunders.)
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Fig. 6.15. (Left.) Buoyant vortex rings. (@) A turbulent, buoyant core. (b) A
shadowgraph picture, showing the buoyant core and the surrounding
volume of fluid which is carried along with it.

Fig. 6.16. (Right.) Streak picture of a ‘starting plume’ of salt solution in
fresh water, showing the cap (resembling a thermal) followed by a
steady turbulent plume.



PLATE XVI

Fig. 7.3. Convection rolls forming in a layer of silicone oil with a free
surface. The concentric ring pattern shows the strong influence of the
circular boundary. (From Koschmieder 1967.)

Fig. 7.4. The formation of cells in a square geometry, with solid boundaries
above and below. In (@) the mean temperature is fixed, and roll cells form,
in () it is changing slowly, and hexagons are observed. (From Krishna-

murti 1968.)



PLATE XVII

Fig. 7.5. Instability of convection rolls formed on a fluid layer held
between two glass plates (a) the zig-zag form, () a cross-roll instability.
(From Busse and Whitehead 1971.)

Fig.7.13. Two stages in the development of a high Rayleigh number flow
in silicone oil, marked with aluminium particles, following a sudden
increase in temperature of the lower boundary. (From Elder 1968.)

Fig. 7.14. ‘Thermals’ rising from a heated horizontal boundary under a
layer of water. (From Sparrow, Husar and Goldstein 1970.)



PLATE XVIII

Fig. 7.15. The establishment of a stable stratification by a continuous
plume of salt solution in a tank filled initially with fresh water. The layers
were formed by the injection of dye at fixed time intervals; more dye was
being added when this photograph was taken. (From Baines and Turner
1969.)

(a )

Fig. 7.19. Interferograms of oscillations in the boundary layer near a
heated vertical plate. In (@) the disturbance is amplified and in (b) it is
damped. (From Polyneropoulos and Gebhart 1967.)



PLATE XIX
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Fig. 8.5. Showing the layers formed in a laboratory tank of smoothly
stratified salt solution, by heating from below. The fluid is marked with
fluorescein dye (originally put into the bottom layer) and by suspended
aluminium powder.

Fig. 8.11. The formation of layers in a two-component system due to the
introduction of a sloping boundary. The original distribution of solutes,
(linear gradients of NaCl with maximum concentration at the top and
zero at the bottom, and of sugar with maximum at the bottom and zero
at the top) was stable when contained by vertical walls.



PLATE XX

Fig. 8.8. (Left.) Vertical cross-section of salt fingers, marked by fluorescein
dye added to the upward moving fingers, and lit with a thin sheet of light
perpendicular to the viewing direction.

Fig. 8.9. (Right.) The formation of convecting layers from a smooth stable
gradient of salt, driven by a flux of sugar originating in the dark dyed
layer at the top. (From Stern and Twurner, Deep-Sea Res. 16, 497—511.
© Pergamon Press Litd, 1969.)

{8),

Fig. 8.10. The development of layers in a stratified salt solution subject to
heating through a vertical side wall. The photographs were taken (a)
19.5 min, (b) 24 min and (¢) 28.25 min after heating began. (From
Thorpe, Hutt and Soulsby 1969.)



PLATE XXI

Fig. 8.17. Shadowgraph picture of an interface about 24 cm deep con-
taining sugar—salt fingers, with convecting layers above and below. (From

Shirtcliffe and Turner 1970.)

Fig. 8.18. (Left.) Plan view of sugar—salt fingers, obtained by a shadowgraph
method. The fingers tend to be square, but with gradually changing
orientation, except where they are aligned by boundaries (as at left of
picture). (From Shirtcliffe and Turner 1970.)

Fig. 8..19. (Right.) Plan view of a sugar—salt ‘ finger’ interface, across which
there is a shear. The fingers are changed into sheets aligned in the direction
of the shear. (Photograph: P. F. Linden.)



PLATE XXII

Fig. 8.21. Shadowgraph picture of a two-layer experiment (sugar above
salt solutions) in a container with a sloping boundary. The motions are
indicated by the distortion of a dye streak. Note the flow right to the
bottom, which has produced a reversal of the relative gradients, as
indicated by the absence of fingers.
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Fig. 10.8. An example of the multiple atmospheric layers observed during
the night time radiation inversion, using an acoustic sounding technique.
There are many discrete layers, with a widely varying intensity of tem-
perature fluctuations and hence echo strength, all oscillating vertically in
phase. (Record obtained by the Wave Propagation Laboratory, NOAA,
U.S.A)




PLATE XXIII
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Fig. 9.2. Photographs of a stable interface between salt and fresh water,
with stirring on one side of the interface. Dye has been added to (@) the
stirred (lower) layer, and (b) the stationary layer. (From Turner 19685.)



PLATE XXIV

Fig. 10.5. Shadowgraph photographs due to McEwan (1971, and un-
published), which illustrate the various features of internal wave breakdown
described in the text. The depth of the fluid is 32.6 cm in all cases.
(a) Self-limited distortion of the 2/1 forced mode, due to higher modes
produced by resonant interaction. (b) Violent breakdown of the 2/1 mode
at larger forcing amplitude, again caused by resonant interaction.
(¢) The growth of instabilities with strong forcing of the 1/1 mode, a case
for which there is no resonant interaction. (d) The same, taken six cycles
after (c).
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4.1.3. Interfaces of finite thickness

Taylor (19314) and Goldstein (1931) extended these calculations
to more realistic shear and density distributions, using (4.1.1) with
the term proportional to Rz added:

d2’ d2u (du\? . ,
57 = [(u—c)— a~z—2-}-(1,t—~c)"2 (d_z) Rz+k2] w'. (4.1.8)

Again the effect of viscosity was not considered explicitly, only
indirectly through its effect on the velocity distribution (whose
form, as a function of 2, will also be called the velocity profile). They
discussed for simplicity a series of layers, in each of which Ri is
zero or constant, and matched the conditions across the inter-
faces. The examples which are most relevant here are illustrated in
fig. 4.2. -

Case () is a layer of intermediate density and thickness / between
two deep uniform layers, with the velocity changing linearly
between constant values over this same depth. If an overall Richard-
son number is defined using the total density and velocity changes
and the lengthscale &, Riy = g(Ap/p)h/(AU)?, then the boundaries
of the unstable region are as shown in fig. 4.3, which is a plot of Ri,
against non-dimensional wavenumber o = }k%. In contrast with the
result (4.1.5) for the vortex sheet, the distribution of the vorticity
over a finite depth % has stabilized the higher wavenumbers, and
only disturbances in a narrow band of intermediate scales are
unstable. The unstable range is centred on the state where the
waves on both interfaces move with the same velocity, and it
becomes narrower at higher values of Ri,.

The second case () has the same linear velocity change but a
continuous exponential density variation through the intermediate
layer (which is also effectively linear in the Boussinesq approxima-
tion). Goldstein’s approximate calculation has been clarified and
extended by Miles and Howard (1964), whose stability diagram is
drawn in fig. 4.4, using the same variables as in the previous case.
At low Ri, (which is now also the gradient Ri through the interface)
there is again a range of intermediate wavenumbers which are
unstable. The significant new point is that above Ri = } small

4 TBE
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@ (8)

Fig. 4.2. Velocity and density proﬁlés used in fhe
first interfacial stability calculations. .
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Fig. 4.3. The stability characteristics of a shear layer correspohding to
fig. 4.2a. Waves which can grow on the density dlscontmumes contrlbute
significantly to the instability.
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Fig. 4.4. The stability characteristics of a shear layer corresponding to
fig. 4.25. Note the difference in scales, and the very much smaller region of
instability compared to fig. 4.3. (The stability boundary in fig. 4.4 has
been added to 4.3 for comparison, as the dotted line.)
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Fig. 4.5. The stability boundaries and wavenumbers for maximum growth-
rate for interfaces with tanh and error function profiles of both veloc1ty
and density. (After Hazel 1972.)

disturbances of all wavenumbers are stable.t The ‘most unstable’
wave, defined as the first to go unstable as R7 is reduced below 1, is
given by kk = 0-83, i.e. it hasa wavelength :

= 2mfk =_7.5k, - (4.1.9)

and it travels with the mean velocity of the layers. Miles and
Howard also calculated growthrates in the unstable range.

Using mostly numerical methods, calculations have now been
carried out for a variety of smoothly varying profiles of both density
and velocity. Drazin (1958) assumed an exponential density varia-
tion and a tanh velocity profile, and showed that the critical Rz, above
which all small disturbances are stable, is again }, and occurs at
kh = /2 (where Riand kare now based on the gradients at the centre
and the total velocity change). The use of similar tanh profiles for
both density and velocity gives a parabolic boundary of the unstable
region, with Ri = }kh(1—%}kh), and the most unstable wave-
number is at k% = 1. Hazel (19%72) has shown that this last result is
not sensitive to the exact form of the distributions (it is little
changed when error function profiles are used), and his computa-
tions of the stability boundaries and maximum growthrates for
lower values of Rf are'shown in fig. 4.5. The most unstable wave-

+ This is a context in which the use of a ‘graidient Froude number’
F, = Ri~% would be an advantage, so that large values of I, correspond
to mstabxhty ; current usage decrees otherwise, and we contmue to use Ri

here,
42
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Cij
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U, U, C
Fig. 4.6. Howard’s ‘semi-circle theorem’, summarizing the conditions
on the complex wave velocity which must hold if dlsturbances are to grow
on an interface.

"l
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length can vary with the profiles chosen, but its range (from the
value given in (4.1.9) to A = 27h = 6.3k for the smoothly varying
profiles) is small for distributions which represent the kind of
interface which is of most interest here.

Various general criteria for instability have also been obtained
from the stability equation without reference to particular profiles.
For a detailed account of these see Miles (1961, 1963) and the review
by Drazin and Howard (1966, p. 60), but three results will be
mentioned here. Rayleigh’s result for homogeneous inviscid fluids,
which states that there must be a point of inflexion in the velocity
profiles for instability to occur, has been generalized. The form with
stratification is not so useful (nor so simple), since it involves the
unknown wave velocity ¢, and it is not known if an inflexion point is
necessary. Secondly, Howard (1961) showed that the complex wave
velocity for any unstable disturbance must lie inside the semi-circle
in the upper half of the complex plane which has the total range of
velocities (i.e. the velocity of the upper and lower layers far from
the interface) as diameter (see fig. 4.6). This sums up a number of
earlier results which put limits on the wave velocity and growth-
rates, and it can considerably simplify numerical calculations. The
simplest and most readily applied condition is that of Miles (1961),
which states that the sufficient condition for an inviscid continuously
stratified flow to be stable to small disturbances is that Rz > %
everywhere in the flow.

R L A P LA
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Fig. 4.7. The effect of horizontal boundaries on the stability of a density
interface to a shear (after Hazel 1972). The numbers against the curves
are the ratios of the total depth to a characteristic thickness of an inter-
face with tanh profiles of density and velocity.

We should note particularly the wording of the last result; it does
not imply that the flow must become unstable if R/ falls below
somewhere, as one might be tempted to say on looking at the
particular cases shown in figs. 4.4 and 4.5. Counter examples have
been found; for instance, with a jet-like velocity profile zac sech?z
and an exponential density profile, the flow can become unstable if
Ri i < 0.214, somewhat less than the Miles limit. Hazel (1972) has
shown too that rigid boundaries can have a stabilizing influence.
The change in the stability boundaries for a flow with tanh profiles
is shown in fig. 4.7, as symmetrically placed horizontal walls above
and below are moved in from infinity. (The numbers against the
curves represent the ratio of the depth of the region to the thickness
of the transition layer.) The first, and very surprising, effect is to
make long waves less stable, but at smaller separations all wave-
numbers are stabilized. The lesson to be learnt here is that the whole
profile matters in determining the ‘critical Richardson number’.

The stability also. varies considerably when the profiles in the
transition region are assumed to have the same shape but different
thickness. For example Hazel considered the case u = tanhz,
p = tanh (z)/r, and showed that the stability depends strongly on
the factor 7. The variation of gradient Richardson number with
height is shown in fig. 4.8 for various values of 7; for » < /2 (and so
certainly for all cases < 1 where the density ifiterface is wider than
the shear) the minimum R? occurs at the centre, and there is insta-
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Relative values of Ri

Fig. 4.8. The variation of gradient Richardson number with height as a
functmn of the rat1o r (the ratio of ve10c1ty to density interface thickness).

b111ty when Rz <} For A2 < 7 < 2 the minimum value is smaller
and displaced from the centre, and disturbances at these points
will grow fastest. At even higher values of r where the density profile
is very thin compared to the shear no critical value of Ry is relevant
and the behaviour is more nearly like that considered in §4.1.2.

Many mterestmg problems remain to be investigated in this field.
It would be useful, for example, to have results for flows with
boundaries unsymmetncally placed with respect to the density
profile (see §4 2.3).

4.1.4. Observations of the breakdown of parallel stratified flows

The predictions of the above theory have been tested in several
recent laboratory experiments. Scotti and Corcos (1969) made
measurements in a carefully designed wind tunnel, in which they
set up a two-layer flow stratified with temperature (taking pre-
cautions-to avoid heating and cooling effects at the walls). They
worked always at large enough velocities for the flow through the
entry section to be supercritical in the sense implied by (3.2.18), so
that all disturbances were swept downstream. A small shear across
the interface was generated because the lighter air stream was
accelerated more than the heavier by the imposed pressure gradient
through the contraction, and this shear then remained constant
downstream. The interface thickened downstream due to diffusion
of heat and vorticity, but the profiles of Ri remained similar: the
distribution must be like that shown in fig. 4.8 for low 7, with a
minimum at the centre (the approximate 7 in air is about 0.8, since
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o L . o .
Fig. 4.9. Comparison of measurements of waves on a sheared interface
with the predictions of inviscid theory. Minimum Ri = 0.07; the symbols
denote two experimental runs, and the line represents the computed
growthrates. (From Hazel 1972.)

the temperature profile spreads faster than the velocity). A slight
adjustment of the depth of the tunnel allowed Ri to be kept nearly
constant throughout the Iength of the working section and for a-
long time. . o

Very small waves were generated using a thin wire oscillated with
controlled frequency at the centre of the interface, and their growth-
rate (in time) measured by observing the change in amplitude down
the tunnel. When Ri;, < } the waves grew at a rate which de-
pendéd on Ri;, and wavenumber, and when Ri > } they were
attenuated, the decay rate being independent of Ri. The measured
growthrates at Ri;, = 0.07, for example, are compared in fig. 4.9
with Hazel’s (1972) calculation for the same profiles; based on
inviscid theory. The agreement is good, and the waves travelled
with the mean flow in accordance with the theoretical prediction.

‘The experiment of Thorpe (196854, 1971) has already been
referred toin passing in §§2.3.3 and 3.2.4. He produced a shear flow
in a stratified fluid contained in a closed tube of rectangular section,
by tilting the tube away from the horizontal. The velocity profiles
generated as gravity accelerates the flow are closely linked to the
density distribution, and can be calculated from it using inviscid
theory or with viscous corrections added. Until the surges formed at
the ends of the channel reach the centre, thé flow is parallel, and
this is. therefore a very useful experimental configuration. Observa-
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tions of stability can be compared with theory which has been
extended to allow for the acceleration. Experiments have been
carried out also with linear salinity gradients (in this case no insta-
bility was observed although R fell as low as 0.014) and immiscible
fluids (Thorpe 1969b) but only the case of two miscible layers will
be discussed in any detail here.

Two layers, a layer of fresh water above a salt solution, were put
into the tube while its long axis was nearly vertical. It was then
brought carefully to a horizontal position and the interface allowed
to spread by diffusion for a known time (so that the density dis-
tribution through it could be calculated). The tube was tilted again
rapidly through a small angle and left there, and after a few seconds a
regular array of waves suddenly appeared on the interface. These
waves were stationary when the layer depths were equal, and grew;
in about a second they rolled up (as shown in the photographs in
fig. 4.10 pl. vi1) into a form closely resembling that of fig. 4.1. The
wavelengths, and the velocity difference at which the wavesappeared,
were in good accord with theory applicable to an accelerating flow.
Thorpe also showed that, though viscosity affected the velocity
profile in some of his runs, fair agreement with the measured
growthrates was obtained by treating these profiles using the in-
viscid theory, i.e. no damping effect of viscosity was apparent down
to Reynolds numbers (based on the maximum shear and the momen-
tum thickness of the shear region) of about 10o. This conclusion is
supported by the more recent stability calculations of Maslowe and
Thompson (1971). '

At later times, the interfacial rolls break up completely to produce
a thickened interface (Thorpe 1971). Visual observations suggest
that this consists of a. relatively well-mixed interior bounded by
sharp gradients at the edges (as sketched in fig. 4.11, and shown in
the sequence of shadowgraph pictures in fig. 4.12 pl. vi11). Detailed
measurements of concentration profiles (Thorpe, personal com-
munication) indicate, however, that the final mean density gradient
is more nearly linear through this thickened interface, with many
small scale steps and interfaces superimposed on it, rather than two
large steps at the edges as was first supposed. (For further discussion
related to this interfacial structure, see §§4.3.1, 5.3.2 and 10.3.1.) *

When the original layers are deep and their velocity is held
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Fig. 4.11. Sketch of the assumed density and density gradient profiles,
(a) before and (%) after mixing produced by the K-H instability.

constant after the instability is observed (by returning the tube to
the horizontal), an energy argument (cf. §10.2.3) shows that the
growth of the interface will be limited and the layers remain dis-
tinct. If the flow continues to be accelerated, a new instability can
arise on the thickened interface (see § 5.3.2). When the layers are not
deep compared to the thickened interface, the rolls fill the whole of
the channel, and turbulence generated at the solid boundaries will
also help to mix both layers thoroughly together.

In subsequent sections we will need to distinguish carefully
between instabilities (and mixing) driven by processes occuring at
the interface itself, and those due to turbulence produced by some
other mechanism elsewhere in the flow. By keeping this difference
in mind now, one can explain another observation reported by
Thorpe. If, during the setting up of the experiments just described,
the axis of the channel was tilted suddenly from vertical to horizontal,
the equivalent of the ‘lock exchange’ flow (§3.2.4) was set up, with
two ‘noses’ advancing along the tube in opposite directions. At no
time were large overturning instabilities observed on the interface
in this case, but instead smaller, less regular travelling disturbances
appear, having the cusp-like form shown in fig. 4.13 pl. 1x. These are
very like the forced waves produced by turbulent stirring in the
layers (see chapter g), and the difference in behaviour can be inter-
preted as follows. '
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In the first case, with accelerating laminar layers, the density and
velocity gradients are sharp and both confined to an interface of
thickness 4. The interfacial (gradient) R is smaller than the overall
Ri, based on the layer depth H and related to it by

Ri = %Rio. (4.1.10)
Not only is 2/H < 1 in this situation, but Rz, may be made small by
waiting long enough, and so Ri will eventually fall below the critical
value. If, on the other hand, the velocity profile is determined
independently of the sharpness of the density step (as is likely in the
steady turbulent counter flows well behind the ‘noses’), it will have
a lengthscale more nearly comparable with H, so that

Ri~ %{Rio. ' (4.1.11)
It has been shown (3 2.13) that in this latter case Rig=1% in a
horlzontal channel, so whatever the value of Hfh > 1, no instability
of the K-H type is to be expected (but remember fig. 4.8).

A laboratory observation which at first sight contradicts the
above statement has been made by Simpson (1969); he showed that
K—H billows’ can form immediately behind the front of a gravity
current (§3.2.5). In that case, however, the velocity gradient in the
non-turbulent accelerating flow over the nose must again be
determined by the dens1ty gradient, and a small gradient R¢ can be
obtamed -

Several striking atmospherlc phenomena can be understood in
terms of the instability of a steady parallel shear across a region of
strong temperature gradient. Some kinds of billow clouds certainly
arise in this way; Ludlam (1967) has documented some good
examples, one of which is reproduced in fig. 4.14 pl. X. Recently
high power radar techniques have been used in conjunction with
vertical soundings of wind and temperature to document the onset
of K-H instabilities even when there is no cloud. Atlas ez al. (1970),
for example, have obtained echoes from a thin layer of high tem-
perature gradient but small R/, and have followed billows as they
grow, overturn and finally break down to leave a patch of ‘ clear air
turbulence’ (fig. 4.15 pl. 1x). The original single sharp radar echo is
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split into two, and this structure has been explained in terms
of larger gradients at the edge of the turbulent layer, just as in
the laboratory experiments (figs. 4.11 and 4.12).

The formation of billows is often associated with internal waves,
which can produce quasi-steady shears on density interfaces. For
many purposes these are locally equivalent to the steady shear
described above, but they will be discussed separately in §4.3.3:

4.2. The combined effects of viscosity and stratification . .

Much less is known about the stability of flows in which both
viscosity and buoyancy as well as inertia forces are important (but
see Drazin (1962) for a general survey of the whole range of possible
problems). One difficulty is that sometimes viscosity -has been
invoked explicitly when an alternative explanation can be given
with viscosity playing only a secondary role. Several problems of
this kind are included below, as well as one in which viscous effects
enter more directly. .

4-2.1. Viscous effects at an interface

Thorpe’s experiments (§4.1.4) have made it clear that the stability
of a density interface is well described by inviscid theory, even when
the velocity profile is influenced by viscosity. The only likely
exception to this rule in an unbounded fluid is a flow at very low
Reynolds number, where viscous damping will then reduce the
growthrate of disturbances. (See Betchov and Criminale 1967,
p- 79.) Much earlier, however, Keulegan (1949) carried out an
extensive and much quoted series of experiments, using a pool of
sugar solution with a laminar or turbulent flow of fresh water above
it. He invoked v1sc0s1ty to interpret his results, but they should now
be re-examined in the light of the more recent work,

Keulegan’s essential result can be obtained using dimensional
reasoning. Given a velocity U (the mean velocity of the upper layer),
a density difference or g’ = gAp/p and the kinematic viscosity »
(of the lower fluid), only one non-dimensional parameter,

e

Sl . L K=UBNg, . (42.0)
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can be formed. With a laminar flow, the onset of instability (asjudged
by the appearance of waves on the interface) was shown to depend
mainly on K, and occurred at a critical value of about K = 5o0.

- Now let us substitute for » in (4.2.1) using the viscous lengthscale
d = (vx/U)? (the thickness of the boundary layer formed in time
x| U asthe flow travels a distance x from the entrance of the channel)

to obtain L .
U2 xU
K= g;z'i (7) . (4.2.2)

This criterion for instability can therefore be thought of as a
Richardson number condition based on the depth of the shear
layer, with an additional weak dependence on a Reynolds number
Re. With this experimental arrangement the velocity profile is
determined completely by the diffusion of vorticity and is not
linked to the density profile (as it is in the tilted channel). Since the
density distribution was not measured, a quantitative comparison
of the two ideas is not possible in retrospect; but the range of mean
velocities and hence Re used was small and a completely inviscid
explanation of the instability now seems more likely than the
original one.

In the turbulent case, Keulegan observed some disturbance of the
interface at all velocities (cf. figs. 4.13), and defined “instability’ as
the point where the rate of mixing suddenly increased (due to the
formation of larger scale K-H waves). This occurred at a lower
constant value of K = 180, presumably because of the sharpening
of the gradients through the interface at a given mean velocity. This
is again consistent with an inviscid interpretation, but it is at first
sight contrary to the explanation given in §4.1.4 of the contrast
between the photographs of figs. 4.10 and 4.13. It must be remem-
bered, however, that the velocity profiles in the two laminar experi-
ments are produced in quite different ways, and are likely to be
sharper when the motion is drlven by buoyancy differences across a
sharp interface.

 4.2.2. Thermally stratified plane Poiseuille flow
Definite theoretical results have been obtained for a class of plane
viscous flows, the most important example being a parabolic
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velocity profile between solid walls maintained at different tempera-
tures (so that there is a conductive heat flux through the walls and
the undisturbed temperature gradient is linear). In this case both
viscosity and also the diffusivity of the property determining the
density (e.g. heat) are genuinely important in the stability problem.
The limiting case of a destabilizing density gradient and zero
velocity will be discussed separately in chapter 7. Here we present
some of the results for the combined problem, emphasizing the
case where the density distribution is heavy at the bottom.

This flow can be defined in terms of three non-dimensional
parameters formed from the maximum velocity U,, the depth 4, the
density difference Ap between the bottom and top walls, and the
molecular properties » and «. Following the original development of
Gage and Reid (1968) (and setting aside for the moment the exten-
sion to other profiles due to Gage (1971)) we use

_Uyd __gldplp) gAplp)d
Re = _Z_V’ Ra = —T , R W (4.23)

i.e.a Reynoldsnumber, a Rayleigh number (see § 3.3.4 and chapter?),
and an overall Richardson number which corresponds exactly
to the gradient Richardson number near the wall. (For a fixed value
of Pr = v/k, taken by Gage.and Reid to be unity in their numerical
calculation, Ra and Rf are alternative parameters, not independent
ones.) When the density difference is destabilizing (Ra positive),
there are two kinds of instability. The first is purely ‘thermal’ in
origin; it sets in at a value of Ra which is independent of the shear
and takes the form of rolls with axes in the direction.of mean flow.
The other leads to the Tollmien—Schlichting type -waves charac-
teristic of a shear flow instability over a solid boundary. There¢ is an
abrupt transition between the two at about Ri~ —107%, the
thermal instability dominating at larger values of |R:|; the small-
ness of this number emphasizes the dominant role of the density
gradient. :
When Rt 1s positive (and the stratlﬁcatmn stabilizing) Gage and
Reid again found numerically the form of the stability curves,
plotting wavenumber against Re for various fixed values of Ri.
With Ri = o there is an unstable loop in the &, Re plane, the mini<
mum of which gives the critical value of Re. As R: is increased, the
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Fig. 4.16. The neutral stability curves (Reynolds number Re és a functibn
of non-dimensional wavenumber a) for various values of Richardson num-
ber in stably stratified plane Poiseuille flow. (After Gage and Reid 1968.)

area of the loop decreases (see fig. 4.16) and the critical value Re,,
increases. The theory thus predicts that above Ri = 0.0534 the
fiow will be stable to small disturbances no matter how large is Re:
It also shows that with any smaller R; the flow is stable if Re is
sufficiently small, and at large Re the instability is confined to a
particular narrow range of wavenumbers. Extending the arguments
to velocity profiles with inflexion points, Gage (1971) has shown that
this conclusion is not changed qualitatively, though the numerical
values are different. For a particular profile he showed that complete
stabilization is still achieved, at a Richardson number (evaluated at
the critical point) of about 0.10%. :

The much smaller value of the critical Richardson number
obtained here (compared to that for a free shear layer) suggests
that a boundary always has a stabilizing influence, in spite of the
viscous mechanism for instability which it introduces. (The stabiliz-
ing effect of symmetrical boundaries on an inviscid interface has
already been shown infig. 4.7.) A similar deduction was made much
earlier by Schlichting (1935), though his theory was less satisfactory
since it neglected diffusion. He applied his results to the discussion
of the boundary layer under the heated roof of a wind tunnel, which
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Fig. 4.17. Definition sketch for the flow of a heavy layer down a slope.

was observed to remain laminar up to high Reynolds numbers
provided Ri > 5. |

When comparmg these results with those treated later we must
keep clearly in mind the two features which distinguish the
problem discussed in this section, There must be a constraining
effect, as provided here by the solid boundary (but perhaps a region
of much stronger stability could behave like a wall for this purpose).
Secondly, the stable density gradient must continue right down to
this ‘wall’, which is only possible when there is a flux of buoyancy
through it. (See §4.3.1.)

4.2.3. Flows along a sloping boundary

Another case where the role of viscosity is ambiguous is the flow of a
gravity current along a sloping boundary. This has been discussed
in §3.2.3 (using hydraulic theory) and will be mentioned again in
§6.2 (where mixing is of prime concern), but here we investigate
the stability of the laminar flow. In addition to being driven by
the component of gravity acting down the slope, this will be
subject to a stabilizing component across the flow and therefore is
related to the other problems treated in this section. We first sum-
marize the properties of the steady flow of a uniform layer of heavy
viscous fluid flowing under a lighter fluid (sketched in fig. 4.17),
whose stability is to be investigated.
Integration of the viscous equation of mot1on through the depth
h of the lower layer leads to
g sind

[sh — zz]—I-uiZ, | (4.2.4_)
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where u(z) is the velocity parallel to the slope and #, is the velocity of
the interface. In terms of the mean velocity % through the layer this

may be written
Uy Ig’ sin @+ k2 177
u 6 uy 6 ( ' 5)

The dimensionless parameter H (the inverse of the J defined by
Ippen and Harleman (1952)) can be written variously as

H = Resint/[F?* = Re- Riytan 6, (4.2.6)
where '
Re = i%k, F=1/(g'h)} and Ri,=g'hcoslfi*

(the overall Richardson number Rz, being defined to conform with
§6.2, with the slope ¢ included in its definition). The numerical
value of H can range from 3 for a free surface flow, to 12 when there is
a fixed boundary at & = 4. Ippen and Harleman found experimen-
tally that H = 7.3 for the case of interest here, corresponding to
u;{# of about o.59. This agrees with a theoretical result of Lock
(1951) who showed that the overlying fluid 1s dragged forward by
the layer to this extent. The important point is that / has a fixed
value, so although both Re and F (or Ri,) enter the problem, in fact
only one of them can be chosen independently when the slope is

given, the other being related to it through (4.2.6).
~ The different parameters used in the literature to describe the
relative importance of buoyancy and viscosity can all be regarded
as combinations of Re and F, and which is most appropriate
depends on the boundary conditions. If, as here, some lengthscale
is basic and the velocity is produced by buoyancy, then the Grashof
number _
Gr B gl h3 — RAIF ‘

=& = ReF (42:7)
should be chosen, since this retains 2 but removes #Z. When the
velocity difference across an interface is imposed and no external
lengthscales are relevant then the parameter K = u3/vg’ = Re- F?
used by Keulegan is appropriate (see §4.2.1). Thus it seems logical
to use Gr to describe laminar flows driven along a slope by gravity,
always bearing in mind that the use of a relation like (4.2.6) will
convert it to an equivalent value of either Re or F alone.

A Bt YR e P b By TR e st a5
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Few definite theoretical results are available for the stability of
these flows, though we can with some confidence make a generaliza-
tion from the corresponding free surface cases (see Yih 1965 and
Lin 1969). The stability boundary will be expressible as a relation
between wavenumber &, slope & and only one of Re or F (because of
the relation between these, established above), and there will always
be a minimum Re (or F) above which the flow becomes unstable.
The experiments of Ippen and Harleman (1952) suggest that the
two-layer flow always becomes unstable when F = 1, in the sense
that the first wave-like disturbances appear then, with wavelength
A = 3h. This result was independent of slope (and therefore of Re)
up to about @ = ¢°, and it implies that the breakdown is one which
involves interfacial waves on the top of the layer, i.e. it is determined
by the inviscid hydraulic criterion discussed in §3.2 and §4.1.2.
(Compare with (4.1.6).) Sustained turbulence, on the other hand,
was only observed when Re rose above about 1000, and so this must
be associated still with the growth of T-S waves at the solid
boundary.

It is instructive to compare this layer flow with the related case of
a laminar boundary layer under a heated sloping plane in air, which
has a continuous stable density profile right to the wall. (This, and
its stability, will be described for a vertical wall and for inclined
flows above the heated plate in §7.4, in the context of convective
motion.) It suffices to say now that for a fixed Pr = v/«, the flow can
again be specified by a single parameter, usually taken as Grsiné
where the Grashof number Gr is based on the distance along the
plate, but again equivalent to Re through a relation like (4.2.6).
Tritton (1963) showed experimentally that for a range of large
slopes between 40° and go° from the horizontal, fluctuations first
appear when G reaches a value which is nearly independent of the
slope and which corresponds to a local value of Re (based on the
volume flux) of about 250. He also carefully distinguished this first
instability from the fully turbulent state, and both sets of results are
shown in fig. 4.18, where critical values of (Gr)? are plotted against
the angle & to the horizontal. While the first instability is insensitive
to slope, the attainment of the fully turbulent flow is definitely
retarded by the stabilizing effect of the density gradient as the plane
is tilted towards the horizontal, This is therefore another example
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Fig. 4.18. Flow under a heated sloping plate: critical Grashof numbers
corresponding to: @ first fluctuations and + fully turbulent flow at
various slopes. (After T'ritton 1963.)

of the kind of flow considered in §4.2.2, in which the gradient right
up to the wall is important.

4.2.4. Transition to turbulence

Before leaving the subject of hydrodynamic stability as such, it is
important to be clear about the relevance of the criteria it produces
to the question of whether or not a given flow will be turbulent. The
answer is already implied by the results of earlier sections, but some
further discussion will emphasize the point. Linear stability theory
only gives information about the initial growth of small disturbances,
and can say nothing about their development at larger amplitude.
Drazin (1970) has extended the calculations of the K—H instability
into the slightly supercritical range, butno such theory can provide a
reliable guide to the detailed behaviour under highly supercritical
conditions. The most that can be said then is that the non-linear
superposition of many unstable modes produces a truly turbulent
motion. {

~ Special care is needed when several physical parameters are
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relevant. For layer flows at large slopes, (4.2.6) shows that the
criterion I = 1 governing the appearance of the first wave-like
instability will be satisfied at quite small values of Re. At such values,
however, the effect of viscosity on the growth of disturbances can still
be large, and a fully turbulent flow is not observed until Re is much
greater, comparable with that required for turbulent pipe flow.
When there is a density gradient sustained right to the wall, it is
clear from Tritton’s results (and the theory of §4.2.2) that the
Reynolds number for transition to turbulence depends on Rz; but at
small enough Re it is this parameter, not the buoyancy parameters
Ri or F, which determine the point of transition.

It will be more generally true that the transition to turbulence will
be a function of both Reand F, and that only when Re is sufficiently
large can its effects be ignored entirely. Based on the experience with
flows near boundaries one might suppose that decreasing either
Re or F should always increase the stability, but very little is known
about the critical values for other boundary conditions, for instance
an intruding fluid layer bounded above and below by density inter-
faces. (Caution is suggested by the results of Thorpe (19694), who
showed theoretically that a certain stratified flow is unstable whereas
the corresponding homogeneous (inviscid) shear flow is stable, and
Hinwood (1967), who reported experiments which indicated tran--
sition in a pipe flow at lower Re with stratification than without.)
In chapter 101t is shown that the important limitation on turbulence
at internal shear layers in a large body of stratified fluid (such as the
ocean) may often be one of Reynolds number, but with the relevant
vertical lengthscale set by the stable stratification. | ‘

Finally, it is worth remarking again that the basic property of-a
stably stratified fluid is its ability to sustain internal wave motions.
These need not be unstable, and can certainly exist without there
being any breakdown to turbulence. On the other hand, when the
motion can be described as turbulent, in the sensé that mixing and
an enhanced rate of diffusion are observed, it is rarely possible to
neglect wave motions entirely. Though these two aspects of a
turbulent stratified flow will be considered separately in somie of the
following sections, the interaction between them must always be
kept in mind, and this will be takén up agaln exp11c1tly in the final
chapter. - :
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4-3. Mechanisms for the generation of turbulence

We now turn to the wider question of turbulent flows which are
beyond any condition of marginal stability, and identify and com-
pare the processes whereby turbulence and mixing can be produced
in a stably stratified fluid. The source of energy for the maintenance
of the turbulence must always be examined carefully: it seems
fundamental to distinguish clearly between turbulence generated
directly at a boundary, and that arising in the interior in various
ways. A systematic classification can be based on this principle, and
for convenience of later reference, the range of possibilities will first
be described in general terms in §4.3.1. The detailed discussion of
some of these cases must be deferred to later chapters, but we will
follow up here several special problems which arise from topics
which have already been introduced.

4.3.1. Classification of the various mechanisms

At the two extremes, it is easy to say whether the energy which is
producing turbulence comes from an ‘external’ or ‘internal’
process, The mixing of a nearly homogeneous fluid flowing through
a pipe or channel is determined entirely by boundary generated
turbulence, and the mixing is carried out by eddies extending right
across the flow (as shown diagrammatically in fig. 4.194). At a
density interface well away from boundaries (fig. 4.195b), across
which a steady shear is established, the breakdown and the produc-
tion of turbulence are certainly internal processes (§4.1.4), and the
turbulent motions are confined to the interfacial region.

A special case of internal mixing will be identified in § 5.1.4; it will
be shown that the shear and density distributions can be maintained
in a kind of marginally stable state, the turbulence being self-
regulated by the mixing it produces. The outer edge of a turbulent
gravity current flowing down a steep slope can be described in these
terms (§6.2.3), since the scale of the turbulence is so strongly limited
by the vertical density gradient that this region is effectively isolated
from the boundary (fig. 4.19¢).

The interpretation of other situations requires more care.
Paradoxically, the very stable case of a thin, heavy layer flowing along
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Fig. 4.19. ‘Classification of mixing processes. (@) External mixing of
homogeneous flow in a channel. (8) Internal mixing across a density
interface remote from boundaries. (¢} Self-regulated (‘ internal”) mixing at
the outer edge of a gravity current on a steep slope. (d) Gravity current on
small slope: mixing across interface is driven by turbulence generated at
boundary. (¢) Small scale turbulence decays with distance from source.
(f) Buoyancy flux also makes externally-generated turbulence ineffective at
interface, (g) In strongly stratified channel flows the density gradient must
be non-uniform, and both wave motion and turbulence will be important.

a horizontal boundary under lighter fluid (fig. 4.19d) has many
features in common with the unstratified case (¢). The mixing and
stress across the interface are now very small (see § 6.2) so that such a
layer will be practically homogeneous and stirred by turbulence
generated at the boundary. The mixing of fluid across the interface
can then be regarded as a consequence of this turbulence, i.e. as a
boundary-driven mixing process. This idea can be applied to layers
which are stirred in other ways (see §9.1).

There are two circumstances in which turbulence produced at a
solid boundary will become less effective in mixing across a density
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interface some distance away. If, instead of being generated on the
scale of the whole layer (as implied in (4)), the turbulence has a much
smaller scale than this depth (fig. 4.19¢), viscous dissipation will
cause the turbulent energy to decay with distance from the source
region. When the boundary-interface distance becomes large, this
contribution to the energy will have a negligible effect on the inter-
face compared with local processes, and we approach case () again.
Secondly, when there is a buoyancy flux through the boundary in
the sense which will produce a stable density gradient in the other-
wise homogeneous layer (fig. 4.19f), all the turbulent energy made
available at the boundary may be used in working against gravity in
this region, leaving none for mixing across the sharper interface
beyond.

On the other hand the boundary stress can remain an important
parameter in channel flows having a substantial density gradient
(and a large overall Richardson number), although one might at
first sight expect these to be ‘internally’ limited. As discussed more
fully in chapter 10, this can be so because such flows must be inter-
mittently turbulent, part of the stress being carried by turbulence
and part by waves (fig. 4.19¢). In one sense the mixing is an interior
process (because the turbulent motions will be limited in vertical
extent, as in (c)): However, the whole of the vertical Bux of hori-
zontal momentum comes ultimately from the boundary, and this
will contmue to have an indirect effect on the interior turbulence,v
operatlng through the wave contribution to the momentum trans-
port. |

4.3.2. Flows near boundaries

It is obvious from fig. 4.19 that one cannot rely on the superficial
appearance of a flow to decide how the energy is supplied, and
whether the flow will be turbulent. With the above ideas in mind, itis
instructive to reconsider some aspects of flows near solid boundar1es
which bear on the generation of turbulence.

For all large scale natural flows of this kind (for example the Wmd
flowing over the ground), the maintenance of turbulence can be
taken for granted if the Richardson number criterion permits it.
Such flows are extreme examples: of those whose stability was
discussed.in §4:2, and provided the Reynolds number is large, this
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latter parameter no longer enters the problem explicitly. (This
assumption is the starting point of §5.1.) It is always necessary,
however, to consider whether or not there is a buoyancy flux through
the boundary, and the precise way in which the stress is transmitted
to the fluid. ' :

When the boundary flux is small, and the surface is ‘ aerodynamic-
aily rough’, the stress is applied through the overlapping of the
turbulent wakes of individual roughness elements, in a region of
essentially homogeneous flow. The same is often true of much larger
irregularities on a boundary: as pointed out by Davis (see §3.1.4),
separation can occur behind rugged mountains and tall buildings,
resulting in a direct, local injection of turbulent energy into the flow
downstream.

The theories of lee waves described in §§ 2.3 and 3.1 assume on the
contrary that the flow remains attached to the boundary, and that'a
stable density gradient extends right to the ground. The latter
condition, which implies that heat is being extracted at the ground,
provides some physical justification for the assumption that separa-
tion does not occur when the circumstances are right. Thus the
sudden onset of lee waves over some ranges of hills in the evening
can be attributed to a change between separated and unseparated
flow. During the day. convection off a heated mountain will en-
courage separation, whereas cooling after sunset can produce a
katabatic wind (§6.2) in the lee which attaches the flow, and allows
the wave motions to be set up. Much of the momentum put into the
flow at the boundary can in this case be carried into the interior, only
later producing turbulence in the various ways descnbed in fol-
lowing sections.

Other turbulence-producing phenomena which are more directly
associated with the flow over obstacles are described in chapter 3.
When a stratified airflow blows over 2 mountain with supercritical
velocity (so no lee waves can be formed), an internal hydraulic jump
can occur over a horizontal plane downstream. A large amount of
energy is lost during this process, and it can appear in several forms.
In strong jumps, most of it is in the form of turbulent kinetic energy,
some of which is used for mixing (§6.2.3). In weaker jumps, some
energy is radiated away in the form of waves (on an interface or into
the-body of the fluid) which are not now strictly lee waves. A
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spectacular example of this effect is the cloud formed behind the
Sierra Nevada range (see fig, 3.11 pl. v1). A related phenomenon
is the head wave behind a nose or small front (§3.2.5). Here, too, a
consideration of the momentum balance shows that energy must be
dissipated, and it is probably better to regard the generation of
turbulence in this region as a property of the whole flow rather than
the result of a local shear instability.

4.3.3. Shear instabilz'ties. produced by interfacial waves

In this and the following sections it will be assumed that internal
waves of various forms have by some unspecified means been
produced in the interior of a stratified fluid. We examine the possible
mechanisms for the breakdown of such waves, first at an interface
and later with continuous stratification. Internal waves certainly can-
not ‘break’ in the same way as surface waves. For the surface wave
mechanism to be relevant, the downward accelerations must be
comparable with the acceleration due to gravity g (notg’), and before
such a condition can be approached for internal waves, they will
already have become unstable for other reasons.

In§2.1.1 it was shown that the passage of an internal wave along a
sharp boundary between stratified layers produces a vortex sheet at
the interface. When the wave period is long compared to the time
needed for any disturbances to grow, this flow can be regarded
locally as quasi-steady, and an instability of the K~H type is to be
expected, as described in § 4.1.2. When the interfacial region is more
spread out, the vorticity produced by the internal wave will also be
distributed, and the criterion for instability must depend on the
gradient Richardson number (§4.1.3). Phillips (19664, pp. 168,
187) showed how one can relate R: to the properties of the wave
which gives rise to the shear; we will summarize his argument and
then discuss some of the limitations on its use.

We are interested in the shear through a region where the
buoyancy frequency N2 is varying, and so (2.2.6) is taken as the
starting point. 'The amplitude of the vertical and horizontal velocities
associated with a wave are related through the continuity equation

o iy |
i ~1kA(z). (4.3.1)
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On substitution in (2.2.6) this gives

o [N¥z)
'gz— —I{W—I]k@

= —{g(i(z—z)—x} wka,

where ais the amplitude of the vertical displacement. The maximum
value of the shear occurs where N(2) is a maximum (say IV = Np,)
and (for travelling waves) near the crests and troughs. There is a
local minimum of the Richardson number here, given by

Ny’ (%__ N%)_z (kay s (433)

(4-3-2)

| = o e

o/ 02)%
When o <€ N, and the wavelength is large compared with the
interface thickness, the shear can be regarded as steady, suggesting
the use of the stability criterion Ri,;; = }. (This value was shown in
§4.1.3 to be appropriate for interfaces produced by diffusive spread-
ing far from boundaries.) Applying this condition to (4.3.3), the
shear flow associated with a wave of wavenumber k and amplitude a
should be unstable if '.
ka > 20[N, (4-3-4)

which can be quite a small slope. Notice that for a given density dif-
ference thin interfaces and hence large N, make the interface more
unstable to this kind of disturbance, because the shear is also
proportional to the density gradient but enters as the square in the
denominator of (4.3.3) (cf. the tilted tube experiments of §4.1.4).

Though the above model describes the most important qualitative
feature of interfacial stability, the relation (4.3.4) is probably not a
satisfactory single criterion for several reasons. The time factor is
important too: Ri must be lower than the limiting value and stay
subcritical long enough for significant growth to take place before
the wave passes by. It is not clear either that it is sufficient to con-
sider only the region near the local (central) minimum of Ri. The
horizontal velocity associated with a first mode internal wave will
have other inflexion points in the deeper layers on each side where
the density gradient (and hence Ri) is small. It may in fact be
essential to consider the profiles as a whole before one can say when
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and where a breakdown first occurs. More work is also needed before
we can claim to understand the other limit of short steep waves with
frequency comparable with Ny,

. Beautiful observations of this kind of instability have been made
in the ocean by Woods (19685). Using skin diving techniques, he
has shown that the seasonal thermocline near Malta is characteris-
tically .made up -of aseries of ‘layers” in which the temperature
gradient is weak, separated by thin interfaces or ‘sheets’ where the
gradients are much larger (see chapter 1o for further discussion of
this structure). When an interface is marked with dye and a train of
long waves passes along it, shorter waves of the K~H type can be
observed to grow at the crests or troughs. The photographs repro-
duced in fig. 4.20 pl. 1X and fig. 4.21 pl. X show that eventually there
is a breakdown to give a patch of turbulence which thickens the
interface Iocally The observations are in reasonable agreement with
the theoretical pred1ct1ons based on the interfacial structure both
for the wavelength (cf. (4.1.9)) and the growthrate. There is some-
times a preferent1al growth at the crest or trough alone, because of
the asymmetry introduced by a steady mean shear.

The energy dissipated by turbulence generated in this way comes
from the internal waves, and so this provides a mechanism for
limiting their amplitude (as breaking does for surface waves). Phillips
(1966a; p. 188) has gone further, and based a calculation of the
form of a ‘saturated’ interfacial wave spectrum on this hypothesis,
This will not be pursued here, but we note that, even without taking
into account any- change in amplitude of the basic waves, the
instability must be self-limiting, because as the interface spreads
out, the energy supplied by the shear is no longer sufficient to mix
fluid against the stabilizing effect of the stratification (cf. §10.2.3).
- Shear flow instabilities have also been observed (in the laboratory)
associated with standing waves, for which the maximum shear is
now at the positions of maximum slope (§2.1.3). Carstens (1964)
produced the lowest order internal seiche in a long closed tank con-
taining two immiscible fluids, by oscillating the tank horizontally.
He observed a K-H type of instability close to the conditions pre-
dicted by his theory (which included surface tension), and also
showed that the theoretically possible class A disturbance (see
§4.1.1) did not havetime to growto an observable amplitude. Thorpe
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(19684) produced much shorter, steeper, internal waves using
oscillating plungers at the ends of an experimental tank, and ob-

served a breakdown of the interface between two layers of miscible

fluids. One of his photographs is shown in fig. 4.22 pl. X11; the over-
turning at the node rather than the crest is very clear. :

4. 3.4 The mtemctzon ‘between wave modes

Another kind of interfacial 1nstab1l1ty has already been mentloned
in §2.4.2, which arises from a resonant action between interfacial
modes. At first sight its effect on mixing at the interface may appear
similar to that produced by the shear mechanism (see fig. 2.18), but
the conditions for breakdown are quite different. Note again the
result first obtained by Keulegan and Carpenter (1961), who

observed such disturbances only when the interface thickness

became larger than some critical value (for fixed & and a), the exact
opposite of the behaviour predicted by (4.3.4). Interaction between
a resonant triplet of waves on an interfacial layer leads to instability
in the following way. Energy is fed from the basic wave to the other
modes, which can grow exponentially from a small initial amplitude

and become manifest as a growing disturbance to the original wave.,

The most prominent feature of the disturbance shown in fig. 2.18
pl. 111 is clearly of the second mode (and see also fig. 3.3). The ulti-
mate breakdown to turbulence occurs in the form of an overturning
motion, which results from the distortion of the second mode by the
shear associated with the original mode. : :
"The criterion for growth of a disturbance depends on viscosity,
since the rate of transfer of energy between modes must be at least
great enough to overcome viscous dissipation. For comparison with
(4-3.4), we record the form of the critical slope for the first mode
with wavenumber &, on an interface with denmty profile poc tanh z/ L
according to Davis and Acrivos (19675) this is- ’

(@B)ors = 20(g8) L F(m). (43-5)

Here 8 = £1n (prax/Pmin) (= P’ /Pmax for small density differences),
L is a measure of the interface thickness and F is an increasing
function of the smaller wavenumber m of the two which interact

with &, (F(m) ~ 1.7 when m = 2). This form is clearly consistent.
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with the observations that, of all the possible waves formed by
triplet interactions, the low wayenumber disturbances are the ones
observed, and appear at smaller amplitudes when L is larger.

Two calculations which involve both the resonance mechanism
and a mean shear flow should also be mentioned here. Kelly (1968)
has considered spatially periodic disturbances superimposed on a
particular stratified antisymmetric shear layer, and showed that
resonance can lead to a growth in time of two-dimensional waves
having twice the wavelength and half the frequency of the periodic
component. Their growthrate is faster than that of the most
unstable disturbance on the mean flow, provided the amplitude of
the imposed wave is large enough; such waves nevertheless draw
their energy from the basic flow.

Craik (1968) has predicted a strong ‘resonant’ instability -at a
sharp density interface which can be initiated by an interfacial wave,
The mean flow considered is unidirectional, with constant velocity
gradients which must be sufficiently large but unequal in the two
layers. For a basic wave travelling in the direction of the mean flow,
the two growing waves which complete the resonant triad can have
the same component wavenumber in that direction but propagate
obliquely (between 60 and 9o° to it). At resonance, all three waves
have the same critical layer (see §4.1.1) and the bulk of the energy
transfer takes place near that level. The growing waves draw-their
energy from the mean shear, leaving the original wave disturbance
essentially unchanged, and small viscosity plays a dominant de-
stabilizing role in the transfer process (the unstable waves are of
Class A, according to Benjamin’s classification).

4.3.5. Internal instabilities with continuous straiification

For completeness we should also mention here the various mecha-
nisms which can lead to the generation of turbulent patches in the
interior of a stratified fluid, away from solid boundaries or sharp
interfaces. These too are associated with waves propagating through
the fluid, and several of them will be described more fully in § 10.3.

At sufficiently large amplitudes, the streamlines associated with
lee waves can become vertical (§3.1.4), and circulating regions with
closed streamlines (‘rotors’) appear in the flow. The density dis-
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tribution is overturned and so becomes unstable, and a patch of
turbulence is produced by the conversion of potential energy into
kinetic. This behaviour is shown clearly in Long’s experiments
(fig. 3.4 pl. V), and spectacular examples of this ‘kinematic’ type of
instability are observed in the atmosphere when condensation
makes the rotors visible (see fig. 4.23 pl. x1). Thereisin lee waves the
additional possibility of a ‘ centrifugal’ instability occurring in parts
of the flow where the curvature is large, before the fluid actually
overturns (Scorer & Wilson 1963).

Local, transient overturning can also be produced both by the
internal resonance mechanism described in §2.4.3, and by the
random superposition of waves arising from many sources, which
cannot so easily be associated with particular topographical
features. Energy can be concentrated through the ‘critical layer’
‘mechanism described in §2.2.3; and we should also mention now
several other ways in which the energy of progressive internal
gravity waves can be concentrated in a smaller mass of fluid, so
increasing the amplitude and the likelihood that they will ‘break’.
There is the internal equivalent of surface waves approaching a
beach, and transferring their energy into a layer of decreasing depth.
This effect has been observed in the ocean (see Defant 1961), but it
will be illustrated here using the laboratory results of Thorpe
(1966 a) who studied both the two-layer and continuously stratified
cases. Interfacial waves at first steepen at the front as the lower layer
becomes shallow, but unlike breakers on a free surface, the ‘crests’
break backwards (as shown in fig. 4.24 pl. x11); the flow up the slope
behaves like the ‘nose’ at the front of a gravity current (§3.2.5).

The phenomena observed in the continuous case are more
complicated (see fig. 4.25 pl. 11, and also compare with thre' results
of Wunsch (1969) referred to in §2.2.2). Near the horizontal
boundary, which is the free surface in this case, there is a reduction
in wavelength as well as a steepening, accompanied by regions of
overturning. The flow near the bottom again runs up the slope, but
without forming a raised head, and the breaking process now looks
more like surface breakers. After a short time, turbulent mixing near
the slope begins to change the density distribution. Mixed fluid
flows back into the interior in the form of layers, which are especially
prominent and regular when the boundary slope g is critical
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(i.e. when f = }7—0 in the notation of §2.2.2, so that the particle
motions are parallel to the slope —see also Hart (1971¢)). Mixing
near a boundary, caused by this and other mechanisms, introduces
another possibility: an increase in amplitude leading to breakdown
will occur when internal waves propagate horizontally into a region
of decreasing density gradient which can no longer sustain them.
Thus waves on the thermocline can be expected to grow as they
approach a well-mixed region near a shoreline.

Another geometry which can lead to the growth of wave amplitude
is a channel of constant depth which converges horizontally, so
increasing the energy per unit span for a wave travelling towards the
narrower end. Provided ‘the scale is large, so that the viscous
damping can be kept small, and the convergence is slow enough to
avoid reflection, this seems a promising, but largely unexploited,
experimental technique for studying large amplitude waves far
from the direct influence of a wavemaker. In just the same way, a
tank with' decreasing width in the vertical could be a useful device
for studying the stability of the vertically propagating waves
described by the ray theory of § 2.2.2. (It is not known, for example,
how large the amplitude can be before some kind of instability
occurs, probably in the shear layers bounding the strong in-phase
motions.) This latter system is analogous to an atmosphere whose
density decreases strongly with height (§3.1.4); the conservation of
wave energy per unit mass will lead to an increase of amplitude in
both cases. Lee waves of modest amplitude near the ground, and
stable to all of the mechanisms discussed here, could achieve a
sufficiently large amplitude to become unstable merely by propa-
gating upwards to a level where the density is very much reduced.




CHAPTER §

TURBULENT SHEA"R FLOWS IN A
STRATIFIED FLUID

The theme of this chapter will be a more detailed discussion of
various kinds of turbulent shear flows, which are (at least at thé
beginning of the period of interest) well past the state of marginal
stability. Some knowledge of the properties of a turbulent shear
flow in a homogeneous fluid must be assumed (see, for example,
Townsend 1956), and we consider here the additional effects
introduced by the presence of density gradients. Turbulent flows
in which gravity plays an essential role in dr1v1ng the mean motion
(e.g. turbulent gravity currents) will be treated separately in
chapter 6. : ‘

These flows will be discussed against the background of the
classification introduced in §4.3.1, emphasizing the turbulent
features, but also referring to the wave aspects when necessary.
We consider first a shear flow near a horizontal boundary, and the
effect of a vertical .density gradient on the velocity and density
profiles, and on the rates of transport. Next we discuss the few
theoretical results which are available to describe ‘boundary’ and
‘interior’ turbulence in stratified shear flows. Finally, we present
and discuss laboratory and larger scale observations which can be
used to test these ideas. ' '

5.1. Velocity and density profiles near a hor1zontal boundary

The most important example of a shear flow near a boundary is the

wind near the ground, in a shallow enough layer for the effects of the

earth’s rotation to be ignored. (The meaning of this limitation will be

made clearer in §9.2.4.) Many of the results described below have

been developed in the meteorological context (with high Reynolds

number flows in mind), and a good summary is given by Priestley
[127]
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(1959). We begin with a brief description of flows of uniform density
before discussing the changes introduced by stratification.

- 5.1.1. The logarithmic boundary layer

Consider a semi-infinite fluid of density p, bounded by a horizontal
plane which is being moved horizontally at such a rate that it
applies ashear stress 7 to the fluid near it. Inthe absence of a pressure
gradient, 7 must remain constant with height 2 above the plane,
and at large times this produces a steady (in the mean) distribution of
velocity u(z) characteristic of a ‘ constant stress layer’. This idealized
model also gives a good description of the flow close to the wall of a
pipe or channel, and in the lowest few hundred metres of the
atmospheric boundary layer (where the stress has changed little
from its value at the boundary).

The velocity gradient responsible for maintaining this stress can

be deduced by dimensional arguments. Except very close to the wall |

(where viscosity may be relevant), it is assumed to be a function of 2,
7 and p alone, so that

g_z= (%)%/kzsu*/kz. (5.1.1)

Here u,, is called the ‘friction velocity’, and & is a universal constant
(von Kdrman’s constant, with an experimentally determined value
of approximately £ = 0.41). Integrating (5.1.1) gives

u:%&(lnz-fc) (5.1.2)

the well known logarithmic profile. The constant of integration ¢
depends on conditions right at the surface, and changes in its value
imply the addition of a uniform velocity to the whole flow with no
change in its internal structure (see fig. 5.1).

- When the boundary is aerodynamically smooth the stress is
transmitted by viscosity; there is a viscous sublayer whose thickness
is of order & ~ »/u, and in which the velocity varies linearly, like
uy2z/v. Matching this to (5.1.2) gives (with axes fixed in the
boundary) ' :

Uy (1 Uy B
u=f(1n-i‘;-/—+c1), | (5.1.3)
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Fig. 5.1. Sketch of the velocity profile in turbulent flow past a solid plane,
- showing the effect of changing the boundary condition.

where ¢, is now a universal constant with an experimentally
determined value of about 2.4 (see Prandtl 1952, p. 126). At an
aerodynamically rough boundary the individual roughness elements
have heights greater than §; v therefore becomes irrelevant because
the stress is transmitted by pressure forces in the wakes of the
roughness elements (cf. §4.3.2). The velocity profile is now

u=%lnz—i, (5.1.4)
where 2,, called the roughness length, is related to the geometry
of the boundary.

Using (5.1.1) one can also evaluate the rate of production of
mechanical energy per unit mass € say (which in steady conditions,
and when there is no flux of energy into or out of the region of
interest, is also the rate of dissipation) |

L . M
TR T Ry ) | (5-1.5)

and define an eddy viscosity or vertical transport coefficient for
momentum
7 [du

KM = E Ig’ ( 5 I .6)
which is equal to Euyz for the logarithmic profile (5.1.4). The
relation between the flux and the gradient of a passive tracer (such as

5 . TBE
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Fig. 5.2. The effect of a stable or unstable environment on
turbulent velocity profiles.

a small amount of heat or moisture) is predicted to good accuracy by
assuming that the turbulent diffusivities (say Ky for heat) are the
same as Ky, an idea which is called ‘ Reynolds analogy’ (see§ 5.1.3).
When the buoyancy associated with these properties becomes larger,
however, the transfer mechanism itself is affected, the profiles
change, and a separate discussion is needed. We will still assume
initially that the boundarystress is dominant, i.e. that we are dealing
with case (@) of fig. 4.19.

5.1.2. The effect of a buoyancy flux

The extra parameter of dynamical significance is the buoyancy flux,
defined by

B = —gp'w'[p, (5.1.7)

where p’ and o’ are the fluctuations of density and vertical velocity
and the bar denotes an average (over a horizontal area, or over time at
a fixed point). When one is dealing with a heat flux H (positive
upwards) in a gas, then B = (g/8) (H/C, p), where C,, is the specific
heat and @ the absolute temperature. For the purposes of discussion
B, as well as u,, is usually taken to be constant with height, but this
can only be a good approximation in a layer of limited depth (see
§7.3.3). Transports by any other mechanism (such as heat radiation)
are neglected here.
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Following Monin and Obukov (1954), we now show how the
properties of the flow are determined when u, and B are taken as the
fundamental parameters. From these can be formed the * Monin-
Obukov length’

Py — Uy —Uy®
L = sttt — = 3 .1.8
kgo'w kgH|C,pB kB (51.8)

a scaling parameter for the flow which is negative in unstable
conditions (e.g. heating from below) and positive in stable con-
ditions, All dimensionless variables must now be functions of z/L.
Equation (5.1.1) is replaced by

(%) (5:1.9)
(which implies that K, = ku, 2/¢y), and the relations obtained by
integrating (5.1.1) must be modified correspondingly.

The function ¢y has two basic forms, one in stable and the other
in unstable conditions, and the description in terms of these uni-
versal functions receives support from measurements in the atmo-
sphere (see fig. 5.3). Any further theoretical discussion, however,
requires special assumptions about ¢y, going beyond the simple
dimensional argument. If ¢, is expressed as a power series in z/L,
and only the linear term is retained (¢y = 1+a2/L) then (5.1.9)
leads to

Ue [, 2 2

u—a?[lnzoﬁxll] (5.1.10)
i.e. to a log-linear profile, where o has a value of about five (see Webb
1970). Such deviations from the logarithmic profile in opposite
senses in stable and unstable conditions are observed (see fig. 5.2),
the velocity increasing less rapidly than In 2 in an unstable environ-
ment (/L negative) because of the increased vertlcal mixing caused
by convection,

In the same way a non-dimensional density (or potential tempera-
ture) gradient can be defined, such that

ku* zdp  huyzdf kzdf.
¢H

o Az Py dz sz B

(5.1.11)

where Ty = ﬁ'w’/u* is a convenient temperature scale, Another
5-2
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Fig. 5.3. Plot of experiniental data in the finite difference form used by
Monin and Obukov, showing the behaviour in stable and unstable con-
ditions. {From Monin 1962a.)

function ¢; can be defined similarly for each transferred property,
such as water vapour or a pollutant, and the use of ‘Reynolds
analogy’ implies that the ¢s and hence the ‘eddy transport co-
efficients’ are equal. This seems to be a good assumption for heat,
water vapour and dynamically neutral pollutants, but the experi-
mental evidence described later suggests that momentum behaves
differently; both ¢yt and Kg/Ky; decrease as z/L increases (i.e. as
the density gradient becomes more stable). -

The gradient Richardson number Ri (1.4.3) can be used in this
context as an alternative but slightly less convenient stability
parameter. Of more direct physical significance is the flux Richard-
son number Rf, the ratio of the rate of removal of energy by buoyancy
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Fig. 5.4. The forms of the non-dimensional profile functions, and their
ratio, derived from more recent analyses of observations in unstable
conditions. (From Charnock 1967.)

forces to its production by the shear, which can be expressed in
several equivalent ways:

__gp'w Ky
Ky 7 puytdujde  Ruy L’ (5-1.12)

Thus near the limit of zero density gradient, where Ky; and Ky are
nearly equal, Ri & Rf = z/L.

In general Ri, Rf and Ky/Ky, as well as the non-dimensional
profiles, are more complicated functions of z/L, whose forms are
now known empirically from the observations in the lower atmo-
sphere. Several other limiting cases are treated below.

5.1.3. Forced and free convection

It will be useful to digress from the main theme of this chapter to
discuss briefly the effect of an unstable buoyancy flux on a turbulent
shear flow (although convection problems where turbulence due to
the mean flow is entirely absent are left until chapter 7). When
|z/L| is sufficiently small, the generation of turbulence by the shear
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dominates over generation by buoyancy; the deviation from neutral
conditions is small, and the process of transfer of buoyancy (heat) is
called ‘forced convection’. The buoyancy flux can be calculated by
putting Ky = Ky = k22%(du/dz); it follows that

5w 4o s ofdu) [dp
p'w —KHa—z-—kz (dz) (dz) (5.1.13)

When this flux as well as uy is constant with height, the density
gradient is proportional to ! and the profile is again logarithmic.

‘Free convection’, on the other hand, occurs at large negative
values of z/L, in a range where the contributions to the vertical
transfer of momentum and (say) heat by mechanical turbulence can
be neglected compared to those carried by convection. This does

not mean that the mechanically generated energy itself is negligible—

it may be comparable with that generated by buoyancy, and indeed
over a smooth boundary the existence of the shear flow is implied if
molecular conduction near the boundary is not to become important
(seefig. 5.5,and also Townsend (1962), which is discussed in§7.1.3).
It does mean that u, and L are no longer relevant parameters,
so that the density gradient or the dynamically more significant
quantity (g/p) (dp/dz)(cf. N?; but the gradient is now unstable)
should depend on height ¥ and B = —gp'w’[p. (Over a rough
boundary 2, can in principle also be relevant.) A dimensional
argument shows that the form of the relation between them must be

B2} 2= H LI
where Hy, is the ‘non-dimensional buoyancy flux’, a constant in free
convection with an experimental value close to unity. Rewriting
(5.1.14) in the notation appropriate for a heat flux one obtains

_u_d_g__ = _%(_H_)%(g)—% P (5-1.15)
dz~ * \C,p) \g) ~©

(The parameter g/f has sometimes been regarded as a separate
entity, but it is undesirable and sometimes misleading to do this.)

SRR S e e i e L s e e e B
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Integrating (5.1.15) with & and p regarded as fixed gives foc 3%
(but note that In 6 should replace & when the temperature varies
markedly through the range of interest). With the assumption of
similar profiles for temperature and velocity, it follows for large

Both Ky and Ky become independent of # in the limit of free
convection (and proportional to 2%), so Ky/Ky = £ approaches a
constant and ¢y oc Rf-%. These conclusions are supported by the
observed forms of £, ¢y and ¢y in very unstable conditions, as
summarized in fig. 5.4 (after Charnock (1967) who used a set of
observations reported by Dyer (1965)). .
The non-dimensional heat flux defined by (5.1.14) can also be
evaluated for forced convection. In that case it follows from (5.1.13)
that Hy is not constant, but a function of the stability parameters:

. 2\~
Heooea = BIRIF=#(=3) " (5119)

These predictions about Hy, are again supported by observations,
which show that there is a transition from the |R7|~* dependence of
Hy to the constant value characteristic of free convection at a very
small value of |2/L}, about 0.03. (See fig. 5.5.) At very large negative
Ri, H, tends to rise again over a smooth boundary as molecular
effects make another lengthscale relevant near the boundary
(Townsend 1g62).

It is convenient for some purposes to be able to write down an
explicit expression for ¢y which has the right limiting behaviour in
extreme conditions and represents the observations reasonably well
over the whole range. Ellison (1957) suggested the form

du  uy L
s (i)t (5.1.18)

which can be rewritten using (5.1.9) and (5.1.12) as

2 ‘
¢M4“"}’Z¢M3= I (5.1.184)

where 7 is a constant, experimentally about 14. This has been taken
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Fig. 5.5. Variation of the non-dimensional buoyancy flux Hy with z/L
over the whole unstable range (schematic). (After Townsend 1962.)

up (and derived again independently) by others and widely used, but
its status as an interpolation formula (rather than a strict theoretical
deduction) tends to be forgotten. Neither this nor other formulae
derived by more mechanistic arguments has been found satisfactory
over the whole range of stability conditions, though it has been
applied even in stable conditions by using a different value of y in
that range.

5.1.4. Constant-flux layers in stable stratification

Let us now return to the case of more immediate concern here, a
stable density gradient produced (for example) by a downward
(negative) buoyancy flux. In moderately stable conditions the
observed velocity and density profiles are nearly similar to one
another, and can again be described by the log-linear form (5.1.10)
with nearly the same value of & (Webb 1970).

Using (5.1.12) we find
2

= 1+ s = (1—aRf)? (5-1.19)

which implies that Rf has a maximum (critical) value near Rf = o
(=~ } experimentally), at which ¢, becomes very large and hence
Ky small. From its definition, Rf cannot exceed unity, but here we
have an indication (which is given further support in §5.2.3) that
the value of Rf at which the turbulent transport is substantially
altered can be much less than one. That is, most of the energy is
always dissipated by viscosity, and only a small fraction by working
against gravity. '
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In very stable conditions, the argument based on (5.1.19) will not
be valid, but in the limit /L —co, Ellison (195%) has suggested that
the linear dependence of ¢y on 2/L is preserved. This result can be
approached by a more direct dimensional argument, based on the
following physical reasoning which is closely related to the views
expressed by Stewart (1969). In a very stable gradient, the mixing
motions must be so strongly damped that the vertical excursions
of fluid parcels will be limited entirely by the work done against
gravity. (This is case (c), referred to in §4.3.1.) All levels in the
interior of the fluid must behave in the same way and will not be
directly influenced by the boundaries, because mixing can occur
only with adjacent fluid and cannot now extend right to the solid
wall. (There will still be an indirect effect of the boundaries, where
the assumed constant stress and buoyancy flux are applied; the
extent to which it is consistent to retain all these assumptions will be
taken up again in chapter 10.) It follows that any distance 2 (from
a wall) becomes irrelevant in very stable conditions; L defined by
(5.1.8) is the only lengthscale, and the velocity and density gradient
must be determined by u, and B = —gp'w’/p alone. Thus on
dimensional grounds

du | —B . uy Kk
&—kl"_u*z '—“k]_L _k—zN (S.I-ZO)
gdp B2 Uyt
and N2=—Ed—z:k22@=k22—f—2, (5.1.21)

where k&, and k, are (as yet undetermined) constants. Both profiles
are linear, as stated above, and the flow is in a kind of equilibrium,
self-regulated state. This result receives support from observations
in the atmosphere in very stable conditions, such as above Antarctic
snowfields, though in such cases it is hard to justify the constant heat
flux assumption. (For a discussion of the observations in this stability
range, see Oke 1970 and Webb 1970.) The other quantities defined
previously will in this stable limit also attain internally regulated
values, which can be expressed in terms of uy, B, k,, k,. The flux
Richardson number Rf = &;, and is thus related to the fluxes and
the velocity profile alone. We find also that

ug®  uy L

Ut ug L
* > k2B k2 (5.1.22)

Ky =% =
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so that % - k%, Ri = kiR (5-1.23)
and the gradient Ri also has a constant (‘equilibrium’) value in a
turbulent constant flux layer with a stable gradient.

It must be emphasized that this last result will only hold in
practice under rather special circumstances, when the external
conditions exactly match the internally regulated gradients. An
apparently contradictory result has been suggested for more stable
flows (with large overall Richardson number Riy, based on the whole
depth), and it will be helpful to make the difference clear im-
mediately. Thelatter case corresponds to (g) of fig. 4.19, in which the
turbulence is so strongly damped that the motion is more appro-
priately described as a field of random, intermittently breaking
gravity waves. While it may be possible to define a local gradient R
through the individual turbulent patches which will have the same
significance as (5.1.23), any measured, time averaged value for the
fluid as a whole will be more nearly akin to Ri,. A critical value of a
flux Richardson number (which is always imposed by energy con-
siderations) does not, however, imply any limit on this ‘average
gradient Richardson number’.

Since the internal wave motions can readily transfer momentum
through the action of pressure forces, but relatively little heat or
matter even when the waves ‘break’, the ratio Ky/Ky; can become
small, Thus both transfer coefficients remain larger than the mole-
cular values and some transfer persists to large values of ‘average
gradient Richardson number’, while still satisfying (5.1.12), with
Rf < 1. (See also §§5.2.3 and 10.2.2.) Laboratory results consistent
with the ‘equilibrium’ conditions are discussed in §6.2.4, and
measurements made in a large scale flow of the second kind are

described in §5.3.3.

5.2. Theories of turbulence in a stratified shear flow

Compared to the case of uniform density, little is known about the
properties of turbulence in a stratified fluid. In this section we outline
various theories which have been proposed to study the fluctuating
motions themselves, their maintenance, and the diffusion they
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produce. Most of these invoke rather more explicit assumptions
about the effect of stratification on the structure of the fiow, but we
begin with the results which follow from a simple extension of the
similarity arguments used in § 5.1. (See Lumley and Panofsky 1964.)

5.2.1. Similarity theories of turbulence and diffusion

Dimensional reasoning can be applied to the fluctuating quantities
in just the same way as they were to the form of the mean profiles.
Again u,, B and z are the governing parameters, and variables like
the variance of the vertical velocity fluctuations o, = {@'%)* or
of the buoyancy fluctuations o, = 2{p"D¥]p can be expressed as

z
Oy = Uy f 1('I:)
B, (%
and O-,D = u—*fg(z) .
Here f; and f, are universal functions which can be related to @y

and ¢g describing the profiles, and are constants in neutral con-
ditions. In free convection (when #y no longer enters explicitly)

(5.2.1)

o,,0c Bzt (5.2.2)
and the velocity fluctuations increase with height; similarly

- o,0c Biz5, (5.2.3)

In stable conditions, the stratification is more important at larger z,
and o, is a decreasing function of height. The forms of these
functions (and related quantities such as “gustiness’ and the
deviation of the wind direction from the mean) have been calcu-
lated using extensions of the log-linear theory and the interpolation
formula (5.1.19), and agreement between theory and observation is
reasonably good. The variation with stability of two of them is
shown in fig. 5.6, after Monin (1962 a). The variance of the hori-
zontal velocity &, is relatively poorly predicted by similarity theory,
since this is strongly influenced by larger scale motions, not just
by the local properties. -

The diffusion of a neutrally buoyancy pollutant (such as smoke) in
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Fig. 5.6. The variances of vertical and horizontal velocity in the atmo-
sphere near the ground, as functions of stability. (From Monin 19624.)

a given stratified shear flow can also be approached by similar
dimensional arguments. The Lagrangian vertical velocity

dz(t)/dt = wy,

say, following a typical particle released from the boundary into a
constant stress layer, will be (Monin 1959, Ellison 1959)

wy = buy f3(2/L), (5-2.4)

where f, is another universal function and b is a constant, The mean
horizontal velocity is given by a relation like (5.1.10) so that the
slope of the mean top of the smoke plume, dx/dz = ufwy, will be a
function of /L (i.e. of stability) but not of mean velocity. In neutral
conditions, the rate of spread becomes nearly linear some distance
above the ground where « is changing slowly, and the concentration
at the ground is inversely proportional to x. This result differs from
the parabolic spread predicted by ordinary diffusion in a constant
cross-stream flow, since it takes properly into account the increasing
scale of the turbulence at greater heights. In unstable conditions the
rate of spread increases, and in stable conditions it decreases (see
fig. 5.7). A good surnmary of the predictions of similarity theory and
the comparison with observations has been given by Klug (1968).

5.2.2. The spectrum of nearly inertial turbulence

Something should be said next about an idea which seemed
promising when it was first introduced, but which is of limited
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Fig. 5.7. The mean spread of the top of smoke plumes rising from the
ground in neutral and unstable conditions. (After Monin 1959.)

practical significance for reasons which will become apparent. It is
an extension of Kolmogorov’s theory of ‘local similarity’ which is
based on the idea of an energy cascade from small to large wave-
numbers in a turbulent flow, and gives information about scales of
motion much smaller than those of lengthscale /; and velocity scale
u; at which energy is put into a constant density flow at high
Reynolds number. A thorough discussion of this theory would take
us too far afield here, and only the final result will be quoted;
reference should be made to Batchelor (19535, p. 114), Monin
(19620) and Phillips (19664, p. 213) for the background to this
problem.

Kolmogorov’s second hypothesis leads to a description of the
form of the spectrum, or the energy density function E(k), in an
‘inertial subrange’ where viscous effects are unimportant. In this
range E(k) is determined entirely by two parameters, the magnitude
of the wavenumber % and the rate of transfer of energy through the
spectrum. The latter can be equated either to the rate of decay of
the energy-containing eddies (which is of order 3/, cf. (5.2.15)) or
to the eventual energy dissipation per unit mass ¢, by the smallest
eddies. The function E(k) is related to the kinetic energy per unit
mass ¢% = w2+ "2+ w2 by

1= | Bwar, (525)
and the form predicted using a dimensional argument is
E(k) = Ae3k3, o (5.2.6)

"This prediction has received firm support from experiments made in
a tidal estuary by Grant, Stewart and Moilliet (1962), whose
measurements also give a value for the numerical constant (4 ~ 1.5).
A ‘—Z power law’ has been used to describe a wide variety of
geophysical data, but (5.2.6) has quite unreasonably been elevated
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Fig. 5.8. Schematic diagram of the distribution of energy in the ocean as a
function of wavenumber. Ranges a~b are those in which a ‘§ power law’
may be applicable, though between them there is an energy input.
(From Ozmidov 1965a.)

to the status of a general principle, without paying enough attention
to the assumptions on which it is based (which include the condition
that the turbulence should be isotropic in this range).

The arguments leading to (5.2.6) can break down if there is any
substantial transfer of energy directly into or out of the ‘inertial
subrange’. Convective motions in the atmosphere can add energy
at intermediate scales, for instance; but Ozmidov (1965a) has
suggested that if this input is confined to a small range of wave-
numbers, the — 2 power law may still apply for values of & on either
side of this. There will then be a jump in the E, k curve corre-
sponding to each input (see fig. 5.8), but it can continue with the
same slope at a higher level corresponding to the increased value of
€,, the new rate of energy supply to higher wavenumbers.

Of more interest here is the possibility that, in a stratified fluid,
there could be a systematic removal of turbulent kinetic energy over
a range of wavenumbers, by working against buoyancy forces.
This could only happen in a region of fully turbulent fluid (such as
one of the turbulent patches referred to at the end of §5.1.4) in
which the departure from neutral conditions is small, and it is still
reasonable to think in terms of a cascade of energy through the
spectrum. Regions where the Richardson number is large are
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therefore excluded; then the motions are more appropriately
described as a set of weakly interacting waves (cf. §2.4.3), which can
transfer energy selectively to remote wavenumbers. Moreover, it
will become clear below that a significant buoyancy effect of the kind
envisaged is only possible where energy is injected into a region
from an external source, not where it is produced by the local shear.

The smallest scales of motion will remain unaffected in stable
stratification, while buoyancy forces first become important for the
larger length scales. Thus the discussion of the constant-flux
boundary layer (5.1.10) indicates that buoyancy forces are signifi-
cant at heights comparable with and greater than L (the Monin-
Obukov length). The laboratory observations of Grigg and Stewart
(1963), of turbulent vortices projected through a stratified fluid,
show directly that the largest scales (i.e. the mean motion) are
suppressed first, leaving the smaller scale turbulence practically
unchanged. These results suggest that there could be a wavenumber
ky, say, replacing L' in the present problem, at which one can further
divide the wavenumbers previously comprising the inertial sub-
range. In the ‘buoyancy subrange’, such that

Ll <k <k (5.2.7)

the loss of energy due to working against buoyancy can, it is argued,
become comparable with that transferred. The physical parameters
onwhich &, can depend are ¢y and V%, and so on dimensional grounds

where ¢, is a positive constant. An equivalent argument was used by
Ozmidov (19655) to determine the critical length scale at which
buoyancy forces become important in the oceanic boundary layer.
'The corresponding maximum vertical transfer coefficient can be

expressed in the form
Kyoce, N2, - (5.2.9)

Ozmidov also showed thatin such a ‘ buoyancy subrange’ the motion
must become anisotropic because not only are the horizontal motions
undamped by gravity, but some of the vertical energy is transferred
to them.

Dimensional reasoning can take us a step further. In the
‘buoyancy subrange’, if it exists, the local rate of energy transfer
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(k) through the spectrum will be much larger than the eventual
dissipation rate €,, since the latter is by definition the residual rate
of transfer after energy has been extracted by working against
gravity at all larger scales. Thus ¢, is not an important parameter in
the buoyancy subrange,} and the form of the spectrum must be
determined by N? and &, since e(k) is itself a derived function. It
follows that \

E(k) = co N3, (5.2.10)
Lumley (1964) used more explicit assumptions to derive a form for
the complete buoyancy-inertial subrange, but in view of the rather
special conditions under which it could be applicable, this will not
be pursued further here.

The form (5.2.10) has received limited support from aircraft
observations of atmospheric turbulence, though there must always
be some doubt whether these were indeed made within fully turbu-
lent air, as implied by the theory. Myrup (1968), for example, flew
through a stable layer at the top of a convecting surface layer
(cf. §9.2.3), and found a range of &, where E(k)oc k2 approximately,
changing to k% at higher wavenumbers, in agreement with (5.2.6)
for the inertial subrange. No buoyancy subrange has been detected
in laboratory experiments.

T'wo major criticisms can be levelled against the interpretation of
such observations in terms of a buoyancy subrange. Most important,
the relation (5.2.7) is rarely satisfied in the atmosphere, so that
there may be no range of scales in which the underlying assumptions
are properly satisfied and the buoyancy effect dominant. Secondly,
measurements of the kind quoted in the preceding paragraph could
include an unknown contribution from internal waves. This is
perhaps a less serious objection, since in a buoyancy subrange, the
distinction between the non-isotropic turbulence described above
and the forced, strongly interacting internal waves referred to é’c the
end of chapter 2 becomes blurred. In fact the form (5.2.10) is
identical to the condition (2.4.9), which ensures that strong inter-
actions will dominate over the weak, selective wave interactions.

1 This is quite different from the more usual situation where there is a
local balance between production and dissipation of turbulent energy,

with no external source. In the latter case, viscous dissipation will dominate
over the buoyancy term even in stable stratification — see §5.2.3.
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Whatever words are used to describe the process, each of these
pictures implies a cascade of energy through the spectrum to higher
wavenumbers, and relates the form of E(%) to the same two physical
parameters k and N2, The ‘turbulence’ description is perhaps the
more helpful, because it makes clear that working against gravity,
and hence wave breakdown and mixing, is a necessary part of the
mechanics of a buoyancy dominated subrange.

5.2.3. Arguments based on the governing equations

In this section we compare several attempts to deduce the structure
of turbulence in a unidirectional stratified shear flow, which apply
similarity hypotheses to the dynamical equations rather than directly
to the external parameters. The flow is assumed to be fully turbulent
and of high Reynolds number, and no molecular diffusion effects
are included here. (See §9.1.3 for a discussion of this last point.)
Arguments which also take wave propagation into account explicitly
will be left until the final chapter.

For simplicity, horizontal homogeneity will be assumed here,
though the results will be applied later (with some reservations) to
developing flows such as wakes. In the absence of advection, the
equations for the turbulent kinetic energy per unit mass

1¢% = (U2 + 02 +w'®)

and the mean square density fluctuation may be expressed in the
forms (derived from the Navier—Stokes equations):

1 0g® Iﬁg_%—UT —ﬁau I@wp g

E—at—+5—3ﬁ_+ e +[_)TZ— +pp w' 46 =0, (5.2.11)
Iap_’2 Iap’zw 7 rap NI
S Yoo +p'w' =~ Kpr = 0. (5.2.12)

In the steady state, and neglecting small ‘diﬁusion’ terms like
o(q*w')/ 0z (or alternatively, regarding «’ etc. as vertically averaged
values), (5.2.11) reduces to

ou == 7
'r-ég:—uw 32 f:wp +€0, {(5.2.13)




146 BUOYANCY EFFECTS IN FLUIDS

where the terms are respectively the production by the Reynolds
stress working against the mean velocity gradient, the rate of working
against buoyancy, and viscous dissipation.

By considering the equations for the separate components (see,
for example, Stewart (1959)) it can be shown that the energy is put
initially into the #'* component, that in the direction of mean
motion, but is redistributed by pressure fluctuations among all
three turbulent velocity components. The loss to buoyancy affects
only 2’2 directly, whereas viscosity affects all three. Moreover, the
mechanism which tends to make the turbulence isotropic is known
(from experiments in flows of constant density) to be inefficient
compared to the decay mechanism. Thus we can already see quali-
tatively how the buoyancy term, though making only a small
direct contribution to the energy dissipation, can have a large
effect on the turbulence. Even in a stratified fluid ¢, remains the
dominant term on the right hand side of (5.2.13), so that the
maximum value of Rf (defined by (5.1.12)) will be much less than
unity.

The corresponding equation to (5.2.13) for the density fluctua-
tions may be written

—— 0P
w'p 5§+x=o, (5.2.14)

where the terms are respectively the rates of production and dissi-
pation of mean square density fluctuations. Further progress
depends on the assumptions made at this point about the forms of -
€p and y; those due to Townsend (1958) will be considered first. He
supposed that results which have been used to relate ¢, and y to the.
large scale properties of a constant density flow (Batchelor 19535,
p. 102) will continue to be valid in stable stratification. Explicitly, he
put | _
€=¢q[L, x=p"/L, (5.2.15)

where L, and L, are characteristic integral scales which are assumed
to remain in a fixed ratio even in a stratified flow. Substituting in
(5.2.13) and (5.2.14) and rearranging gives

e op
w'p' = —ukpﬁqu—ag (5.2.16)




TURBULENT SHEAR FLOWS 147

2 - -

Increasing
buoyancy
effect

Total energy loss
Production

g

Fig. 5.9. The ratio of total energy loss to energy production in a stratified
flow, as a function of the turbulent intensity for various ratios of the
buoyant and viscous contributions to the energy dissipation, (From
Townsend 1958.)

T au . 2au e __,g 2 ap q_3
and —ww o= k,q T I_)k L"qa—z+Lu’ (5.2.17)
!’ \2 ! !
where k2= (wgi; , R, = -z-t% . (5.2.18)
p 9

To complete the solution, Townsend also had to assume that &,?
and k,, are constants (averaged across the flow section and indepen-
dent of stability) and that the velocity and density gradients are also
nearly constant. -

The ratio of the total energy loss to the production (the ratio of the
right hand to the left hand side of (5.2.17)) is plotted in fig. 5.9 as a
function of the turbulent intensity ¢, for several ratios of the two
dissipation terms. Possible equilibrium points are marked; clearly
no equilibirum intensity exists for curves whose minimum value
exceeds unity, i.e. for which the assumed buéyancy contribution is
too large. At each minimum, the buoyant and viscous terms are
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equal on this model, and so Rfp,, = . (This numerical value can
change with different detailed assumptions, but the essential
features of the model are preserved provided one of the terms on the
right of (5.2.17) increases and the other decreases with increasing g.)
The turbulent intensity is finite in the critical flow, and a sudden
collapse of the turbulence occurs as the limit is passed.

By solving (5.2.17) for ¢ and substituting the result in (5.2.16),
Rf can be expressed in terms of gradients as

L,k2 \?
Rf = % [I — (1 -4-E§Z’.§RZ) ] : (5.2.19)

Thus Townsend’s assumptions lead to the conclusion that the
gradient Richardson number Ri will also have a critical value

1L k2
crit = ZZEE@E (5'2’20)
Lp

Ri
above which no real solutions to the balance equations are possible.
"This is in agreement with the simple deduction made in §5.1.4, and
it is supported also by the later theories of Monin (1965) and Ellison
(1966), to which further reference is made below. No satisfactory
theoretical estimate of Ri,y, has yet been made, but the experi-
mental results to be discussed in §5.3 suggest that Ri.; = o.1.

The most questionable of the assumptions made by Townsend
are that k,, and especially &, are constants independent of stability.
This can certainly not remain true in the final stages of decay when
the vertical motions are strongly damped, for much the same
reasons as those outlined at the end of §5.1 to show that Ky can
become much less than Kj;. It is also not clear how the averages are
to be taken, especially in a boundary layer where such properties
will be strong functions of the height.

With the constant-flux boundary layer in mind, Ellison (1957)
proposed a method which avoids some of these difficulties. This
was the first attempt to use simplifications of the dynamical equations
to study the effect of stratification, and it still merits careful con-
sideration, though that author has since developed a more ambitious
model. He again used (5.2.13) and (5.2.14), but replaced (5.2.15) by

=Ty x=p%T, (5.2.21)
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i.e. he defined decay times 7; and 7}, such that (in the absence of
production) turbulence would begin to destroy p’% and ¢? at rates
1,71 and T,~1. (Compare also with the full equations (5.2.11) and
(5.2.12).) Instead of deriving an expression for w’p’ from these
(which led previously to a constant &,), he used an additional equa-
tion for the change in the density flux. With the same approximations
as before, and introducing a separate timescale T for the decay of
w'p’, this is
- T —
w’zj—§+%+% = o. (5.2.22)
The three equations involving 73, T, and T; can be rearranged to
express the ratio of eddy transport coefficients (defined by (5.1.6),
and equivalently for buoyancy) in the form -

Rf Kg qzﬁ[I_Rf(Hz%%)]
< Ri Ky (w2 (LT (1 — Rf)?

_ b(r - Rf|Rf r11) -,
=GR (5.2.23)

where b is a constant. If it is supposed that 7} ~ T, and qzjhwthé
changes little from its measured value in neutral conditions (which
is about 5.5), this expression predicts that Kg/Ky—>0 when
Rf = Rf iy = 0.15. Again this is much smaller than unity, in
agreement with the view that the mixing rate is greatly altered
before buoyancy forces have much effect on the overall energy
balance (since only the vertical velocity component is directly
affected). Equation (5.2.23) can also be regarded as a relation
between Ky /Ky and Ri; and it is clear that according to this theory
the low limit to Rf puts no similar restriction on Ri, which may
become large provided Kg/Ky~>o. -

A second important consequence of Ellison’s assumptions is that

—_— —Rf|1 ‘!
@py _ . s [ +w'2T2] (.2.20)
plruw'? (T3/T5) (1 — Rf) o

which decreases towards zero in very stable conditions, instead
of remaining constant as Townsend supposed. This shows that
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inefliciency of the density transport is due not to the suppression of
the velocity and density fluctuations themselves, but to a reduction
of the mean product @’p’. (In the limit of pure internal wave
motions, p’ and @’ are go° out of phase, so this correlation tends
to zero. See §2.2.1.)

The later theory of Monin (1965) applied a related but more
detailed scheme of simplifications to the dynamical equations for
all the second moments of the four variables #’, 2’, " and p’, instead
of just the three considered above. Ellison (1966) (quoted by
Yaglom 1969), showed how the resulting system of algebraic
equations can be solved to give each of the quantities of interest as a
function of Rf. The numerical values of five dimensionless charac-
teristics of turbulence in a fluid of constant density now need to be
specified, instead of just the two that were required in (5.2.23).
With these stronger constraints, not only does Rf have a critical
value, but so does Ky/Kj;, the limiting values predicted by Ellison
in very stable conditions being Rf = 0.15 and K/Ky = 0.5,

In the following section, experimental and observational results
are presented which give support to each of the above conclusions
but in rather different circumstances. A critical value of Ky/Ky
(and hence of the gradient Richardson number Ri) applies in wake-
like flows, which are maintained by Reynolds stresses generated at
the edge of the flow itself; once these stresses have become small
there is no mechanism for the further generation of turbulent
energy (cf. fig. 4.190). Ellison’s (1957) theory, which suggests that
Riis unlimited, seems to describe flows over a solid boundary which
approximate to the assumed constant-flux layer, and into which
there is a continuing supply of turbulent energy (cases (a) and (g)
of fig. 4.19). For this to be possible the relations (5.2.23) and
(5.2.24) must be taken to apply to flows which are only inter-
mittently turbulent (§ 5.1.4), so that the gradients entering into the
definitions of R are time averaged values, not instantaneous local
gradients. This is not inconsistent with the weaker assumptions used
by Ellison (1957), whereas the later theory refers more explicitly to
a region of fully turbulent fluid.
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5.3. Observations and experiments on stratified shear flows
5.3.1. The generation and collapse of turbulent wakes

In §§3.1.4 and 4.3.2 we referred to the drag associated with the
separation of the flow behind a blunt obstacle and the formation of a
turbulent wake. This flow will now be examined in more detail.
We begin with a general description of the structure of the wake as it
develops downstream under various conditions, both in a con-
tinuously stratified fluid and at the interface between two layers,
before making the more detailed comparisons with theory.

Immediately behind a cylinder moving horizontally with high
Reynolds number (say greater than 103, based on the diameter), and
moderate Richardson number (say Ri* = £ = 0.4 in the notation of
§3.1.4), the wake in a density gradient behaves much as it does in a
uniform fluid. Its thickness increases, a small scale turbulent
structure is observed, and the shape of the velocity defect profile is
little changed. At about ten diameters downstream, however, the
rate of growth is clearly being affected, and shortly afterwards the
wake collapses as the largest turbulent eddies are rather abruptly
suppressed by the stratification. Later the small scale turbulence is
also damped out, and the residual motion 100 diameters downstream
consists almost entirely of larger scale periodic motions, i.e. of
internal waves. This behaviour is illustrated in fig. 5.10 pl. X111 by a
sequence of shadowgraph pictures due to Pao (19685). 'This author
has also studied the whole range of wake effects from slow viscous
flows (§3.3.3) to the fully turbulent wakes of interest here. At
intermediate Reynolds numbers regular vortex shedding can occur
as in a uniform fluid, but with stratification the vortices are flattened,
and they also act independently to generate internal waves. Such
vortices are quite distinct from the rotors which are produced by
local overturning of the stratification (by large amplitude lee waves),
in regions remote from the obstacle (see §4.3).

Schooley and Stewart (1963) carried out experiments (on a
three-dimensional wake behind a self-propelled body) in which
they paid special attention to the mechanism of wave generation.
They pointed out that the collapsing motion is'of just the right kind
to generate gravity waves efficiently; it too is driven by gravity, and
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must take place at a rate comparable with the vertical velocity in
internal waves. An experiment of Wu (196g), in which he studied
the collapse of a semi-cylindrical region of uniform fluid in a density
gradient, is also relevant here (though there was no small scale
turbulence present initially and the later stages of flow, an advancing
nose like a gravity current (§3.2.5) and finally a viscously dominated
motion (cf. §3.3.4), donot concern us here). He showed that waves
are generated which propagate ahead of the advancing front with an
initial peak in the energy density at an angle of about 55° to the
horizontal (corresponding to a frequency of 0.8 of the buoyancy
frequency, §2.2.2). At later times the line of the crests moves toward
the horizontal.

The turbulent wake produced by a flat plate towed normal to its
plane along an interface between uniform layers of fresh and salt
water has been studied more quantitatively by Prych, Harty and
Kennedy (1964). Density profiles were measured by withdrawing
samples from a rake of probes mounted at various distances behind
the plate (and moving with it). Velocity profiles were obtained
similarly using a propeller type velocity meter, mostly in a uniform
fluid but also, for comparison, in the stratified cases. The measured
velocities were in good agreement with a theory which allowed for a
backflow arising because of the finite length (rom) of the tank;
the more accurate results for the uniform fluid will be used in the
later quantitative calculations. The drag force was also measured
directly in all runs. The drag coefficient Cy, (defined as in §3.1)
changed little with density difference from its value of nearly two in
a uniform fluid, so that form drag and not wave drag dominated the
behaviour at low Rf and high Re in these two-layer experiments.
(Contrast this with the results for a continuously stratified fluid
described at the end of §3.1.4, where both contributions to the drag
were seen to be significant.)

The strong effect of stratification on the mixing is clearly shown
in the density profiles. Prych et al. expressed their results in terms of
the parameter '

A
Jz=g;eb0/CD U2 (5.3.1)

a kind of overall Richardson number based on the half-width b, of
the plate and its velocity, but with the drag coefficient added (this
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Fig. 5.11. Variation of the width of a wake with distance x behind a plate
(of width 2b,) towed along an interface between two layers of different
density. Curves are shown for various values of the parameter J, and the
numbers in brackets are minimum gradient Richardson numbers com-
puted using the data given by Prych, Harty and Kennedy (1964).

enters into their estimate of the work done by the body on the fluid).
Numerically, J is very nearly equal to the parameter « defined in
§3.1.4. The rate of spread, and the extent of the later collapse,
depend systematically on J as shown in dimensionless form in
fig. 5.11, where the separation between two arbitrarily chosen
concentrations is plotted against distance downstream.

An overshoot and strong collapse are prominent at the higher
values of J. A visual examination of the wake, with one layer dyed,
showed that this is the result of large globules of fluid being trans-
ferred across the interface by vortices shed by the plate. If the turbu-
lence is damped before much mixing has taken place (as it is when
J is large, these settle back to an equilibrium position much closer
to the centre of the wake; the final equilibrium thicknesses are
shown on the right of fig. 5.11. It is also worth remarking that
the final density profile is not far from linear across the centre
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of the tank. Stirring in this apparently crude way is a surprisingly
effective way of producing a uniform gradient over nearly the
whole depth.

5.3.2. The suppression of turbulence at an interior shear layer

As our first test of Townsend’s predictions (§5.2.3) we will use the
data just described. There is some uncertainty in the interpretation
for developing flows, since a failure of the regulating mechanism of
the turbulence does not cause mixing to stop instantly ; nevertheless
one can deduce a range of conditions over which buoyancy effects are
becoming significant.

Minimum gradient Richardson numbers, computed using the
(nearly linear) density profiles and the maximum gradients on the
corresponding velocity profiles, have been added (in brackets) to
the experimental points shown in fig. 5.11. Consider first the
experiments with J = 0.128, 0.134 (which incidentally give good
support to the choice of J as 2 modelling parameter, since they were
carried out with both the density difference and velocity varied).
At the position of maximum width the turbulence must already
have been strongly affected since the wake collapsed so strongly
after this point; thus the values 0.24 and 0.30 are certainly larger
than the Ri ,;; defined in Townsend’s sense. The results at lower -
values of J, which approach their asymptotic values more smoothly,
suggest that Ry, is less than o.1 and may be as low as 0.05.

Townsend (1957) made similar deductions from observations of a
jet of fluid of intermediate density injected along an interface. A
complication here was the more rapid spread horizontally than
vertically, but he was able to show that mixing of outside fluid into
the jet had almost ceased at Ri = 0.3. The first signs of an effect of
the density gradient on the jet development occurred at about
Ri = 0.05; the ‘ critical’ value must lie between these extremes, and
is probably less than o.1.

Further examples of the same turbulence suppression mechanism
are to be found in flows where the density distribution is stabilizing
over a limited range of heights. This often occurs near a boundary,
and though superficially the flow then seems more like the cases
considered in the following section, the distinguishing feature of
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‘interior’ layers is that the turbulence must be generated elsewhere
in the flow, not directly by the shear at the adjacent wall. The
laboratory experiment of Nichol (1970) is related to Reichardt’s
investigation of the stability of a boundary layer under the heated
roof of a wind tunnel (discussed in §4.2.2). Instead of heating the
whole roof, however, Nichol began heating at some point down-
stream, and examined the effect of the growing temperature boun-
dary layer on an established turbulent wall layer. He observed a
sudden and nearly complete collapse of the turbulence near the wall
at some distance behind the leading edge of the heated section,
measuring very small values of turbulent intensity and wall stress,
and a highly inflected velocity profile with low velocities near the
wall. The inside of the wall layer is disconnected from its energy
source, though dissipation must still occur near the wall. Townsend
(1957) used Nichol’s (then unpublished) profiles to give further
support to the view that Rz just before collapse is less than o.1.

A natural example of this phenomenon is the ‘dying away’ of the
wind at night, or more spectacularly, the sudden calm which has
been observed during an eclipse of the sun (Townsend 1967).
Clearly only the wind near the ground can be changed, since the
duration of an eclipse is too short for the geostrophic flow at great
heights to be affected, and the wind can remain strong even at tree-
top height. When the solar heating is removed, the ground cools by
radiation and heat is transferred downwards out of the air towards
the ground. This produces a layer with a stable density gradient,
whereas previously the whole profile was convectively unstable. As
the depth of the stable layer grows, its top reaches a height where
the velocity gradient is small, while the density gradient there
changes only slowly with the depth. Eventually the value of Ri rises
to a value of about 0.1 and the turbulence will die away. (Radiation
effects will change the critical value somewhat, but the principle of
the argument remains unchanged.) Without any turbulent Reynolds
stress, the motion higher up (which has been driving the whole flow)
cannot any longer affect the air below, and so the friction at the
ground will cause the wind to die away at low levels. (An associated
change in the intensity of temperature fluctuations has been docu-
mented by Okamoto and Webb (1970).) In timeé, however, this layer
can be accelerated by the overall pressure gradient, and may again
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become turbulent for a short while during the night —until the
same process begins again and the wind dies down a second
time. '

The last result recalls again the observations referred to in passing
in §4.1.4. Mittendorf (1961) showed that, after the Kelvin—Helm-
holtz mechanism had led to the breakdown of an interface between
two accelerating layers in an inclined tube, the turbulence in the
mixing region was suppressed before the transition layer had
spread out very far. In one experiment he observed three successive
breakdowns of the interfacial region, separated by quiescent periods.
While turbulence is present the drag on the layers increases and the
velocity falls, but when it is suppressed the flow is accelerated again
by gravity. This behaviour can now be interpreted in terms of an
increase of an appropriate Richardson number to a stable value,
because of the decrease of the velocity gradient due to mixing.
In § 10.2.3 it wili be shown that the supply of energy to the turbulent
interface will be cut off when an overall Richardson number based
on its thickness reaches a value of order one. During the whole of
the thickening process, however, the gradient Ri can be much
smaller, allowing turbulence to persist according to Townsend’s
criterion. (Compare with §6.2.4.)

Finally, itis convenient to mention here a contrasting (but related)
natural phenomenon, the wind-driven layer at the surface of the sea.
In conditions of strong surface heating, a well-mixed warmer
(and therefore lighter) layer is formed, which is of limited depth
because the stabilizing density distribution inhibits vertical mixing
with the deeper water, (See §9.2.1 for a fuller discussion of the
mixing problem.) At the bottom of this surface layer is a strong
density gradient where (according to the ideas developed in this
section) the turbulence is suppressed and the Reynolds stresses are
small. A given wind stress at the surface can thus accelerate the
water to produce stronger surface currents in this case compared to
the unstratified ocean for two reasons: the depth of the layer in-
volved is smaller, and the retarding stress below it is reduced. The
recognition of conditions likely to produce such a ‘slippery sea’
played a large part in the success of the winning Olympic sailing
team at Acapulco in 1968 (Houghton and Woods 1969). (We should
however, not forget the ‘dead water’ effect described in §2.1.2,
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which could slow a ship down because of the extra wave drag
generated at the interface.)

5.3.3. Stratified flows in pipes, channels and estuaries

The flow just discussed also has much in common with those lying
at one extreme of the range of enclosed flows to be considered next.
Another example is a turbulent layer of salt water flowing under a
deep layer of fresh water in conditions where the bottom stress is
much greater than that at the interface (which is so when a shallow
layer flows along a horizontal bed —see §6.2.3). The intrusion of a
saline wedge into an estuary against a fresh water flow (§ 3.2.5) is also
of this kind. The distinguishing feature is that buoyancy effects
become dominant somewhere in the interior of the channel, and
mixing generated by the shear at the boundary is almost entirely
suppressed across a sharp interface bounding one or more well-
mixed layers (cf. case (d) fig. 4.19).

At the other extreme, the turbulence generated at the boundaries
can be so strong that the fluid is thoroughly mixed over the whole
depth of the flow (fig. 4.194). This too occurs in natural estuaries,
when the tidal current is much larger than the river flow; the
salinity is then nearly constant at any section, but decreases gradually
with distance upstream. For intermediate conditions, and especially
near the turn of the tide, there is a measurable vertical gradient as
well as a horizontal one, and the density gradients are clearly having
an effect on both the rate of vertical mixing and the longitudinal
motion and diffusion.

It was in an ‘intermediate’ type of flow that the often quoted
measurements of velocity and density profiles were made in a tidal
channel (the Kattegat) by Jacobson. Taylor’s (1931) analysis of
these results showed that vertical mixing (at much greater than
molecular rates), can persist at time-averaged ‘ gradient’ Richardson
numbers (based on measurements made 24m apart) of ten or
more. The ratio of eddy diffusivities for salt and momentum
Ky/Ky; deduced from several sections was about 0.03, so that Rf was
still less than unity and there was no violation of the energy con-
dition. The discussion given in §5.1.4 suggests however, that such
an interpretation is consistent only if the turbulence is very inter-
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mittent, not continuous throughout the fluid (case (g), fig. 4.19).
The stress at the boundary remains an important parameter
governing the whole flow, but a large fraction of the momentum flux
will be carried by internal waves. (See also §10.2.)

The whole range of steady two-dimensional pipe or channel flows
can also be characterized in an overall way by two parameters, the
slope of the pipe and a ‘ pipe Richardson number’. The latter is most
simply defined by

. |Pm—po|gdcosd
Ri, = mpo J iE

= AcosOjU? (5.3.2)

where d is the total depth, U is the mean (discharge) velocity, py, 1s
the density when the flow is fully mixed across a section, and p, is
the density of the ambient flow (before any buoyant fluid is added).
Thus 4 = g(Ap/p)dU is the buoyancy flux per unit width, which is
constant in many problems of interest.

A related, but at first sight very different parameter used by civil
engineers to correlate model experiments and field data, is the
estuary number Es, defined for a tidal channel to be

Es = PERQ,T. (5.3:3)

Here P, is the ‘tidal prism’ (the volume of sea water entering the
estuary on the flood tide), F, = Uf(gd)? is an ordinary Froude
number based on the tidal mean velocity and the depth, Q; is the
fresh water discharge and T the tidal period. (See for example
Harleman and Ippen (196%).) Fromits definition, Py = UbdT, where
b is the width of the estuary, so that

_RU* U3 (
— gdQ; T g0y 5:3:4)

Writing A = g(Ap/p) Qy/b and comparing (5.3.2) and (5.3.4) gives
finally

Es

. A
Ri, = Es—l?p. (5.3.5)

The density ratio factor is a constant for a particular estuary (and
about 0.02 for all estuaries), so R, and E's are just inversely related.
According to Harleman and Ippen, the division between ‘stratified’
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Fig. 5.12. Mean experimental curves showing the increase in thickness of a
layer of salt solution as it flows between two sections 1 m apart under an
uphill flow of fresh water. (@)} Fully reversed layer. (b) Layer flowing
downhill, with gravity but against the main flow. (From Ellison and
Turner 1960.)

and ‘ well-mixed’ cases occursin the range g = 0.03-0.3, increasing
values corresponding to increasingly mixed conditions.

The laboratory experiments of Ellison and Turner (1960)
support this choice of overall governing parameters. They measured
the rate of spread of a layer of salt solution, injected into the bottom
of an inclined pipe of rectangular section through which there was
a steady turbulent flow of fresh water. When the pipe was horizontal
or the flow was downhill, the mixing rate was small, and when the
flow was uphill two cases were distinguished. At low ‘ventilating’
velocities a thin layer of salt solution crept back along the pipe
against the main flow, but at higher flow velocities all the salt was
immediately carried uphill, in a layer which thickened with
distance. (‘'The criterion for reversal is discussed in §6.2.) As shown
in fig. 5.12, the increase of depth of the salt layer in the ‘fully re-
versed’ cases depends systematically on 0 and Ri,, with quite a
strong dependence on slope. At low values of Ri, all curves come
together, as they must when density differences are negligible.
Buoyancy effects are already important at Ri, = 0.005, by which
time the rate of spread at small slopes has decreased by a factor of
three.

Bakke and Leach (1965) have applied the results of these and
similar experiments to describe the behaviour of layers of methane
gas flowing along the roof of a coal mine. They defined a ‘layering
number’, equivalent to Ri,~% in the notation of (5.3.2),and were able
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to recommend minimum values of this parameter for various slopes,
such that explosive concentrations of gas will be confined to
acceptably short sections of a mine. This application is discussed
further in §6.2.3. '

We now turn to an interpretation of the same laboratory experi-
ments in terms of the detailed local properties, which led to a test of
Ellison’s (1957) theory. Ellison and Turner (1960) showed that the
distortion of the velocity profile in a tilted pipe depends mostly on
Ri,. Choosing cases where the profile changed least with distance,
and combining the velocity measurements with salinity profiles at
two sections, they were able to estimate Ky and Ky for salt and
momentum, as a function of position in the flow and over a range of
stability condition. A consistent correlation with local values of R:
were obtained at two heights intermediate between the wall and the
centre of the channel, where the salt flux and R{ were changing least
rapidly. Ky is affected rather little by the density gradient, whereas
K /Ky is a strong function of Ri, as shown in fig. 5.13. It is by no
means obvious that such a dependence on a strictly local parameter
should emerge under the conditions of this experiment, when Rz is
varying and the turbulent eddies cover a considerable range of
heights. (Refer to the discussion on p. 150.)

On fig. 5.13, which is plotted using a logarithmic scale to cover a
large range of Ri, is also shown the family of theoretical curves
predicted using (5.2.23). The form of each of these is fixed once one
specifies the value of Rf.; and b = 1.4, the measured value of
KKy (or of Kg/Ky, since no molecular effects are taken into
account here) in neutral conditions. The experimental points are
best fitted by the curve corresponding to Rf.;; = 0.15,1n agreement
with the estimate made earlier on purely theoretical grounds. At
higher R, the theoretical curves are also broadly in agreement with
Taylor’s values (mentioned above) but the comparison is less
sensitive in this range as well as the theory being more questionable.

A related experiment using air as the working fluid was carried out
by Webster (1964). He investigated the detailed structure of a
turbulent stratified shear flow, using a specially designed wind
tunnel with differential heating to produce the density gradient,
and comparing his results with the theories of Ellison and Towns-
end. He showed that various fluctuating quantities such as the mean
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Fig. 5.13. Ratio of the transport coefficients for salt and momentum
plotted against Richardson numbers deduced from time-averaged profiles,
on a logarithmic scale. Various laboratory measurements reported -by
Ellison and T'urner (1960) are compared with the theory of Ellison (1957);
‘values of Rf,;, are marked on the theoretical curves. The Kattegat results,
as analysed by Taylor (1931 5), are also plotted as the squares on the far
right of the diagram.

square temperature fluctuation (normalized with the local tempera-
ture gradient) and the ratio of the turbulent transports of heat in the
downstream and vertical directions, as well as the ratios Kg/Ky
deduced from correlation measurements, depend systematically on
Ri. The trend of decreasing K;/Ky; with increasing stability was
confirmed, and the existence of a critical value of Rf supported, but
the absolute values were high compared with other experiments
(even in near-neutral conditions). The discrepancy can be attributed
to the development of the flow, which probably never reached equili-
brium and still depended strongly on the properties of the decaying
wakes behind the grid bars which produced the shear. Amuch larger
wind tunnel is needed to remove these ambiguities; recent develop-
ments in this field have been reported by Arya (1972).

5.3.4. Longitudinal mixing and advection

Another important property of the estuary flows described above is
the longitudinal spread of the region of mixing between the fresh
and salt water. When an estuary is not far fromthe well-mixed state,
and the fresh water flow is constant, the transition region can be

6 TBE
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described reasonably well using a one-dimensional diffusion equa-
tion, with a longitudinal dispersion coefficient which is determined
by the mean flow over a long time. The shape of the salinity dis-
tribution changes little in one tidal cycle, but just shifts back and
forth between low and high tide marks; the fresh water flow may
however change relatively rapidly, and this can give rise to difficul-
ties in evaluating the dispersion coefficient from observations, (See
Ward and Fischer 1971.) The model can be adapted to include flows
having considerable vertical salinity gradients, provided the
diffusivity (and certain other parameters specifying the boundary
conditions) are allowed to be empirical functions of Es defined by
(5-3-3)-

Physically it is clear that a strictly one-dimensional model is an
oversimplification. Firstly, the motions arising because the fresh
water tends to flow on top of the salt must play a role in any channel
which is not perfectly mixed. When this density driven flow is
accompanied or followed by vertical mixing, the result is an
apparent increase in the ‘longitudinal diffusivity’. The longitudinal
spread will be largest when the rate of vertical mixing is small, since
then the shear will have its maximum effect. (Compare this with the
result of Taylor (1954), who showed how the non~uniform velocity
profile enhances the longitudinal spread in a turbulent pipe flow.)
Secondly, Fischer (1972) has shown that the non-uniformity of the
velocity in the lateral directions, due to variations in depth, can
have an even larger effect on longitudinal dispersion than do the
vertical shears. The combination of small scale, vertically controlled
mixing with the mean horizontal shear is very effective because the
widths of estuaries are usually so much larger than their depths.

An experiment which isolates the effect of the density-driven flow
from that of the tidal motion bas been petformed by Harleman,
Jordan and Lin (1959). They stirred mechanically over the whole
length and depth of a large laboratory tank (to simulate mixing due
to many tidal excursions), and measured the horizontal concentra-
tion profiles as a function of time after a central barrier separating
fluid of different densities had been removed. With no density
difference the effective diffusivity K was approximately propor-
tional to the stirring velocity. When the density difference was 1 %,
the diffusivity (K’ say) was the same as K at high stirring rates, but
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K’ — K was inversely proportional to turbulent intensity over the
range of conditions they studied.

Most attempts at solving even a fully two-dimensional problem
have fallen short of being complete theories, but they can neverthe-
less provide a useful framework for the comparison of observations
and for the evaluation of the dependence of vertical and longitudinal
diffusivities on other parameters. A notable contribution is that of
Hansen and Rattray (1965), who surveyed the previous work and
themselves gave solutions which cover a wide range of observed
types of flow in an estuary. Using equations derived by averaging
over a tidal cycle, they distinguished modes of motion associated
with the mean fresh water flow, the differential motion due to
density gradients (and a third caused by surface wind stress, which
will not be discussed further here). Note that nearly uniform salinity
in the vertical does not imply the absence of gravitational effects;
especially in deep channels there can be a reversal of mean longi-
tudinal velocity with depth even with only slight stratification.
(See also Abbott 1960.)

Finally, it is instructive to present in this context the similarity
solution used by Phillips (1966 ) to describe the buoyancy-driven
circulation in an almost enclosed sea, such as the Red Sea. There are
some important differences and simplifications here: the flow can
be regarded as steady, and both the longitudinal density differences
driving it and the turbulent stirring are produced in another way, by
surface cooling and evaporation. If there is a sill (of depth d) far
from the origin, the flow has the form shown in fig. 5.14, inwards at
the surface and out again below, with little motion below the sill
depth. The surface density must increase with distance from the
entrance, while the density profiles must remain stable throughout.

The only external parameters defining the flow are the length-
scales x and d and the downward buoyancy flux B defined by (5.1.7),
which is assumed independent of position. The expression of B in
terms of the sensible heat flux H must now, however, be modified to
take into account density changes produced by the increase of
salinity S due to an evaporation rate E, i.e.

B= :ﬁ_g [(H—LE)%~ES] , (5.3.6)

6-2
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Fig. 5.14. Sketch of the streamlines in a convective motion driven by a
uniform surface buoyancy flux, with a sill of depth d far from a vertical
boundary at x = o. (From Phillips 19665.)

where L is the latent heat and « the coefficient of expansion. Using
dimensional reasoning with the constraints imposed by the
governing equations, Phillips showed that the longitudinal velocity
and the density distribution must have the forms

U = (Bx) f(%) , (5-3-7)

NP ‘
¢5 = Blsta(3). (5:3.8)

(Compare these with (5.2.2) and (5.2.3); dimensionally the argu-
ments are closely related.) There are no current data which allow
(5.3.7) to be tested, but measurements of the longitudinal density
variations in the Red Sea agree with the § power law predicted by
(5.3.8). Vertical buoyancy profiles scaled in this way all fall close to
a single curve, giving further strong support to the solution and per-
mitting the empirical evaluation of the dimensionless function j.
We should also note that in this kind of turbulent convective
motion the turbulence adjusts itself so that there is everywhere a
balance between the mean shear, the buoyancy and the Reynolds
stress terms: all are of the same order of magnitude. It follows from
(5.3.7) and (5.3.8) that the mean gradient Ri must be independent of
B and x (but it may still be a function of 2/d), and the same is true of
Rf. Inview of the prediction made in (5.1.23), one can speculate that
the case considered here is another kind of internally determined

flow, for which there will be unique constant values of Ri and Rf
(or K, /Ky,




CHAPTER 6

BUOYANT CONVECTION FROM
ISOLATED SOURCES

‘The buoyancy effects discussed so far have for the most part been
stabilizing, or have been assumed to produce a small modification of
an existing turbulent flow. Now we turn to convective flows, in
which buoyancy forces play the major role because they are the
source of energy for the mean motion itself. The usual order of
presentation will be reversed: it is convenient to set aside for the
present the discussion of the mean properties of a convecting region
of large horizontal extent, and flows near solid bodies, and in this
chapter to treat various models of the individual convective elements
which carry the buoyancy flux. (See Turner (1969 a) for a review of
this work and a more extensive bibliography.)

Such models can be broadly divided into two groups, those which
assume the motion to be in the form of ‘plumes’ or of ‘thermals’.
(See fig. 6.1.) In both of them motions are produced under gravity
by a density contrast between the source fluid and its environment;
the velocity and density variations are interdependent, and occupy
alimited region above or below the source. Plumes, sometimes called
buoyant jets, arise when buoyancy is supplied steadily and the
buoyant region is continuous between the source and the level of
interest. The term thermal is used in the sense which has become
common in the meteorological literature to denote suddenly released
buoyant elements. The buoyancy remains confined to a limited
volume of fluid, which, as it rises, loses its connection with the
source which produced it. Other models have some features in
common with both of these. (See §6.3.3 and fig. 6.1.)

Both plumes and thermals can be axisymmetric or two-dimen-
sional, and each case will be discussed here with varying degrees of
detail. The Boussinesq approximation will be used throughout,
neglecting (potential) density differences except where they occur in

[165]
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@ ®) ©

Fig. 6.1. Sketches of the various convection phenomena described in this
chapter: (@) plume, () thermal, (¢) starting plume. The arrows indicate
the direction of mean motion. (From Turner 1969a.)

the buoyancy terms. We will discuss the motion with buoyancy
taken as positive upwards, i.e. as if heated air were rising through the
atmosphere, though of course the direction of motion is immaterial
to the dynamics, and laboratory experiments often for convenience
use plumes of salt water descending through a tank of fresh water.

Most of the results described here are similarity solutions of the
kind described by Batchelor (1954 ). Dimensional arguments are
very powerful tools for investigating the overall properties of such
flows, and when combined with numerical values of parameters
obtained from laboratory experiments, they allow one to make
predictions-about the flow pattern and density distribution over a
very wide range of scales. Detailed theories of these motions are
much less well developed, however, and there are important natural
flows (e.g. large convective clouds—see §6.4.1) which are not
adequately described by similarity theory but for which there is at
present no alternative model.
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6.1. Plumes in a uniform environment

The major parameter governing the flow above a small axisym-
metric source of buoyancy can be defined as

F, = 27wawg'rdr, (6.1.1)
0

where @ is the vertical velocity, g’ = gp'/p, and r is the radial dis-
tance from a vertical line above the source. Thus p,F, is the total
weight deficiency produced per unit time at the source, and F, must
remain constant with height z in an environment of constant
density p, (though w will decrease and the radial lengthscale b
increase with increasing distance % above the source). Such flows
can stay laminar only for very low values of F,— even the plume from
a cigarette becomes unstable after rising a short distance—and
attention will be concentrated here on the practically more important
turbulent plumes.

6.1.1. Axisymmetric turbulent plumes

Basic to the understanding of all free turbulent flows is the process of
‘entrainment’ or mixing of outside fluid into the plume. It is
observed that (like jets) turbulent plumes have a sharp boundary
separating nearly uniform turbulent buoyant fluid from the sur-
roundings, as pictured in the photograph of fig. 6.za pl. x1v. This
boundary is indented by large eddies and the mixing process takes
placein two stages, the engulfing of external fluid by the large eddies,
followed by rapid smaller scale mixing across the central core. The
vertical velocity and the turbulence measured at 2 fixed point off the
axis have an intermittent character, since the plume is waving about
and a measuring instrument spends part of its time in the fully
turbulent fluid, and part outside it. Though an instantaneous profile
across a plume is sharp-edged, the time averaged profiles of velocity
and temperature are smoother, and can be well fitted by Gaussian
curves.

A detailed theory of the mechanism of entrainment (and a
comparison between different free flows) has been given by T'owns-
end (1970), but the above simplified picture is sufficient for the
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present purpose. The similarity of the profiles at all heights above
the source is the main assumption made here; no information is
obtained from similarity theory about their form, and the particular
choice made is a matter of convenience only. In the following we will
often use the simplest ‘top hat’ shape (i.e. the properties have one
constant value inside the plume, and another outside it). This is
equivalent to replacing the mass and momentum fluxes by mean
values defined as integrals across the plume, and does not imply any
physical assumption. The rate of spread is governed by the large
scale structure of the turbulence generated by the motion of the
plume itself, and the assumption of similarity means that this must
have the same relation to the mean flow whatever the scale of
motion. Provided the Reynolds number Re = wb/v is large enough,
neither the molecular properties v and « of the fluid nor Re itself
can enter directly into the determination of the overall properties
of a turbulent plume.

The parameters defining the behaviour of an axisymmetric turbu-
lent plume can therefore be taken as F;, 2 and ». A dimensional
analysis shows immediately that

w = Fo%zﬁ% 1(%) ,\

' 2 5o (¥
—
b= ﬁz, /

where £ is a constant to be defined for particular profiles. The
turbulent plume thus has a conical form, with apex at the source.
Such a point source is of course physically unrealistic, since (6.1.2)
implies that both @ and g’ become infinite as z—o0. At some dis-
tance above a real source, however, the flow behaves as if it came
from a ‘virtual point source’ below, and the point source remains a
useful theoretical concept, provided (6.1.2) are applied to plumes
which rise to a height of many diameters above the source.

The actual form of f; and f, must be obtained using either more
detailed theories (all of which entail some questionable assumptions
about the turbulence distributions across the plume), or directly by
experiment. For example, the experiments of Rouse, Yih and
Humphreys (1952), made using a heat source in a large room, both

f (6.1.2)
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Fig. 6.3. Mean isotherms (left) and streamlines (right) for turbulent
convection from a maintained point source. The numbers on the iso-
therms are relative values of Ap/p,, and those on the streamlines are
relative values of the Stokes stream function (from Rouse, Yih and
Humphreys 1952).

confirmed the above forms of dependence on 2 and indicated that
the mean profiles were closely Gaussian. The results can be
represented to the experimental accuracy by

w = 47F x exp( —9672/22),} (6.1.3)

g = 11F#z¥exp (—71r%/22).

The corresponding mean isotherms and streamlines in the plume
are reproduced in fig. 6.3; these show that the width of the region
containing turbulent buoyant fluid is always expanding, but the
visible region (containing concentrations above a certain minimum
in a plume marked by smoke, for example) will at first expand and
then contract and disappear. The value of £ found experimentally
(and used in the plot) will be discussed in the next section. Note that
(6.1.3) implies a slightly greater (mean) spread of buoyancy relative
to momentum.

The above solutions show that there is a flow from the environ-
ment into the turbulent plume, since the mass flux is clearly in-
creasing with height. This radial flow at large 7 is not taken into
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Fig. 6.4. Streamlines for inflow into a plume rising from a point heat
source located on the horizontal boundary or in the interior of a large
region of uniform fluid. (From Taylor 1958.)

account in (6.1.3) which refer only to the narrow region of strong
vertical motion, but it may be found using a2 method introduced by
Taylor (1958). As far as the external fluid is concerned, a plume (or
jet) can be replaced by a line of sinks along the axis, and the inflow
calculated approximately by potential flow theory. The sink dis-
tribution must be chosen to match the calculated inflow at each level,
and varies with the kind of flow; for axisymmetric buoyant plumes,
the increase in mass flux with 2 implied by (6.1.2) gives a sink
strength proportional to 8. The forms of typical streamlines
computed for the two cases where the point source is on a plane, or
in the middle of an unbounded region of uniform fluid, are repro-
duced in fig. 6.4; they show that the fluid entering the plume may
have come from very different parts of the environment, according to
the shape of the region in which convection is taking place.

6.1.2. The entrainment assumption

As Batchelor (1954 @) pointed out, this increasing vertical flow in a
plume also implies that there is a mean inflow velocity across the
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boundary which varies as 3. That is, the linear spread of radius
with height implies that the mean inflow velocity across the edge
of the plume is proportional to the local mean upward velocity
(6.1.2). This statement, regarded now as the basic assumption, was
first introduced by Sir Geoftrey Taylor, and was used by Morton,
Taylor and Turner (1956) to discuss cases where similarity solutions
of the above form do not exist. It is in fact another type of similarity
assumption, which implies that there is the same kind of turbulent
structure and balance of forces at each height. It is simple and
powerful, and is to some extent justified by its success in a variety of
contexts, but its range of validity must always be examined care-
fully. It has been argued by Morton (1968), for example, that for
flows where the equilibrium structure has not been attained, the
entrainment should be related not to the mean velocity but to the
Reynolds stress, and Telford (1966, 1970) has proposed that the
local level of turbulence should be used as the velocity scale. The
detailed analysis of the entrainment process by Townsend (1970)
shows that none of these is precisely satisfied, but nevertheless
they remain useful approximations.

When the simplest entrainment assumption is made, so that the
inflow velocity is taken to be some fraction & of the upward velocity,
the equations of conservation of mass, momentum and buoyancy
can be reduced to the form

dem) _ L
dz o
d(b%z*) o
5 = (6.1.4)
d(b*zg") oA

The neglect of a pressure term in the second of these equations can
be rigorously justified provided the plume remains narrow. With.a
later use in mind, an arbitrary density variation in the environment
has been allowed for; g’ = g{p,—p)/p is calculated using the local
density difference between the plume p and its environment p,
at the height = and some standard density p; in the environment,
and N? = (—g/p,)(dpy/dz) is the square of the local buoyancy
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frequency. The velocity @ and width b are defined by integrating
the mass and momentum fluxes across the plume:

wWh? = jmw(r)rdr, w2 = fw'wz(r)rdr, (6.1.5)
0 0

i.e. an equivalent ‘top hat’ profile is implied in (6.1.4).

When the environment is of uniform density, IV = o, so the
third equation in (6.1.6) is a formal statement of the fact that the
buoyancy flux is constant, b?@wg’ = Fy/m = F say. The solution of
the other two equations, with the boundary conditions that the mass
and momentum fluxes are zero at the source, is entirely equivalent
to the similarity solution (6.1.2). The multiplying constants such as
f are now, however, all given explicitly in terms of the ‘entrain-
ment constant’ &:

) (6.1.6)

Allowance can be made for different widths of the velocity and
buoyancy profiles with little increase in complication.

It will be seen later (§6.4) how other more general kinds of
plumes, having different rates of variation of buoyancy with height,
can be treated by the same method. For the present it will suffice to
comment on two of the consequences of the equations (6.1.4),
which hold regardless of the form of V(%) and g’. The mass con-
tinuity equation implies that the proportional rate of entrainment or
change of mass flux (or, in the Boussinesq approximation, the
volume flux V) is inversely proportional to the radius, i.e.

V=YdV/[dz) = 2«/b. (6.1.7)

The first two equations may be combined to express the rate of
spread as

db/dz = 200 — (bg' [2707). (6.1.8)

Thus the half angle of spread (¢«) of a plume in a uniform environ-
ment is proportional to the entrainment constant, but is less than
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the angle 2« for a non-buoyant jet (with g’ = o), for the same value
of «. (See fig. 6.5, which is discussed further in the following
section.)

The numerical value to be chosen for o cannot be obtained
theoretically (though comparisons between different kinds of flow
have been made), and it must be taken from laboratory experiments.
Morton (19595) adopted a value of 0.116 for top hat profiles, based
on measurements in non-buoyant jets (for Gaussian profiles, if the
scale of = is defined to be the velocity on the axis, and b the radial
distance to the point where the velocity is reduced by a factor e,
then it follows from the definitions (6.1.5) that the correspond-
ing entrainment constant otz = 27%).

Ricou and Spalding (1961) have found a value of « for jets closer
to 0.08; they used a direct method of measuring the inflow which
avoids the errors introduced by integrating across measured profiles.
Their experiments also suggested that the entrainment constant
for buoyant plumes is somewhat greater than for jets. A value of
o = 0.12 for plumes is deduced from the profiles (6.1.3), but direct
results of comparable accuracy to those in jets are not yet available
for plumes. Since « does not enter sensitively into many calculations,
a fixed value of say & = 0.10 (or atg = 0.07) might be adopted in all
cases until more definitive measurements become available.

6.1.3. Forced plumes

Although it is often useful to interpret observations on plumes from
finite sources in terms of one arising from an equivalent virtual
point source of buoyancy alone, it is not necessary always to do so.
The equations (6.1.4) can be solved with any initial values of radius
and velocity (always bearing in mind the reservations about the
validity of the entrainment assumption in the ‘developing’ part of
the flow). Another important case is the turbulent flow generated by
a finite source which emits fluxes of mass and momentum at a
steady rate, as well as buoyancy. Morton (19594) has shown that
this general flow, which he has called the forced plume (and includes
non-buoyant jets and pure plumes as special cases) can be related
to the flow from a virtual point source of buoyancy and momentum
only.




"

174 BUOYANCY EFFECTS IN FLUIDS

1o T T 7
/
/
Plume ,
8L y 4
/b
/
/ P
/ /
6 y , .
z /
et s
/ J/
/ s
7/
4»—- —
/ //
/
y /
S
Y/ :
/
/
1 1 )
o 2 4 6
by, wy

Fig. 6.5. The behaviour of a forced plume in a uniform environment,
showing the non-dimensional radius b, and vertical velocity z, as functions
of height. The initial spread is like a jet, but later approaches that charac-
teristic of plumes. (From Morton 1959a.)

T'wo physical parameters are now specified at the source, the rates
of discharge of buoyancy p; F, and momentum p,; M, say. All the
variables of the problem can be scaled in terms of these, and one can

write
2 = a=d M| By s,
b= “%]MOI%IE)I—%D (6.1.9)
@ = o~ M| E Fy[Buwy,

where 2,, b; and w, are non-dimensional variables. The equations
(6.1.4) reduce to a non-dimensional pair in the variables (b, %,) and
(b,2w,), with boundary conditions b, 2, = + 1and b,*w; = catz = o.

This formulation includes the possibility that F and M, can have
either sign; two cases will be discussed as examples, When both the
buoyancy and momentum fluxes are directed upwards, the non-
dimensional solutions for radius and velocity are shown in fig. 6.5.
The rate of spread is at first like that in a pure jet, but as the momen-
tum generated by buoyancy dominates over the initial momentum,
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Fig. 6.6. Sketch of the up and downflow regions in a heavy salt jet pro-
jected upwards. The outer boundary is approximately to scale, but the
inner boundary is schematic only. (From Turner 1966.)

the spread (for given a, of course) becomes smaller and approaches
that of a plume. This behaviour must be kept in mind in any experi-
ments designed to measureot in plumes, since any extra momentum
at the source could have an effect that might be interpreted as a
larger . It will also be of importance in a stable environment
(86.4.3)

When the source fluid is Aeavier than the environment, but its
initial momentum is upwards, then the momentum is continually
being decreased by the buoyancy forces, until it becomes zero and
then begins to increase downwards. The solution of the equations
derived from (6.1.4) can be used to estimate the maximum height to
which fluid first rises, but after that the model becomes unrealistic.
Experiments (Turner 1966) show that in this case the heavy fluid
falls back in an annular region surrounding the upflow (see fig. 6.6),
and the simple theory does not allow for the mixing between the two
streams moving in opposite directions. It is observed, however,
that in the steady state the plume top fluctuates slightly about a
height 2 which isa constant fraction (0.70) of that to which it first
rises, and experiments using salt water injected into fresh have
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confirmed the relation =, = 1.85 M iF,~%, which is the form to be
expected from (6.1.9).

There is a useful alternative interpretation of these results,
which is related to the analysis given in §6.2.2. In an actual experi-
ment fluid is ejected from a nozzle of radius r, with velocity U, so
My = mr2Uy2 and Fy = 7g," 7,2U,. For the experiment with heavy
fluid, the maximum height 2, may be written as

*m o o

7o (g'To)
That is, the ratio of the height of rise to the radius of the nozzle is
directly proportional to an internal Froude number F based on the
initial properties of the negatively buoyant jet.t The Froude
number is also relevant, of course, in the case where both buoyancy
and initial momentum are directed upwards. A pure plume in
neutral surroundings has a particular constant value of the Froude
number (with the definitions and scaling used in (6.1.6), this is
(8x)%, but the actual value is less important than the fact that it
exists). If fluid is ejected from a finite source with this value of 7,
it will behave exactly like a plume originating from a point source
below; if it comes out with different properties, these will change
so as to approach the value of F appropriate to a plume. A jet-
like flow initially has F—oo and gives the most rapid mixing of an
effluent with its environment, whereas a plume accelerating fluid
from rest (¥ = o at the source) results in a more rapid removal of
plume fluid from the neighbourhood of the source.

= F = Riyt. (6.1.10)

6.1.4. Vertical two-dimensional plumes

Analogous results can be obtained for line sources of buoyancy in
uniform surroundings, using similarity arguments (based now on
the buoyancy flux per unit length, p, 4 say) or the equivalent en-
trainment assumption. The rate of spread of the transverse dimen-
sion x is again linear with height, and the profiles nearly Gaussian;
dimensional arguments show that the velocity scale is independent
of height 2 and the density difference varies inversely as z. The full

1 The use of the same symbol F for Froude number and buoyancy flux
is unfortunate here; in no other section do they occur together.
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solutions, with the profile shapes suggested by the experiments of
Rouse, Yih and Humphreys (1952) are

w = 1.84%exp (— 32x%/2%),
, . } (6.1.11)
g = 2.64%zLexp ( —41x%/22).

The accuracy of such experiments is not high enough to be sure
that the suggested greater spread of velocity relative to buoyancy is
real, and indeed the waving about of these plumes makes the
estimate of an entrainment constant from the profiles very inac-
curate. A direct estimate of entrainment is available here too (from
the experiments of Ellison and Turner (1959) which will be de-
scribed more fully in the following section}); these give the value of
o = 0.08 for top hat profiles. |

Line plumes arise in several applications of practical importance.
Priestley (1959) has suggested that the sources of warm air near the
ground get drawn out into lines down wind, so that typical convec-
tion elements are like two-dimensional symmetric plumes. Artificial
plumes formed by lines of burners have been used in attempts to
disperse fog from aircraft runways. Examples in the ocean are the
discharge of sewage from a manifold laid on the bottom, and the
‘bubble breakwater’ invented by Sir Geoffrey Taylor. This last
example arose from the suggestion that if a curtain of air bubbles is
forced from a horizontal pipe some distance below the surface of
the sea, then waves will be damped by the surface outflow of water
driven upwards by the bubbles. The point of interest here is that
the flux of density deficiency due to the small bubbles can be
treated in exactly the same way as that due to fresh water rising
through salt water, or to heat in a turbulent plume in air, since in
each case the molecular diffusivity is irrelevant. The relevant flux
can be calculated from the total volume of air released ; if the bubbles
are rising at terminal velocity, the whole of ‘their buoyancy is
transmitted to the water around them, and provided they are small
they are transported about by the turbulence in the plume. In the
same way sediment, if its concentration is not too great, can drive
‘turbidity currents’ by changing the buoyancy of the water con-
taining it. This last example will be treated at'greater length in the
following section.
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6.2. Inclined plumes and turbulent gravity currents

We now come to a phenomenon which can be regarded as a general-
ization of the one just treated —a two-dimensional turbulent plume,
but now on a slope at an arbitrary angle 6 to the horizontal (see
fig. 6.7). Related topics have already received some attention, the
frictionless flow of a heavy fluid under a lighter one, and its relation
to hydraulic theory in chapter 3, and the laminar viscous flow and its
stability in chapter 4. The new problems introduced when the flow
is turbulent and can mix with the environment, assumed to be non-
turbulent, are of sufficient importance to require extra discussion
here. There is also a close connection with the turbulent stratified
flows mentioned in § 5.1, whose discussion we have deferred till this
section so that both the driving and the stabilizing aspects of the
density gradients could logically be considered together.

There are many situations in nature where such flows can arise.
Katabatic winds in the atmosphere occur when air cooled by con-~
tact with cold ground flows downhill. Similar currents arise in the
ocean, for example when cold water from Arctic regions flows along
the bottom under warmer water. Heavy layers can also be formed
because of the extra weight of suspended solids; turbidity currents
in the ocean (Johnson 1963) and ‘density currents’ in reservoirs
arise from this cause. In the atmosphere too, some dust storms
and powder snow avalanches are driven by the weight of the
suspended material (see fig. 3.14 pl. vI) though in these cases the
advance of the ‘front’, or leading edge of the disturbance, is of
more importance than the steady flow behind. Gravity currents can
equally well be formed by a lighter layer under a sloping roof, as in
the example of a layer of methane flowing along the roof of a mine,
which was mentioned in §5.3.3.

6.2.1. A modified entrainment assumption

When a two-dimensional plume, or gravity current, isinclined to the
vertical there will be a component of gravity acting normal to the
entraining edge, so that gravity will inhibit mixing into the plume as
well as driving it along the slope. A measure of the stabilizing effect
of the density gradient relative to the shear is again an overall
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Fig. 6.7. Sketch of a gravity current on a slope, with an
initial head followed by a steady layer flow.

Richardson number, which can be defined for the present purposes

as . ghcosO Acost

Riy = I
where U is the mean velocity down the slope and % the depth,
defined by integrals analogous to (6.1.5)

(6.2.1)

Uh = J " udz, Uh= f ® 2 ds, (6.2.2)
0 0

and 4 = g’hU is the buoyancy flux per unit width (cf. §5.3.2).

The new assumption required when the plume is inclined
(Ellison and Turner 1959) is that the entrainment parameter is not
now the constant & appropriate to vertical plumes, but that it can be
a function E(R%,) of the Richardson number (6.2.1). If the assump-
tion of similarity of profiles is retained, relations of the form (6.1.11)
will apply, but with the magnitudes modified because of the slope.
Gravity currents will still spread linearly with distance x, their
mean velocity will be constant and proportional to A%, and the
density difference will be inversely proportional to x.

The mass continuity equation (with the ambient fluid at rest) is

d(Uh)
dx

where E is now a function of Ré,. In the simplest case, when one can
follow the method used for vertical plumes and regard bottom
friction as unimportant compared with the stress at the edge due to
entrainment, the momentum equation is just

d(U%h) . . T
4 £ hsin6. (6.2.4)

=EU, - (6.2.3)
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(For the moment a ‘ profile constant’, which could arise because of
the form of the density distribution, is ignored.) It follows from the
last two equations that for a flow dominated by the turbulent en-
trainment

E = Riytand. (6.2.5)

Thus E is a strong function of slope, and is zero (except for the
effects of bottom friction) at a finite value of R, when the bed be-
comes horizontal.

6.2.2. Slowly varying flows
In the general case, the momentum equation can be written

d(U) 1d(S,g'hcosb)

— 2_ ‘B si
e CpU 2 e +S, g'hsinb, (6.2.6)

where Cp, is the drag coefficient (cf. (3.2.7)), and S; and S, are profile
constants defined by integrating across the plume. The terms on the
right represent respectively the turbulent frictional drag on the
bottom, the pressure force on the layer due to its changing depth
(a term which was ignored in (6.2.4) and which is relatively less
important), and the force of gravity accelerating the layer. If any
variation of S;, S, and & with x is neglected (6.2.6) can be combined
with (6.2.3) to give separate equations for d#/dx and d Ri;/dx. These
are: |

dr (2—%S1Ri0)E—S2Ri0tan0+CD, (6.2.7)

dx 1—S; Ry,

h_dRi, (1+35) Rig) E—S,Riztan0+Cy (6.2.8)
3Ri, dx 1—.S, Ry, ' o

Equation (6.2.7) adds the effects of mixing to those earlier con-
sidered in deriving (3.2.8) using the ‘hydraulic’ assumptions. In
the previous case, however, & and Rz, (or F') were directly connected
through the equation of continuity; there was a certain depth at
which R, = 1 and another depth for which d#/dx = o, dRi,/dx = o.
In the present case where mixing can take place, the behaviour of
Ri, is little different from that in ordinary hydraulics, but % is no
longer connected uniquely with it. There is a particular value of
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Ri, called the normal value Ri,, determined by the slope and also by
friction, for which the right-hand side of {6.2.8) vanishes and Rz,
is constant along the slope; to determine Ri; one must therefore
know S; and S, and use measured values for £ as a function
of Ri,.

The analogy with hydraulic theory may be pursued further. The
forms of solution of (6.2.7) and (6.2.8) depend on the relative
magnitudes of S; Rz, at the origin, S; Ri, and 1. The distinction can
still be made between tranquil (subcritical) flow in which S; Rz > 1
and the velocity of long internal waves on the layer is greater than
the flow velocity, and shooting (supercritical) flow in which
Sy Riy < 1 and disturbances are unable to propagate upstream.
Experimentally, it appears that entrainment becomes small at
Riy ~ 1, so that all flows on small slopes may be treated approxi-
mately as if they did not mix (as was done in chapter 3). At the other
extreme, on steep slopes both S; R, and S; R7, are less than unity,
and the flow is supercritical throughout. The adjustment to the
‘normal’ state is quite rapid; if the flow starts too slowly, gravity
accelerates it, and if it starts too fast, increased mixing occurs until
Ri approaches Rz,,. At this time the spread is linear with

%‘c — E(Ri,). (6.2.9)

6.2.3. Laboratory experiments and their applications

The form of the entrainment function E(Ri;) must, as in the case of
the entrainment constant for vertical plumes, be found by experi-
ment. T'wo kinds of laboratory experiment have been used. The first
consists of a horizontal turbulent surface jet above a heavier fluid,
or a bottom current on a horizontal floor under a lighter layer, which
is started with high velocity and low R%, (and therefore in a ‘super-
critical’ state). As it mixes and spreads out, its Richardson number
increases towards a value where the flow is subecritical, and by
assuming local equilibrium, E can be evaluated from the rate of
spread at a number of intermediate values of Riy; the most im-
portant feature is a rapid fall of E with increasing Ri,. (See fig. 6.8.)
The relation between the velocity and depth during this process is
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Fig. 6.8. Rate of entrainment into a turbulent stratified flow as a function
of overall Richardson number, for two types of experiment described by
Ellison and Turner (1959), and the experiments of Lofquist (1960).

obtained by integrating the momentum equation (6.2.6) with
0 = o, Cp = o to give (when §; = 1)
h(x + 1 Ri,)
Ri 3

Wilkinson and Wood (1971) have shown that it is useful to inter-
pret this region of flow adjustment as a kind of hydraulic jump, in
which some of the kinetic energy lost from the mean flow is respon-
sible for mixing. There is the important difference that the flow con-
ditions on each side of the mixing region are not now uniquely
related; a range of possible states can be attained downstream (for
given values of £ and Ri, upstream), depending on the nature of
the downstream control. The maximum total entrainment occurs
when Ri, = 1 downstream (or rather less when .5; and S, are
included), by which stage E'has become negligible. If the flow down-
stream is controlled by a weir whose height is gradually increased,
Ri, increases, a region of reversed flow moves upstream and the
total mixing is reduced, until the jump is completely submerged and
there is no entrainment at all. (See fig. 6.9 pl. x1v.) In the unsteady

= const. (6.2.10)
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Fig. 6.10. Measurements of entrainment into an inclined plume as a
function of slope. (From Ellison and T'urner 1959.)

case, when the layer flow is preceded by a nose, the front of the flow
itself acts as a control which keeps Ry, close to unity. (See §3.2.4.)

The second kind of experiment is the one illustrated in fig. 6.7,
the inclined plume of salt water on a slope, to which the theory
applies more directly. Here a steady plume can be set up, and the
inflow of fresh water necessary to make up for the entrainment is
measured as a function of slope. The results obtained in this way by
Ellison and Turner are shown in fig. 6.10; the general dependence
of E on slope is clear, but there is considerable experimental scatter
attributed to the fact that the Reynolds number was not always
large, and alayer of heavy fluid near the wall could sometimes remain
non-turbulent. ‘

The mean experimental results for E as a function of Rz, are
plotted on logarithmic scales in fig. 6.8. At the smaller values of Rz,
the surface jet results and those for inclined plumes obtained by
Ellison and Turner are seen to be in good agreement. At the higher
values of Rz, the curve is that due to Lofquist (1960), who studied
an undercurrent on a much larger scale. Since this was maintained
in a turbulent state by bottom friction, some measure of the rough-
ness must also be a relevant parameter here. The two sets of results
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do seem to be consistent with one another (though there is a gap not
covered by any experiments), and with the assumption that a.
stability parameter like Ri, is the major factor determining the
entrainment rate in both cases. We must, however, sound here the
warning that at high values of Ri, molecular diffusion may play a
significant role in the mixing process (see §9.1.3).

The laboratory results may be used confidently to make pre-
dictions of the velocity of flow of a larger scale turbulent gravity
current on a steep slope. All that is required is an estimate of the rate
of output of light or heavy fluid A; small changes in Rz, due to
Reynolds number effects or changes in friction coefficient are un-
important since U is proportional to (4/Riy)%. (The constant of
proportionality can be obtained as a function of slope from the
laboratory experiments.) At low slopes, E becomes very small so
that even at large Reynolds numbers there should be negligible
friction at the interface. The weight of the layer must then be
balanced solely by friction at the solid wail and

SZ%sinB = (. {(6.2.11)

On intermediate slopes, both entrainment and bottom friction may
be important in determining the friction and flowrate.

The results of the previous section can easily be extended to
calculate the opposing (non-turbulent) flow U, which would be
required to reverse a gravity current, for example, the magnitude of
the upper wind which could destroy a katabatic wind at the surface,
or the ventilating flow needed in a mine to prevent a dangerous
layer of methane flowing uphill along the roof of a sloping roadway
(see §5.3.3). If U now denotes the difference between the layer
velocity and the external flow (with Rz, again defined using U), the
buoyancy flux becomes 4 = g’h(U+U,), and the ‘normal’ state is

described by the following generalization of (6.2.8):
2
@ﬁgﬂ sgn(U+U,).
(6.2.12)

Note that the last term (the drag) depends on the sign of (U+U,),
the velocity of the layer, which may be in either direction, with or
against U,. '

. U .
(I —I—%SIRZO—IT-_I—_—U&) E = S,Rijtan0—Cyp
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Fig. 6.11. Calculations of the velocity (U+ U,) of an inclined plume
entraining a moving ambient stream of velocity U,. The empirical relation
from fig. 6.8 has been used, and curves are shown, for two slopes and two
friction coefficients. (From Ellison and Turner 1939.)

For given values of 8 and Cp and experimental values of E(Ry,),
(6.2.12) may be solved numerically to give (U + U,)/ 4% as a function
of U,/ A%, i.e. the non-dimensional layer velocity as a function of that
in the ambient fluid, as shown in fig. 6.11. When U, opposes the
natural flow and is greater than about 34% (twice the downhill layer
velocity in the absence of an opposing flow), the direction of layer
flow can be reversed. The numerical constant varies only slowly with
slope and friction coefficient, and this value has been verified by
direct laboratory experiment. The Richardson number and hence
the entrainment function and rate of spread do vary more markedly
as the slope is changed. Small values of Ri; are relevant when the
ambient flow is acting against gravity, whatever the magnitude of
the slope, and the greatly increased mixing and stress in this state
accounts for the sudden reversal of direction which is often ob-
served. (Compare with §3.2.4.)
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6.2.4. Detailed profile measurements

Though the experimental tesults of Ellison and Turner (1959)
reported above were designed originally to obtain an ‘overall’
understanding of inclined plumes or bottom currents, they are
sufficiently detailed to allow in addition an interpretation in terms
of the local gradients. At moderately steep slopes the stress depends
mostly on the entrainment at the outer edge of the layer and little on
bottom friction (6.2.6). The turbulence effecting the entrainment is
therefore produced in the same region as it is used to do work against
buoyancy forces, and in this respect the flow is like the wakes dis-
cussed in § 5.3. Because of the component of gravity which tends to
accelerate the flow if the stress becomes too small, one might expect
in addition that this outer edge could be maintained in a marginally
stable state. The theoretical argument of §5.1.4 can be recast in
terms of the local velocity and buoyancy differences across the edge
of the plume to give
du T ogdp g\

' -CTZ = klA_g_U’ E'd—z = kZ(K—D:) . (6213)
Again it predicts linear profiles, essentially because no external
lengthscale is relevant here.

Examination of the detailed measurements (such as those in
fig. 6.12) shows that the outer edges of both the mean velocity and
salinity profiles are indeed very closely linear. The whole of this
outer region can be characterized by a single gradient Richardson
number (corrected for the slope). For fifteen experiments in which
reliable profiles were measured (with @ = 14° and 23°) the range of
values of Ricos 0 was 0.044—0.077, with a mean value of 0.058. To
the accuracy of the experiments they therefore support the existence
of a critical gradient Richardson number, less than o.1, at which
turbulence is strongly damped.

6.3. Thermals in a uniform environment
6.3.1. Dimensional arguments and laboratory experiments

Similarity solutions can also be written down to describe the motion
of axisymmetric thermals, or suddenly released regions of buoyant
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Fig. 6.12. Typical profiles of (a) velocity and () density in an inclined
plume on a slope of 14°. (From Ellison and Turner 1959.)

fluid, as they rise and mix with their surroundings of constant
density p,. (It should be noted immediately that such solutions are
less likely to be strictly applicable to real flows than is the case for
plumes, since thermals typically grow to only a few times their
original diameter and therefore do not have time to adjust to an
equilibrium state.) Underlying these solutions is the assumption of
similar distributions of velocity and buoyancy relative to the moving
centre, and the sole parameter governing the motion is the total
weight deficiency or buoyancy say Fy, = g(p,—p)V;/p,, where p and
Ij are the initial density and volume of source fluid. The solutions
for the typical horizontal dimension 74, the mean vertical velocity w
and g’ in terms of powers of x and Fy, (which is a constant in uniform

surroundings) are
Te = A3,

w= F*%z_lfl(i) ’

Ty

r

(6.3.1)

r
' :F -3 .
& * % fz("#) J
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‘The profiles are functions of the vector position r, which have so far

only been obtained by experiment.

Scorer (1957) checked various consequences of this solution in
laboratory experiments, using thermals of heavy salt solution falling
through fresh water. He expressed his results in terms of the direct
relation between the velocity w, = dz¢/df of the cap of the thermal,
the extreme horizontal radius b, and g’ as

we = C(g'b)%, (6-3.2)
and also verified that '
boctt and weocid (6.3.3)

which follow by writing (6.3.1) in terms of time instead of height.
He found that the typical shape of thermals is a slightly oblate
spheroid, withm = 7/b® = 3. In any given experiment C (which has
the form of a Froude number—compare (6.1.12)) and a (= b/z.)
remain constant with time, but there can be large variations in angle
of spread from one experiment to another; the mean values given
were C = 1.2 and « = 0.25. It can be shown (Turner 19645) that
there isin fact a relation between C'and &, which is determined using
only the shape of the thermal and the assumption of a potential flow
around it, without requiring any information about the flow inside.

More detailed experiments have shown that the mean motion
inside a thermal does remain approximately similar at all heights
and is rather like that in a flattened Hill’s spherical vortex, with an
upflow at the centre (in a rising thermal) and descent near the
edges (see fig. 6.13 pl. xv). The kinematic consequences of applying
the exact spherical vortex model are illustrated in fig. 6.14. The
surrounding flow is instantaneously the same as that in a perfect
fluid round a solid sphere, but superimposed on this is a constant
rate of inflow across the sharp boundary separating the turbulent
interior from the surroundings. No ‘skin friction’ is possible here
because any boundary layer is immediately incorporated into the
thermal; the only drag arises because of the external fluid which
must be accelerated from rest, either by being added to the thermal
or displaced around it. The figure shows both the particle paths
relative to the boundary and the shapes into which originally
horizontal surfaces are distorted as the vortex overtakes them.
Mixing may be enhanced at the front where the entrained fluid is
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4

Fig. 6.14. The motion of particles into an expanding Hill’s spherical
vortex (right) and the distortion of initially horizontal planes of fluid (left)
plotted in coordinates in which the spherical boundary is fixed in size.
The tangent of the half angle of spread is & = }. (From Turner 1964a.)

swept sideways in a thin layer (because the density contrast is
statically unstable there), but there is also a broader region of inflow
at the rear. Another result, which follows when the explicit spherical
vortex velocity profiles are added to the similarity solutions, is
worth a mention here. Only a fraction (%) of the work done by
buoyancy appears as kinetic energy of mean motion, distributed
between the ‘solid’ forward motion (§), the internal circulation (%)
and the displaced external fluid (&;); the balance (%) must go into
turbulence and is eventually dissipated. (See Turner 1972.)

6.3.2. Buoyant vortex rings
A thermal released from rest can be regarded as'a special case of a

buoyant vortex ring ("T'urner 1957). For a thermal, the circulation is

generated entirely by buoyancy, whereas in a vortex ring the initial
buoyancy F, and circulation K, can be specified separately at the
source. When a volume of buoyant fluid is forcibly ejected upwards
into uniform surroundings at rest, a vortex ring is formed in which
both the vorticity and light fluid are contained within a sharp core.
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"This can either be laminar, and have a constant volume, getting

thinner as the ring expands sideways, or turbulent, in which case the
radius of its cross-section increases and remains nearly proportional
to the radius R of the ring. (See fig. 6.15 pl. xv.) The cores are,
however, carrying along with them a spheroidal region of non-
buoyant fluid, rather like a thermal in shape.

One can take a circuit passing along the axis of the ring which
contains only particles of fluid of constant density, so the circulation
K,oc wR will remain constantin time. (This is true also for thermals,
from the solutions (6.3.1). In that case it can be explained in terms
of the balance between the generation of vorticity by buoyancy along
the axis, and its destruction by mixing of vorticity of opposite signs
across the centre-line.) The total impulse P of a vortex and its
surroundings is

P = npK,R2 (6.3.4)
If we suppose that this is being increased by the action of the
constant buoyancy force F, then the momentum equation may be

written as dp dR2
T = "PKo—g; = PFs (6.3.5)
which gives R—Rj = f };’; (6.3.6)

With the additional assumption that the velocity distribution
remains similar at all heights, so that w = ¢K /R, it follows that

R=qaz= 275202 2. (6.3.%)
Thus the angle of spread of a vortex (and the special case of a
thermal) is proportional to Fy /K% The release of a thermal from rest
generates, during the process of acceleration, a relatively small
value of K and therefore a large angle of spread. Small differences
in the manner of release can produce a different K, and a range of
different angles, but once the similarity state is attained F/K,?
stays constant. Increasing K, for a given F,, (by giving extra momen-
tum at the source) leads to a smaller angle of spread and hence less
mixing with the environment. This is a very different behaviour
from that of plumes, where extra momentum was seen to make
the flow more jet-like and the spread greater (see fig. 6.5).
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It is sometimes useful to formulate the dynamics of thermals and
buoyant vortex rings in terms of the entrainment assumption
(though as we have seen above, the total rate of addition of external
fluid follows from a consideration of the overall dynamics, without
mentioning the detailed mixing). If the inflow velocity is assumed
proportional to the mean upward velocity of the centre @, and to the
surface area, then one obtains a set of equations analogous to
(6.1.6), which for a spherical thermal are

dB3/dt = 30bPw,,
d(B%w,)/dt = 3%, (6.3.8)
d(b%")/dt = — b, N2,

In writing these forms the thermal has been treated as if it were a
well-mixed sphere and the ‘ virtual mass coefficient’ appropriate toa
sphere has been used, but only the multiplying constants will be
changed if the properties are defined by integrating over observed
distributions.

The first of (6.3.8) shows immediately that b = az, i.e. the
entrainment assumption plus the equation of continuity alone
implies a linear spread (whatever the properties of the environment);
moreover for a spherical thermal the entrainment constant and the
angle of spread are identical. (Contrast this result with (6.1.8).)
If V is the volume of the thermal, it also follows that

pS = 3%, (6:3.9)

As for plumes (6.1.7) the proportional rate of entrainment depends
inversely on the radius, but the rate of dilution of a thermal is much
larger than it is for plumes, since « is larger.

6.3.3. ‘ Starting plumes’ -
As mentioned in the introduction to this chapter, and sketched in
fig. 6.1, a phenomenon related to both plumes and thermals is
observed when a steady source of buoyancy is suddenly turned on,
producing what has been called a ‘starting plume’. This flow pattern
stays similar at all times, but with increasing size; well behind the
front the motion is just that in a steady plume, and at the front it is
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like a thermal. (See fig. 6.16 pl. xv.) At first sight it seems unlikely
that these flows could stay together, since the velocity dependence
on height in (6.1.6) and (6.3.1) is quite different; but the appropriate
thermal solution is not that for constant total buoyancy, since aliow-
ance must be made for the buoyancy and momentum fed into the
cap from the plume behind. Here it is appropriate to use Gaussian
profiles in the plume since this form gives a good match to that at
the bottom of a spherical vortex.

With these modified assumptions one can obtain a detailed
understanding of the similarity solution near the cap in terms of the
separate plume and thermal dynamics, using the vortex ring equa-
tion (6.3.5) (Turner 1962). Again, certain parameters have only
been obtained by experiment. The cap spreads with a half angle of
&y = 0.18 (defined as the maximum radius divided by the corre-
sponding height), much less than the mean value of ¢, = 0.30 de-
fined in the same way for ordinary thermals, To preserve similarity
the cap velocity must follow the power law appropriate to a plume,
and it has a mean value of 0.61 times the velocity at the centre of the
established plume at the same height. Although it may look like an
isolated thermal from above, a plume cap dilutes only about one
third as rapidly for a given size, because about half the fluid entering
it comes from the plume below. The density difference will follow
the plume dilution law, rather than that in a thermal.

6.3.4. Line thermals and bent-over plumes

Two-dimensional thermals have also received some attention, and
they have a practical significance, since a section of a plume bent
over by a (non-turbulent) wind will behave rather like a line thermal
(provided we are able to ignore the differential velocity in the down-
wind direction which caused the plume to bend over in the first
place). Richards (1963) performed laboratory experiments with
line thermals released from rest which supported a similarity
assumption, including a linear spread with height of the turbulent
buoyant region (at a much greater angle than axially symmetric
thermals). The physically relevant parameter for a bent over plume
is now the buoyancy per unit length F}, which is related to the
b uoyancy flux F = #F from the source by F; = F,/U where Uis the
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wind velocity (supposed constant with height). Dimensional
arguments show that the height of rise z in time £ is therefore

2 oc F5t5, (6.3.10)

This can be put in terms of F and the distance x = Ut downwind,
giving

g = L6FU 8, (6.3.11)
The numerical constant has been added using the summary of
observations in the atmosphere given by Briggs (1969), which also
support the functional form (6.3.11) in an intermediate range of the
total rise of a bent-over plume.

Alternatively one can approach the problem using a theory of
buoyant vortex pairs analogous to the vortex ring case, assuming
that the circulation K, as well as the buoyancy per unit length I
remain constant in time (Turner 196o4). Because of the different
dimensions of £ this is not now equivalent to the similarity assump-
tion; another length must enter the problem. It follows using the
momentum equation

dP, dR

5 = 2PKe—g; = PH (6-3.12)
that R spreads linearly in time, and therefore with distance down-
wind. Adding the expression for the velocity of a pair vortex
w = K /4mR shows that the radius increases exponentially with
height

R 27mH
R-° P(th) (6.3.13)

where % is the height between states with radii R; and R.

The apparent conflict between these two ideas was resolved by
Lilly (1964) who showed (using a numerical model) that the be-
haviour depends on the relative magnitudes of turbulent diffusion
and the rate of increase of R. If buoyant fluid and vorticity mix across
the centre of the thermal, K varies but a linear spread of R with = is
obtained; if they stay separate in two distinct cores, K remains
constant and the vortex pair theory is appropriate. Both laboratory
plumes and occasionally smoke from chimneys are observed to
split sideways as they bend over away from the outlet, and in these
cases the second model should be used.

7 TBE
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" Experiments have also been carried out with line thermals
travelling along a solid boundary, either in isolation or as ‘noses’ at
the front of turbulent gravity currents. When the wall is vertical
the latter is equivalent to a two-dimensional starting plume (‘'I'sang
1970) for which a similarity solution can again be found. The cap
moves at only 0.38 times the maximum velocity of the steady
plume behind it, and (unlike the axisymmetric case) spreads at a
much faster rate than the plume behind, with & = 0.33. As the slope
of the boundary is decreased towards zero, a turbulent front persists,
still moving rather more slowly than the flow behind, but not now so
closely connected with it (see §3.2.4). The nose is flattened and
spreads out backwards along the top of the steady flow and can be
mixed into it again. Little attention has been given to this problem
of mixing near turbulent fronts, compared to the inviscid (hydraulic)
theories of chapter 3 or the mixing of the steady gravity currents
described in §6.2.

6.4. The non-uniform environment
6.4.1. Motions in an unstable environment

Similarity arguments (or the equivalent entrainment assumption)
can also be used to derive some of the features of convection from
small sources in non-neutral conditions. Batchelor (1954 a) showed
that power law solutions can again be obtained for an environment
whose density gradient is of the form

f} (%’) = CzP. (6.4.1)
The constant C must be positive for this kind of solution to hold,
implying that the environment must be unstable; the solution for
stable surroundings will be considered separately. If a plume is
supposed to arise from a small source at # = o, then the variations
of plume properties with height, consistent with (6.4.1) and the
entrainment equations (6.1.0), are

I

CHg+p) (4 +ip) 2047,
C(4+3p) Lt (6.4.2)
223 +2p) ' 2.

w
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Various special cases can be recovered by choosing the value of .
Notice that for all p > —3$, the buoyancy flux at 2 = o is zero, so
plumes of this kind can arise spontaneously from small disturbance
in the environment; and no extra parameter specifying the initial
buoyancy flux is needed. When p = — £, the equations can only be
satisfied with C' = o, in which case the whole analysis reduces to
that for a uniform environment (and the buoyancy flux is a relevant
parameter). With p = —% one obtains the solutions for plumes in
conditions of ‘free convection’ (see §5.1.3) which can be used
(asin §7.3) to give a detailed interpretation of the flux from a heated
plane. '

The discussion of thermals in unstable power law gradients can be
carried through in the same way, though it is less interesting here:
because disturbances can grow spontaneously, a continuing plume
is more likely to develop than an isolated thermal. Line plumes are,
however, of some practical importance in the atmosphere under
unstable conditions since observations suggest that plumes from
local hot spots tend to get drawn out into lines downwind.

"The power law solutions (6.4.2) for plumes and the corresponding
ones for thermals can also be used in some situations where the
environment is conditionally unstable, for example because of the
release of latent heat in the atmosphere. The important feature is
that the density difference is changing in a certain way, and this may
be achieved by a process of internal generation of buoyancy, even
when the environment is uniformly or stably stratified. (A necessary
qualification in stable stratification is that the momentum carried
away by internal gravity waves should be small; see §6.4.3.) Using
the chemical release of gas bubbles in a liquid to simulate latent
heat, Turner (1963 @) produced laboratory thermals which can be
described in this way. These were unstable in the sense that they
accelerated, but they did not lead to the formation of a continuing
plume. o

The processes of generation of buoyancy due to condensation and
dilution due to mixing with the environment are basic to the under-
standing of the dynamics of clouds. Much of the work on convection
in conditionally unstable surroundings has been carried out with
this application in mind, and many of the théoretical models used
by meteorologists have been based on, or can be reformulated in

72
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terms of, the entrainment assumption, The original application of
the simple ‘thermal’ experiments was to small clouds, but the
practical situations are so complex that simple exact solutions do not
take us far, and the details of more complicated models have been
worked out numerically. (See, for example, Ogura (1963) for a
conditionally unstable thermal calculation.) It is outside the scope
of this book to pursue this subject far, but some results of more
general interest should be mentioned. "

In the case of a simple plume, Morton (1956) added an equation
of continuity for moisture to the other three equations (6.1.4) and
showed how the solution for a point source of various strengths can
be modified by the presence of condensing water. His ideas were
applied by Squires and Turner (1962) to a steady plume model of a
cumulonimbus cloud. They specified the mass flux over a finite area
at cloudbase, with given environmental properties, and calculated
the vertical velocity, the liquid water concentration and height of
penetration. This model may be applicable to individual updraughts
within the cloud, butitis unlikely to be valid (as originally suggested)
if the whole cloud is treated as single plume. A recent evaluation by
Warner (1970) has shown that this and related steady-state ‘ entrain-
ment’ models are inadequate when they are tested against measure-
ments in clouds. It is impossible to predict both liquid water
concentrations and heights of penetration simultaneously, and there
is some doubt whether the dilution depends simply on size in the
manner suggested by (6.1.7). In retrospect, it seems clear that clouds
(which are typically nearly as broad as they are tall) will not achieve a
fully developed state, and are poor candidates for the application of
similarity theories which describe the steady flow many diameters
above asmall source. ‘ Starting plume’ models (§6.3.3) allow to some
extent for mixing at the top as well as the sides, but this is not
enough; a fully time-dependent approach is needed which treats 2
cloud as a whole and takes the non-equilibrium lateral entrainment
properly into account.

6.4.2. Plumes in a stable environment

It is clear that the ordinary kind of similarity solution, expressing
plume properties in powers of the height above the source, cannot
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be found in a stable environment, since the buoyant fluid must come
to rest at some finite height. There is no such limitation on the
equations (6.1.6) based on the entrainment assumption. A useful
case to discuss in detail (following Morton, Taylor and Turner 1956)
is again the point source, with initial buoyancy flux p,F, in a
constant stable density gradient G = N2 = —(g/p,) (dp,/d=).

The buoyancy flux will now of course be decreasing with height,
but the equations can be put into a non-dimensional form using the
two governing parameters, F at the source and G (or V). Denoting
non-dimensional functions corresponding to height 2, radius b,
vertical velocity @ and buoyancy parameter g’ by a subscript 1, the
following transformations ~

g = 0.41005 Y F N1z,
b = O‘SIQ“G%-P:)%N_%bl’

6.4.
w = 1.158a; FiiNiw,, (6.43)
g = 081905t FANIA,,
reduce (6.1.6) to the convenient non-dimensional form
dm do? d
Ell = 'Ul, "d_;i" :f]_mD a.—gl;l = _ml' (6'4‘4)

The numerical factors in (6.4.3) are those appropriate to a value of
o defined for Gaussian profiles, and the new functions in (6.4.4)
are related to the physically relevant mass, momentum and buoyancy
fluxes by _

my = blwy, v =byw, fi=mh. (6.4.5)

‘The numerical solutions of the equations (6.4.4), with the
boundary conditions m, = o, v, = o, f; = 1 and 2, = o (correspond-
ing to a virtual point source of buoyancy alone) are shown in
fig.6.17(a). Up to 2; = 2.0 the plume spreadsnearlylinearly, and the
solutions are little different from those in a neutral environment, but
above this height it spreads more rapidly sideways. In this region
the entrainment formulation becomes more questionable, and the
plume must also overshoot and fall back; a fuller discussion of this
behaviour is given below. Ignoring these difficulties for the moment,
values for two heights are obtained from the solutions: 2, = 2.13
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Fig. 6.17. The non-dimensional solutions for the width by, the vertical
velocity w; and the buoyancy parameter A,, as a function of height 2, for
(@) a plume and () a thermal in a linearly stratified environment. (After
Morton, Taylor and' T'urner 1956.)

where the density difference first vanishes, and z; = 2.8 where the
vertical velocity vanishes. (These are also marked on fig. 6.2.)

'The top of the layer of fluid flowing out sideways will lie some-
where between these levels; substituting in (6.4.3), with the
experimentally determined value of . (see §6.1), gives a numerical
estimate for the final height. Uncertainties about the multiplying
constant can be removed by direct experiment. Asshown in fig. 6.18,
Briggs (1969) has found that the formula

Zmax = §5.0FtG—# (6.4.6)

gives good agreement with observations over a wide range of scales,
from the laboratory to a plume above a large oil fire. Note that
F = Fy/m has been used here (instead of Fj as in (6.4.3)) and of
course potential density gradients are implied for all the measure-
ments in the atmosphere.

Detailed observations near the top of a plume in a stable environ-
ment have been made by Abraham and Eysink (1969), and they can
be interpreted using a model related to our fig. 6.6. As in a uniform
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Fig. 6.18. Measurements of plume rise in calm stratified surroundings
compared with the relation (6.4.6). (From Briggs (1969), where the
various sources of data are discussed more fully.)

fluid, excess momentum causes the plume to continue rising in the
centre, past the level of zero buoyancy. It forms a dome on top, then
falls back in an annular region surrounding the upflow and finally
spreads out horizontally (see fig. 6.2 pl. x1v). At all levels above the
height where the plume density first equals that of the environ-
ment, the density on the centreline remains substantially constant,
showing that the spreading layer protects the core of the plume
from further mixing with the environment. E

In this context of a stable environment, we should also refer to a
different formulation of the problem by Priestley and Ball (1955),
which leads to essentially the same predictions for the final height
though it is based on rather different assumptions. Instead of
entrainment, they assumed similarity of the profiles of shear stress
and a quadratic dependence of stress on mean velocity. An accelera-
tion-dependent term is thereby added to the mass-continuity
equation (the first of (6.1.6)), but otherwise the equations are the
same. (See Priestley 1959, p. 79.) Both theories break down near the
plume top, though the limiting behaviour predicted by them is dif-
ferent. In the case of the Priestley and Ball model, the shape of the
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plume depends on the form of the profile adopted. For example, the
spread is linear if the profiles are Gaussian, whatever the density
gradient in the environment, whereas ‘top hat’ profiles give an
increased sideways spreading in stable surroundings. When the
entrainment assumption is made, however, this latter behaviour is
predicted (perhaps more realistically) as an integral property of the
flow, regardless of the particular profile chosen.

6.4.3. Forced plumes and vortex vings in a stable environment

The theory of forced plumes described in §6.1.4 can be extended to
include the case of a linear density stratification. Since there are now
three governing parameters, the momentum and buoyancy fluxes
M, and Fj at the source, plus the stratification parameter G, not all
of these can be removed by making the equations non-dimensional.
Morton (1959a) took o = GM2/(F?+ GM,?) as the additional
non-dimensional parameter, and solved a series of problems for
virtual point sources of various kinds over the range o < o < 1.

His solutions are shown in fig. 6.19. The most striking result is
that for upward directed buoyancy and momentum fluxes, the
addition of some extra momentum to a buoyant plume can actually
slightly decrease the total height to which it will rise in stable con-
ditions, because of the greater mixing produced near the source
when the flow is more like 2 jet (see (6.1.8)). Only at much larger
values of M (as o— 1) is this effect reversed so that the plume top
will rise again; the result suggests that the continuous discharge of
chimney gases at high velocities is not a practical way to increase
plume heights (or to reduce pollution).

A similar analysis to that leading to fig. 6.17(a) has been carried
out, based on the entrainment assumption, for thermals released
into a linearly stratified environment. (For details see Morton,
Taylor and Turner (1956).) The non-dimensional solutions found
inthis way are shown in fig. 6.17(5). The final height is of the form

pmax € 0 F, G = 2.66F, 1 G, (6.4.7)

The multiplying constant, taken from laboratory experiments, is in
reasonable agreement with the theoretical predictions using the
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Fig. 6.19. Forced plumes in a stably stratified environment showing the
final heights achieved as a function of the parameter ¢ for sources with
(@) positive buoyancy and upward momentum, (b) positive buoyancy and
downward momentum and (¢) negative buoyancy and upward momentum.
(From Morton 19594).

value of & previously obtained for thermals in a neutral environ-
ment.

For thermals, the equivalent of the forced plume is a buoyant
vortex ring with arbitrary initial buoyancy F; and circulation K.
With the similarity assumption, the angle of spread remains con-
stant and proportional to Fy [K? (6.3.7) in a stratified environment.
Substituting this in (6.4.77) shows that

Zmax C P K EG, (6.4.8)

The curious feature of a decrease in final height with increasing
buoyancy, for fixed K, has been confirmed by’laboratory experi-

ment.
The mostimportant property of (6.4.8) is the sensitive dependence

on the initial circulation. Increasing K, (and hence reducing the
angle of spread, and the rate of mixing) can lead to very large in-
creases in the final height to which buoyant material could rise in
stable surroundings. Such increases have indeed been observed for
large explosion clouds, and the result is the basis for suggestions
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(Turner 19605, Fohl 1967) that waste gases should be ejected from
chimneys intermittently rather than continuously in very stable
conditions. The contrast between plumes, for which extra momen-
tum has an adverse effect (fig. 6.19) and vortex rings, where there is
in principle a great advantage to be gained, is very marked.

The same remarks do not apply to plumes bent over by a (non-
turbulent) cross wind, where the evidence suggests that an extra
rise can be produced by increasing the efflux velocity. This too can
be interpreted in terms of the ‘line thermal’ model of a bent-over
plume, Following the argument used in §6.3.4 for neutral sur-
roundings, the total rise of a bent-over plume driven by buoyancy
alone must depend on F; = F/U and G. On dimensional groundsit

must be of the form |
ZmaxC (Fo UGHS. (6.4.9)

Extra vertical momentum injected during the first part of the bent-
over phase can decrease the angle of spread and increase the total
rise as before.

The simple entrainment assumption gives a poor representation
of the behaviour of thermals near the final height, but it can be
replaced by separate physical assumptions about the variations of F
and K, with height (Turner 196oa). These predict an increased
spreading in stably stratified surroundings if the circulation falls to
zero before the momentum, or a collapse if the momentum vanishes
first. The latter behaviour seems to correspond to the phenomenon
of ‘erosion’ observed when laboratory thermals (or cloud towers)
come to rest in a stable gradient. Models which relate entrainment
to the mean velocity certainly cannot take account of the effect
observed by Grigg and Stewart (1963), and discussed in §5.2.2.
They showed that a thermal can be brought to rest before the small
scale motions are very much affected, and the latter will continue
to produce some mixing even in the absence of a mean upward
velocity. Another process which is left out of account in all these
models is the wave drag, which becomes especially important when
the buoyancy of the thermal reverses and it is oscillating about its
equilibrium height (Warren 1960, Larsen 19695). |
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6.4.4. Environmental turbulence

So far in this chapter the environment has been supposed to be at
rest and completely unaffected by the passage of the buoyant ele-
ments through it. Surrounding fluid has been entrained into the
plume or thermal by the self-generated turbulence, but no transfer
has been contemplated in the other direction. This assumption will
now be relaxed to allow for the removal of buoyant fluid by turbu-
lence in the surroundings, though we still concentrate on the
behaviour of the buoyant elements themselves, leaving the discus-
sion of the complementary changes in the environment to §7.3.

Priestley (1953) introduced the concept of the open parcel, of
fixed size, over whose (spherical) surface interchange of fluid is
taking place at the same rate in each direction. Turbulence in the
environment is thus assumed to dominate the whole of the mixing
process, and if the region of interest is so large that its properties
remain unchanged, the momentum and buoyancy equations can
be written, following Priestley (1959, p. 74), in the form

dw

-&Eizg —k1w7 (6 )
, .4.10

d

"a"g';" = —'Gw—kzg,.

The last term in each of these is a simple (but arbitrary) repre-
sentation of the effect of the turbulent interchange, which is assumed
to reduce w and g’ at a rate proportional to their magnitude; %, and
k, are defined as ‘mixing rates’ for momentum and buoyancy.
These parameters have dimensions #-! in this formulation and,
Priestley argued, they can be regarded as inverse measures of the
size of the parcel, since with a given level of turbulence it will take
longer for the properties of the larger elements to change. The
solutions of (6.4.10) can take three forms according to the relative
magnitudes of the coefficients, which can be assumed constant for a
given parcel. Small enough elements (large k, and &,), starting with
finite velocity or excess buoyancy, travel a finite distance whatever
the sign of the density gradient G, and approach their final height
asymptotically. When the parcel exceeds a critical size, two dif-
ferent modes of motion become possible. In stable conditions there
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is an oscillltion about the final equilibrium height, in damped
harmonic motion with period

T = 2m|G— L(k, — ky)?| 2. (6.4.11)

When &, = &, this is just 277/N, but when the mixing rates for
momentum and buoyancy are different, the period is increased. In
an unstable gradient large parcels accelerate, and solutions with
exponentially increasing velocities are relevant.

‘The model just described takes no account of the entrainment due

to self-generated turbulence which was the basis of the earlier
sections. Both environmental turbulence and that due to the motion
can be combined in an ‘entrainment’ type of model if it is assumed
that the outflow velocity is constant, proportional to a characteristic
velocity #, in the environment, while the inflow is again proportional
to the mean vertical velocity. The radius b is retained as a variable,
and an extra term describing the outflow is added to each of (6.3.8).
'The continuity equation gives immediately

" b—by = az—u,t, (6.4.12)
so with these assumptions the increase of radius due to entrainment
is reduced by the existence of an outflow.

The modified entrainment equations can be made non-dimen-
sional using the initial total buoyancy ¥, and u, as scaling para-
meters. The effect of stratification (described by constant G = N%say)
is contained in the non-dimensional parameter y = —2aGF u,~%,
and solutions have been obtained for point sources and a range of
values of y (Turner 1963 5). When G = v = o, the radius increases
to 2 maximum, then decreases to zero at

Fmax = 0-83Fuy ™. (6.4.x3)

This maximum height is in reasonable agreement with the results of
laboratory experiments, provided u, is taken to be comparable with
the r.m.s. turbulent velocity. Solutions for other values of y are
shown in fig. 6.20. In stable and also slightly unstable conditions
they are like the neutral case; no oscillatory motion occurs now (in
contrast to the result (6.4.11) obtained for the ‘open parcel’
model). Atavalue of y of about 145, the behaviour changes markedly,
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Fig. 6.z0. The calculated behaviour of buoyant thermals in turbulent sur-
roundings, for various values of the parameter vy = — §aGF[u,?; positive
values of ¥ correspond to unstable environments. (From Turner 19635.)

and absolute instability becomes possible, just as with the ‘open
parcel’. This second formulation does, however, emphasize the
sensitivity of the criterion for exponential growth to the level of
turbulence in the environment, through the parameter yoc u,%
Another kind of buoyant element which has received some
attention in a turbulent environment is the bent-over plume.
Priestley (1956) considered this in two stages, the first when en-
trainment dominates (leading to (6.3.11)), with an abrupt transition
to a state where the turbulence is everywhere the same as that in the
environment, so that a two-dimensional form of ‘open parcel’
argument can be used. Slawson and Csanady (196%) suggested that
it 1s useful to subdivide this latter range further. In the intermediate
phase, turbulence in the inertial subrange is supposed to dominate
themixing, and the spreading rate depends on the plume radius band
on ¢, the rate of energy dissipation (see §5.2.2 and Batchelor 1952).
'These assumptions imply an effective inflow velocity proportional
to the velocity scale of eddies of radius b, and lead to the prediction
that the plume will level off at an asymptotic height. In the final
phase the eddy diffusivity is essentially constant, and the influx
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velocity decreases as b increases. The asymptotic path of the plume
is a straight line of fixed slope, a prediction which seems to agree
with observations in the atmosphere in neutral conditions. These
authors have also extended the model to stable and unstable strati-
fication, and have shown that the intermediate phase can sometimes
be important; this suggests that it may always be necessary to
specify the scale of the motions considered, and not just a charac-
teristic turbulent velocity of the environment.




CHAPTER 7

CONVECTION FROM HEATED SURFACES

The problems which arise when the buoyancy sources are dis-
tributed over a surface, rather than being localized, are rather
different from those treated in the previous chapter. Often the tem-
perature difference between the fluid and the surface or between
two surfaces is now specified, and the heat flux is not given butis a
derived quantity which it is desired to predict. Attention is shifted
from the individual elements to the properties of the mean flow and
buoyancy fields, since it is not clear at the outset what form the
buoyant motions will take. As we shall see later in this chapter,
however, the details of the observed flows can only be properly
understood if we again consider the buoyant elements explicitly
and try to understand how their form and scale is determined
by the boundary conditions (which in many cases are nominally
uniform over the solid surface).

There is also the new feature of stability to be discussed here. A
point source of buoyancy in an otherwise unconstrained perfect
fluid always gives rise to convective motions above or below it, with
an associated production of vorticity, and the same is true of a
horizontal interface with the lighter fluid below (see §1.2). In a real
fluid, however, the criterion based on (1.2.1) is no longer sufficient
to determine whether a horizontal layer of fluid is gravitationally
unstable or not; even when the fluid is lighter below, molecular
viscosity and diffusion can act to damp out small disturbances, so
that no overturning occurs. -

We begin with a discussion of the linear stability problem for
convection between horizontal planes, proceeding straight to the
case where both viscosity and diffusion are important, and go on to
discuss theories describing this process when the amplitude is finite.
'The related experimental evidence will then be presented, together
with the results of numerical experiments which complement the

[207]
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laboratory results. The nature of the individual convective elements,
and the way in which they interact with, and in some cases deter-
mine, the mean properties of their environment will be discussed
next. Finally, a few problems relating to convection in different
geometries will be presented briefly.

7.1. The theory of convection between horizontal plates
7.1.1. The governing parameters

The classic problem of thermal convection is to determine the
motion of a layer of fluid contained between horizontal planes,
uniformly heated below and cooled above. This continues to
attract a great deal of attention, both because of its relation to the
heat transfer at the earth’s surface and the resemblance between
convection patterns observed in thin sheets of cloud and in the
laboratory, and because of its inherent mathematical and experi-
mental interest to. successive generations of workers in this field.
This interest dates back to the experiments of Bénard (1901), who
showed that a thin layer of fluid becomes unstable when the
temperature difference exceeds a minimum value (which depends
strongly on the depth and less strongly on the properties of the
fluid). As discussed in more detail in §7.2, the motion at first takes
place in a regular steady pattern, but with larger depths and
temperature differences it can become turbulent. The meaning of
the major parameter determining the behaviour can be appreciated
by considering the following simple mechanistic model of the
convection process (which is of course equivalent to a scale analysis
of the governing equations).

Suppose that a small laminar buoyant element, with fixed charac-
teristic dimension d, leaves the neighbourhood of one boundary with
density difference p,” from the surrounding fluid, and that it
subsequently has a density difference p'(¢). (In terms of tempera-
ture, py’/p ~ $¢AT, where « is the coefficient of expansion and
AT the temperature difference between the plates.) It is driven
upwards (in the 2-direction) by buoyancy forces but retarded by
viscosity, and neglecting inertia effects there is the local balance

dz

! 3~ (o
gp'0® ~ udw ,uc?dt. (7.1.1)
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Because of diffusion, the density difference p’ will be decreasing
from its initial value at a rate which depends on the surface area and
is approximately o &
TRk (7.1.2)

where « is the thermometric conductivity, so that

p'~ py exp(—«t[d7).
Combining (%7.1.1) and (7.1.2) gives the total distance travelled

between £ = o and ¢ =c0 as '
g
g =2, 1.

p (7.1.3)
If convection is to transport heat to a second plane a distance d from
the first, the right-hand side of (77.1.3) must be greater than d. For
fixed p,’, k and » conditions are most favourable when ¢ is as large
as possible, i.e. is of order d, so marginal stability corresponds to a

particular value of the parameter

'd®  gaATd?
Ra=82 8% (7.1.4)

KV KV

called the Rayleigh number.

The Rayleigh number remains the most important parameter
over the whole range of more unstable conditions. As is clear from
the above model, it expresses the balance between the driving
buoyancy forces and the two diffusive processes which retard the
motion and tend to stabilize it. Another interpretation following

from (7.x.1) is that Ra = wd/x = Pe, (7.1.5)

i.e. a Péclet number based on the parameters of the laminar motion
set up by the buoyancy forces. The second parameter needed to
describe the state of the fluid completely (for all problems except the
initial instability) is the Prandtl number Pr = v/k. The combination
Ra|Pr = Gr is the Grashof number, which arises (as in §4.2.3) in
problems where the density difference is given and diffusion need
not be taken explicitly into account. (See also §7.4.) The Nusselt
number Nu, a non-dimensional heat flux, is defined as the ratio of
the actual heat (or more generally, buoyancy) transport to the purely
diffusive flux which would occur through™a linear temperature
gradient between the two boundaries, and it must be a function of
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Ra and Pr. The Richardson number cannot enter here, because
there is no externally imposed velocity, independent of the buoyancy
forces.

7.1.2. Linear stability theory

A more detailed discussion of the methods used will be given in
chapter 8, in the context of two-component convection; but the
main results of historical importance should at least be mentioned
here. The stability problem was first formulated and solved by
Lord Rayleigh (1916), for the idealized case of free conducting
‘boundaries with a linear temperature gradient. He used a pertur-
bation expansion of the linearized Boussinesq equations, assuming
a convection pattern which varies sinusoidally in the horizontal
(x and y) directions (i.e. ‘cells’ of rectangular planform), and
showed that there is a critical value of Rea, the non-dimensional
ratio now called after him, below which a fluid heated from below is
stable to small disturbances. At a value of Ra. = 227 = 657, cells
which fill the gap between the boundaries become unstable in a
steady mode. There will be disturbances growing monotonically
(in fact to a steady state, see §7.1.3) when Ra > Ra.; at success-
ively higher values of Ra other modes can appear. The Prandtl
number v/k does not enter into this time-independent problem (cf.
(7.2.2)). Jeflreys (1926, 1928) derived the differential equation for
the small density perturbation p’, whose eigenvalues determine the
state of marginal stability (cf. (4.1.1)). In non-dimensional form
this 1s X
PP,

Vo' = —Ra(é;—;coz—+g—;) , (%7.1.6)
and an equation of the same kind follows for the velocity perturba-
tion. Jeffreys again restricted himself to rectangular cells, but added
the more realistic feature of rigid boundaries. He obtained solu-
tions by numerical methods and showed that the most unstable two-
dimensional cells (bounded by solid boundaries and by neighbour-
ing upward and downward currents) are nearly square in cross
section, The critical value of Ra (corrected by later work) is 1708,
and with one rigid and one free boundaryitis 1108; the constraining
effect of rigid boundaries clearly makes the flow more stable.
Jeffreys (1928) also pointed out that the presence of a small shear




CONVECTION FROM HEATED SURFACES 211

will promote the stability of all modes except the two-dimensional
one for which the cell boundaries are aligned in the direction of the
shear. This in agreement with laboratory observations and with the
recent detailed calculation of Gage and Reid (1968) for plane
Poiseuille flow, to which reference has already been made in
§4.2.2.

Pellew and Southwell (1940) relaxed the assumption of rectangu-
lar cells, and treated also circular, triangular and hexagonal boun-
daries. 'They showed that the horizontal and vertical variables in
(7-1.6) can be separated by writing p’ = F(2) f(x, v), say, to give

[(D2—a®*®+a?RalF = o (7.1.9)
O \Bf | ar_
and gc—2+@2+af— (.), (7.18)

where D = 2/8¢, { = z/d and x and y are non-dimensional hori-
zontal coordinates (also scaled with the depth of the fluid d). The
number a? is a characteristic number of the horizontal structure,
related to the cell shape; for rectangular cells with wavenumbers
[and m it is @® = ([2+ m?)d>

The value of Ra corresponding to marginal stability is again
found from the eigenvalues of (7.1.7), subject to the appropriate
boundary conditions. In the case of rigid boundaries, the minimum
value of Ra for the first mode in the vertical is represented as a
function of & by the lower line in fig. %.1. The minimum value for
any a is the critical Ra., and this occurs at a = 3.13 compared with
a = 7|2 = 2.22 for two free boundaries. Note that this result is
obtained without specifying the horizontal form of the cell, and
indeed linear theory gives no information about the most unstable
form. When a shape is specified, however, the most unstable size
follows and the corresponding eigenfunctions of (7.1.8) give the
initial form of the density distribution (and of-the motion) satis-
fying the given boundary conditions. Exact solutions have been
found for hexagonal and for annular cells, both for the case of two
free boundaries. '

=.1.3. Finite amplitude convection

"The state of knowledge of the linear theory is now virtually complete
(see Chandrasekhar 1961) and recent interest has concentrated on
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Fig. 7.1, Stability diagram for convection between rigid horizontal planes:
the Rayleigh number plotted against horizontal wavenumber, showing
the critical value for the first instability, and the region where two-dimen-
sional rolls are stable according to Busse (1967).

the non-linear problems, associated with convection at higher
Rayleigh numbers.

To obtain information about the steady amplitude and preferred
planform of the finite motions established above Rae, one must take
into account the advection of buoyancy and momentum by the flow
field generated by the buoyancy, and therefore by definition must use

- the non-linear equations of motion. Malkus and Veronis (1958)
showed, however, that the non-linear equations can be expanded as
a sequence of linear equations whose solutions follow from those of
the linear problem, and can thus again be found for any planform.
Their perturbation method is based on an expansion parameter
which is effectively (Ra/Ra.— 1)}, so it is valid only for relatively
small departures from marginal stability, They suggested that the
relevant solution will be the one for which the mean-square
temperature gradient is a maximum, and on this basis predicted that
square cells are preferred just above Ra. in ordinary fluids. (There
is no firm physical basis for this particular assumption, but some
extra condition must always be used to close the problem when the
boundary conditions at the sides are left unspecified.) The initial
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heat flux due to convection depends nearly linearly on Ra on their
model, up to Ra = 10 Ra., and the preferred horizontal wave-
number increases with increasing Ra.

Schliiter, Lortz and Busse (1965) extended this expansion tech-
nique to investigate the stability of each of the possible steady finite
amplitude solutions. They showed for both rigid and free boun-
daries that all three-dimensional cellular patterns in a fluid with
fixed properties can be unstable with respect to infinitesimal
disturbances. There is a range of parameters for which only two-
dimensional rolls, having a more restricted range of wavelengths
than suggested by the linear theory, are stable, and the boundary
of this region (determined by Busse (1967) with the assumption of
infinite Pr) is shown in fig. 77.1. Analyses in which the fluid proper-
ties are allowed to be functions of temperature, thus permitting
some vertical assymmetry in the layer, suggest on the other hand
that the hexagonal pattern can be stable just above Rae.

'The application of these and related theories is limited to a small
range of Ra near Ra.; numerical methods developed to extend such
calculations to higher Ra will be described in §7.2. In the other limit
of very large Ra, when the flow is certainly no longer steady, dif-
ferent arguments must be sought. Some predictions can be made on
the basis of dimensional reasoning, whose validity of course
depends on the underlying physical assumptions being satisfied. Let
us now assume that the buoyancy flux depends on the conditions
very near the boundaries and is independent of the plate separation
d and of Pr. It follows from the definitions of N« and Ra that

Nu = cRat, C (7.1.9)

since this is the only form which removes the dependence on d. The
constant ¢ can still depend on the boundary conditions, however.

With the assumption that d is no longer relevant, the distinction
between two parallel plates and a single horizontal surface dis-
appears. In both cases, the relation (%7.1.9) may be rewritten, using
the definition of Ra, in the form

aH[pC,, = 2tc(gi?v)} (ATt = A(@AT)E,  (7.1.10)

where (AT}) refers now either to the temperature difference between
one plate and the far environment or to kalf the temperature dif-
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ference between two plates. One might expect then that the simi-
larity arguments of §5.1 could be used to find the distribution of
density and the fluctuating quantities at a distance 2 above the
lower plate; in the ‘free convection’ regime where the direct in-
fluence of molecular properties can be assumed negligible,

dp/dzoc =%,

which is the form derived on p. 134.

We have deferred until now, however, the point raised by
Townsend (1962), which is especially relevant close to the heated
plates in the laboratory experiments and in the atmosphere in the
complete absence of a wind. In these circumstances the initial
organization of the flow produced in the boundary layer (thickness
2 say) dominates the behaviour in the turbulent region outside;
2, must depend only on the buoyancy flux B and the conductivity «
and so must have the form |

2p ~ k1B, (7.1.11)

Because of this second relevant lengthscale all we can say on purely
dimensional grounds is that the non-dimensional heat flux H,, must
be some function of 2/z,. To go further, one must turn to more
detailed theoretical arguments. Using the results of Malkus (1954 5),
it appears that H,, is a Lnear function of z/z;, corresponding to
dp/dzoc 272 (in agreement with the results of Townsend’s (1959)
experiments, to be described in §7.2).

"The theory of Malkus mentioned above has had a strong influence
on later work, but an adequate treatment of its rather complicated
structure would take us too far afield here. We will just refer to a
review of the subject by Howard (1964), and summarize some of the
results which have been obtained for large Ra. In addition to the
form of the mean gradient, Malkus calculated the r.m.s. tempera-
ture and velocity fluctuations and obtained a numerical estimate for
the constant ¢ in (7.1.9). This is in reasonable agreement with
experiments at large Pr, but no dependence on Pr is predicted by the
theory.

Kraichnan (1962) extended the similarity arguments to study this
dependence on Pr explicitly. For large Pr he distinguished three
regions of the flow; close to the boundary both molecular conduction
and viscosity are dominant, somewhat further out molecular viscosity
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remains important but heat is transported by convection, and at
greater distances eddy processes control both transports, Using a
‘mixing length’ type of analysis (but paying special attention to
numerical factors in order to make quantitative predictions), he
showed that the temperature gradient in the fully turbulent region is
proportional to ~%, and in the intermediate region to 2. For the
Nusselt number, Kraichnan predicted in the two limiting cases

Nu = 0.089Rat athigh Pr, (7.1.12)
Nu = o.17(Pr-Ra)t atlow Pr. (7.1.13)

The second result is valid only when (Pr-Ra)? is appreciably
greater than 6; otherwise Nu = 1 and the transport is purely by
conduction. Note that this form follows from the assumption
that only the boundary layer flow is important, and that the power
law is changed if interaction with larger eddies (and therefore a
definite lengthscale) is taken into account.

Mention should also be made of the more recent theoretical work
which seeks to put upper bounds on the heat flux as a function of
Ra using variational methods. The bounds on the power law and
the multiplying constant originally obtained by Howard (1963) were
rather weak, but the addition of more physically realistic constraints
on the possible motions greatly improves the estimates (Busse 1969.)
The final limiting form at high Rayleigh number, with many
horizontal wavenumbers taken into account, is again Nu oc Ra?,
though with only one or a few wavenumbers the exponent is
reduced and there is also a weak dependence on In Ra.

=.2. Laboratory and numerical experiments on
parallel plate convection

More detailed predictions about convection between parallel plates
at intermediate Rayleigh numbers have been made using high speed
computing techniques to solve the coupled non-linear equations of
motion and diffusion. Both because this work has been strongly
influenced by the laboratory results, and because the numerical
approach itself represents a kind of experimenting with the system
to determine the relative importance of the various terms, it is con-
venient to group them together here.
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7.2.1. Observations of laminar convection

Many laboratory studies have followed that of Bénard. Much of the
early qualitative work was aimed at reproducing the regular patterns
often observed in convective clouds; Phillips and Walker (1932),
for example, showed that a wide variety of forms of cellular struc-
ture can be obtained by suitable variation of the rate of shear.
Brunt (1952, p. 221) sought to relate such experiments to the
atmospheric observations, replacing molecular conduction and
viscosity by the joint effects of radiation and turbulence, but the
analogy is far from exact and a detailed explanation of the patternsis
still not available. The tendency for long lines of cloud to form with
their axes aligned along the direction of the shear can, however, be
explained in just the same way as in the laminar case: the downstream
modes are the only ones not inhibited by the shear. An example of
the last effect is shown in fig. 7.2 pl. X1; compare this with the clouds
resulting from the K-H mechanism (fig. 4.14 pl. x) which are
aligned across the shear.

Quantitative experiments were first reported by Schmidt and
Milverton (1935), who confirmed the predicted value of the critical
Rayleigh number, and heat transfer measurements were begun by
Schmidt and Saunders (1938). We can refer again to Chandrasekhar
(1961, ch. 2) for the history of this work, and concentrate here on
describing some of the more recent developments.

Koschmieder (1967) carefully repeated Bénard’s experiments in
silicone oil, using various shapes of convection chamber with free
and solid top boundaries, and showed that the initial cellular
pattern to form when the bottom is gradually and uniformly heated
is the two-dimensional roll. The orientation of these rolls depends,
however, on the shape of the sidewall boundary, and in a circular
chamber, for example, they appear as a series of concentric annular
rings (fig. 7.3 pl. xvI). With a solid top boundary this initial con-
figuration persists at larger temperature differences, but with air
above, the ring pattern breaks down into hexagonal cells—very
regular if the air above is still, and more nearly random if air
motions are not suppressed. It seems most likely now that varia-
tions of surface tension with temperature are an essential element
in these and Bénard’s original experiments with a free surface
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(Pearson 1958). The measured wavelengths are in good agreement
with the predictions of theories such as that of Nield (1964) which
take this effect as well as the density instability into account,

It is possible to set up cells of arbitrary shape and scale with non-
uniform heating of the fluid layer, as demonstrated by Chen and
Whitehead (1968) using temperature perturbations imposed with
radiant heating. In the range Ra, < Ra < 2.5Ra. which they
covered, they showed that when the disturbance was removed, the
convection pattern approached that predicted by linear theory.
Foster (1969), on the other hand, showed in a numerical experi-
ment that a different finite amplitude disturbance can persist in
a range where another solution is most unstable.

Krishnamurti (1968) has devised an elegant optical method of
examining the plan-form of convection in a chamber having solid
metal top and bottom boundaries. She traversed a beam of light
across one side of the chamber and photographed in the perpendicu-
lar direction in the horizontal plane to pick out the cross sections of
cells marked with aluminium powder. She has shown that roll
cells (again aligned by the boundaries) occur at Rayleigh numbers
ust above critical when the mean temperature of the layer is fixed
(fig. 7.4 pl. xvi). However, hexagons can be realized (under con-
ditions where the dependence of fluid properties on temperture
must be small) when the mean temperature is increasing steadily
(at a rate ), and the temperature profile is thus non-linear. This
observation is in agreement with her theory based on an expansion
in both # and the amplitude, which also shows that there is a finite
amplitude instability at a lower value of the Rayleigh number than
the usually accepted one. This gives rise to stable hexagons in which
the direction of motion (left undetermined in the linear Boussinesq
theory) depends on the sign of %, being downwards if 9 is positive.
Both these further predictions were verified experimentally (with
values of  corresponding to a change in temperature of only a couple
of degrees per hour), and they go a long way towards explaining dis-
crepancies in previous experiments which were not so carefully
controlled, or in which temperature differences were produced by
heating or cooling at only one boundary.

Tritton and Zarraga (1967) investigated the cellular convection
patterns produced by the instability of a layer of fluid heated uni-
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Fig. 7.6. Heat flux H = Nu-Ra as a function of Rayleigh number,
showing the third and fourth transitions in a fluid with Pr = 100, (After
Krishnamurti 1970.)

formly through its interior by an electrolytic current, and cooled
from above. Hexagonal cells were formed in which the motion was
downwards in the centre (in agreement with Krischnamurti’s
criterion), but more surprisingly the horizontal scale was much
larger than with boundary heating. This observation becomes
relevant when we wish to compare geophysical convection pheno-
mena, especially in the earth’s mantle, with laboratory results.

Heat flux measurements have been made by many experimenters,
and the results are well summarized in a critical review by Rossby
(1969). Recent experiments by Krishnamurti (1g70), in which she
has taken great care to study a series of steady states with fixed heat
flux, have introduced a new order of precision into this field. She
has shown that just above Ra. the non-dimensional heat flux
expressed as H = Nu-Ra is a linear function of Ra, with slope
about 2.7 for water and slightly larger for fluids of higher Pr. At a
second critical value Rap; about 12 Ra, there is a discrete change to
a higher slope, which was identified with a change in planform from
two-dimensional to three-dimensional flow caused by a finite
amplitude instability. Busse and Whitehead (1971) have also carried
out experiments in this range, and have observed two distinct types
of transition, which are shown in fig. 7.5 pl. XvIL
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Further changes of slope in the heat flux curves at higher Ra are
associated with transitions to time-dependent flows of various kinds
(see fig. 7.6 and the next section). Malkus (19544) had earlier
obtained similar results (in unsteady experiments) but interpreted
the transitions in terms of successive instabilities of higher order
modes in the vertical.

=.2.2. Measurements at larger Rayleigh numbers

A feature of convection at high Rayleigh number, which has only
recently become clear as experiments have been made in silicone
oils of high viscosity and in liquid metals, is the strong dependence on
Prandtl number. The transition to turbulence does not depend only
on Ra reaching a value of order 105 as had previously been
suggested ; according to Rossby (1969) it occurs at Ra ~ 14,000 Pr®,
where @ & 0.6 for Pr > 1. When Pr is large, steady convection can
persist to quite high Ra. The fluxis then carried by large convection
cells across which the velocity is gradually varying, but with tem-
perature anomalieés concentrated in narrow vertical regions at the
cell boundaries which are fed directly by the boundary layer at the
walls. As Ra is increased (for a given finite Pr) the motion becomes
time dependent; remarkably regular oscillations are first observed,
and these increase in number and frequency until finally the flow
becomes more disordered and turbulent. The various regimes
observed are shown in fig. 7.7 as a function of Ra and Pr. At small
Pr, on the other hand (in mercury, for example, with Pr = 0.025),
no steady flows are ever observed above Ra. and flows at high Ra are
always turbulent. '

Various heat flux measurements show that some Prandtl number
dependence persists even at large Pr and Ra (iLe. that the limit
(7.1.12) 1s not approached in practice). Silveston-(1958) and Globe
and Dropkin (1969) respectively suggested the empirical relations

Ny = o.IoRa°-31Pr°-°5,}

Nu = 0.06gRa*Prto%, (7.2.1)

to describe their experimental results for Ra > 10° and Pr from
0.02 to 8750. Rossby (1969) on the whole agrees with their individual
measurements at the larger Pr, but questions the usefulness of
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Fig. 7.7. Diagram showing the various forms of convection observed in a
horizontal layer of fluid, as a function of Rayleigh and Prandtl numbers.
(From Krishnamurti 1970.)

condensing all the results into a single formula, since as Pr->co the
dependence on Pr should disappear. He also shows that the results
for low Pr are quite different (cf. (%7.1.13)). The power law depen-
dence on Ra which he found using mercury, water and a silicone oil
was consistently less than 4, and the range of validity of this limiting
value therefore remains in some doubt.

Thomas and Townsend (1957) and T'ownsend (1959) have made
detailed measurements in air, recording mean and fluctuating
quantities at various distances above a heated horizontal plate. Their
measured heat fluxes imply a value of C = 2% = 0.193 in (7.1.10).
(The corresponding value of ¢ in (7.1.9), with Ra based on the
whole temperature difference between two plates, is ¢ = 0.08,
slightly lower than the best value for water, ¢ = 0.09.) Outside a
purely conductive region, the mean temperature profiles were close
to T'oc 271, the form predicted by the theory of Malkus (referred toin
§7.1.3) which includes the direct effect of molecular diffusion near
the wall. Their records of temperature fluctuations revealed periods
of strong activity (which were more frequent close to the wall),
alternating with relatively quiescent periods. These were interpreted
as evidence for the intermittent detachment of buoyant elements
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Fig. 7.8. Observed mean temperature profiles in a convecting fluid layer.
(From Gille 1967.) Note the reversals of gradient at the larger values of
A = Ra/Ra,, which are marked on the curves.

from the conductive boundary layer, and their subsequent erosion in
the (still turbulent) surrounding air. Such observations point to the
need to consider explicitly the nature of the buoyant elements and
their interaction with the environment, which will be done in §7.3.

Other studies have concentrated on obtaining reliable mean pro-
files of the measured quantities, and comparing these with the
numerical models. Deardorff and Willis (1965) compared the
behaviour of a system constrained to convect in two-dimensional
rolls with one in which three-dimensional, unsteady motions were
permitted. In the latter case they showed that the heat flux was
reduced by the unsteadiness and that averaging for a very long time
is necessary before temporal and spatial estimates of the variance are
the same; the former is crucially dependent on the slow shifting
about of the convection pattern. In a later experiment (Deardorff
and Willis 1967) they adopted the technique of spatial averaging
and concluded that their observations were consistent with a
thermal structure dominated by plumes extending most of the
distance between the plates.
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A feature of some of the detailed measurements, especially those
at high Pr, is a reversal of the mean density profiles, which are
slightly stable across the centre of the convecting region at high
Rayleigh numbers. A particularly convincing experimental demon-
stration of this effect (in air with Ra about 16 Rac) was given by
Gille (1967) using an optical method of measuring refractive index,
which therefore did not require the insertion of any probes into the
flow (fig. 7.8). This effect too can be explained (§7.3) in terms of the
individual buoyant elements.

7.2.3. Numerical experiments

The predictions made using high speed computing techniques now
far outweigh in detail those obtained from direct laboratory experi-
ments, but only a few examples can be given here.|They are all
based on the numerical solution, with various approximations, of the
coupled non-linear Boussinesq equations of motion and diffusion in

two dimensions, WhICh can be written in the non-dimensional form
(Deardorff 1964.)

oT

2 9. 9 N\, |
(&+u%+wég——PrV)§—Pr Ra% ‘ (7.2.2)
0 0 0 ,
_ —_ V2 —
and . (6t+u3 W V)T o. (7.2.3)

Here ¢ = V¥ is the non-dimensional vorticity component in the
y-direction, {risastreamfunction and 7'a non-dimensional tempera-
ture (proportional to the density).

Deardorfl (1964) and Fromm (1965) retained the full form of the
equations, and obtained solutions for j just a few values of Pr and Ra.
They imposed an initial disturbance on fluid at rest having an
initially linear temperature gradient, and followed the development
towards a steady state. The model is an essentially laminar one,
leading at large times to the steady cellular convection pattern
shown in fig. 7.9, which has the plume-like temperature structure
characteristic of high Pr, high Ra convection (though the parameters
used were Pr=o.41 and Ra = 6.5x10% corresponding to
Townsend’s experiments in air). A later model (Deardorff 1965)
introduced extra assumptions to allow to some extent for three-




CONVECTION FROM HEATED SURFACES 223

Fig. 7.9. Steady-state streamlines and isotherms calculated by Deardorff
(1964) for a layer of fluid with Pr = o.71, Ra = 6.75 X 10®. Relative values
of the stream functions are given in the left-hand diagram; W denotes
warm and C denotes cold regions in the right~hand diagram.
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Fig. 7.10. The time-dependent heat flux calculated by Deardorff (1963),
compared with laboratory measurements.

dimensional effects, and did permit fluctuations to persist. Fig. 7.10
shows the Nusselt number at Pr = o.71, calculated by taking the
horizontal average of the non-dimensional temperature gradient
at the upper and lower boundaries. 'The computed mean heat
flux was close to the measured values (also shown on the figure), and
various other space-averaged quantities, such as mean density and
the standard deviations of density and velocity were in rough
agreement with observations. A wider range of steady conditions has
been studied recently by Cabelli and de Vahl Davis (1971) who
also included the effect of surface tension.
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Herring (1963, 1964) introduced a model which greatly simplifies
the analysis, and has also led to a clearer understanding of the
important physical processes. His ‘mean field equations’ are ob-
tained by averaging (77.2.2) and (7.2.3) over horizontal planes, re-
taining those non-linear terms which describe the interaction of the
mean temperature field with a single velocity or temperature
fluctuation, but omitting all interactions between fluctuating
quantities. He was interested in the statistically steady state, and
the limit Pr =o00; a single, dominant wavenumber %k was also
assumed in the horizontal, which reduced the problem to one in a
single space dimension (2). (Herring’s calculations were based on a
truncated Fourier representation of the variables in the vertical, but
this should be regarded as a particular numerical technique, rather
than an essential feature of the model.) For the case of rigid boun-
daries, the calculated heat fluxes at large Ra (corresponding to
values of & chosen to maximize the heat flux in each case) were
interpreted by fitting the form

: Nu = o.115Rat (7.2.4)

to the individual points. This is rather larger than the experimental
values, and other functional relationships are not ruled out by his
data; nevertheless the agreement between this (and other predic-
tions of the model, such as the mean profiles) and the laboratory
data are surprisingly good in view of the strong approximations
made.

Elder (1969 @) has shown that the mean field equations can be used
to provide an adequate description not only of the steady state but of
the temporal development of high Rayleigh number convection. He
used- an iterative finite difference method, with Pr = 1, and his
paper contains an excellent discussion of the underlying assump-
tions, as well as a careful comparison with related work. At an
intermediate stage of the calculation, a pronounced negative
temperature gradient develops in the central region, and persists
to the final state; this feature appears also (at the higher values of Ra)
in all the numerical solutions described above. Observational
evidence for such a reversal has been givenin fig. 7.8, and the reasons
for it will be discussed in the following section. Another feature of
both Herring’s and Elder’s results is a small bump in the tempera-
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ture profile at the edge of the unstable boundary layer. Though both
“of them attributed this to errors in their solutions, it may again
represent a real physical effect (§7.3.4).

A finite amplitude solution for roll cells which retains the complete
set of non-linear interactions has been obtained by Veronis (1966).
For numerical reasons the number of terms must be truncated;
but he has obtained in this way solutions valid for Ra = 30Ra. and
over a range of Pr from o.01 and 100. The stable solutions have
the form of a single steady cell, which, however, accounts sur-
prisingly well for the measured heat flux. A related model, which
involves the expansion of the horizontal structure of all flow variables
as a sum of solutions of the linear problem, has been proposed for
high Ra and a general Pr by Gough, Spiegel and Toomre (1972).
They average the resulting equations in the horizontal to obtain
equations in z and ¢ for the mean and fluctuating quantities. Re-
taining only the first terms in the series is equivalent to Herring’s
mean field approximation and leads as before to steady solutions.
Including more terms, however, can produce unsteady solutions,
some of which are periodic or aperiodic oscillations resembling

‘those observed in Krishnamurti’s laboratory experiments.

Information about turbulent convecting flows in a viscous fluid

has also been obtained from numerical models designed primarily

to study convection in a porous medium (Elder 1967). There is now

the simplification that the dominant processes are the generation of
vorticity by the horizontal gradient of the buoyancy forces (cf.
(1.3.5) and (2.2.4)) and the transfer of heat by diffusion and advec-
tion, only the last being non-linear. By comparing such results with
similar calculations which include the extra effects of diffusion and
advection of vorticity (and again, from (77.2.2), only the former enters
when Pr is large), Elder has determined how important these two
processes can be; and in many cases the qualitative behaviour is
little changed by them. We refer the reader to Elder’s papers for a
description of his numerical method, but will present some of his
results in the context of the next section.

8 TBE
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7.3. The interaction between convective
elements and their environment

In the discussion of turbulent parallel-plate convection it has several
times been remarked that certain properties of the mean distribu-
tions (of density for instance) can only be properly understood if
one considers explicitly the behaviour of the buoyant elements
themselves. In this section we therefore turn attention from the
averaged distributions to the detailed observations, and the inter-
pretation of these in terms of simple theoretical models. The ideas
and terminology used have something in common with those of
chapter 6, but the major difference here is that we can certainly no
longer neglect the effect of the buoyant elements on the environ-
ment. On the contrary the distinction between the two is not clear-
cut; the properties of the ‘environment’ are modified or even pro-
duced entirely by the convection elements, and there is a complex
interaction between the two.

b
i

#.3.1. The formation of plumes or thermals near
a horizontal boundary

Townsend’s (1959) detailed observations, as well as common
experience in the lower atmosphere, make it clear that the flux froma
heated boundary is intermittent rather than steady. Buoyant fluid
slowly accumulates and then breaks away, either as a thermal, or as
an unsteady plume which wanders about the surface (unless there is
some preferentially heated spot to which this can remain attached).
All the theories presented so far fail to bring out this feature, but
Howard (1964) has proposed the following model which considers
it explicitly. -

Suppose that a fluid layer of depth d is initially at rest and has a
constant temperature T = o. At time £ = o the upper and lower
boundaries have temperatures —{AT and $AT applied to them,
and the fluid heats up by thermal conduction, producing error
function profiles of the form

T = AT erfe(z/2 A/(x1)). (7.3.1)

The thickness 4/(77«t) of the boundary layer increases, until at time £,
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the Rayleigh number Ra; based on AT and § = ,/(7«#) reaches a
critical value, of order Ra; ~ 10%. At this time the buoyant fluid in
the boundary layer suddenly breaks away as a discrete entity. With
Pr of order unity and larger Howard has shown that this can
happen in a time small compared with #, (the model does not apply
to low Pr, since conduction across the whole depth d will then be
dominant). Thus for most of the time the process of transfer near
the boundary is one of conduction, followed by a comparatively
short interval during which the conditions are locally restored to the
original uniform state by the removal of the buoyant fluid as a
plume or thermal. Time averages of the conduction profile over the
interval (o, ¢) should therefore give estimates of the mean tempera-
ture profile and the heat flux which are equivalent to horizontal
averages in the real flow. Howard’s results, after averaging in this
way, are

T = IAT[(1 +282) erfcf —2mtfe ¥ - (7.3.2)
with Nu = d(nxty)} = djs = (RajRay)} (7.3.3)
and £ = 3a(kty )yt = dntz/s,

the other quantities being defined above. If #, is determined by
putting Ra; ~ 10® then Nu = o.1 Ra#, in reasonable agreement
with experiment.

A comparison of this mean temperature profile with experiment is
givenin fig. 7.11. Townsend’s (1959) measurements in air are shown
and also some data in water obtained by Elder. Though only the
shapes of the profiles are compared here, the results are consistent
and the implied values of Ra, are reasonable. Ther.m.s. temperature
fluctuations at each level can also be calculated (considering only
the conductive phase). This gives a profile having a peak in the
boundary layer region of magnitude (62 = 0.182A T2, in remark-
able agreement with Townsend’s measured amplitude of 18 %, of the
temperature difference across the boundary layer, especially since
nothing has been said about the contribution of the thermals
themselves to 62,

This model has received strong support from the detailed labora-
tory and numerical experiments of Elder (1968). He has studied the
flow both in 2 porous medium and a viscous fluid near a suddenly

8-2
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Fig. 7.11. Comparison of the mean temperature profile (7.3.2) with the
experimental results of x Elder, O'Townsend. (FromHoward (1964), Proc.
11th Congress Appl. Mech. Miinich, Springer-Verlag.)

heated horizontal boundary, and also (numerically) at an ‘interface’
or thin region of strong unstable temperature gradient separating
two uniform layers. In all cases, when there is an initial source of
temperature fluctuations, fairly regular cellular motions at first
grow rapidly but remain confined within the boundary layer or
interfacial region, with a horizontal scale which is of the same order
as the interface thickness, and is unrelated to the total depth of the
fluid. This simple but important result goes some way towards
determining the scale and form of buoyant elements which was left
entirely arbitrary in the calculations presented in chapter 6.

At later times, this layer becomes distorted and individual dis-
turbances grow irregularly and break away from the boundary layer.
These accelerate, even in the porous medium where inertial forces
are by assumption negligible, because they can increase their
buoyancy rapidly by entraining buoyant fluid from a surrounding
volume. This happens before they lose their connection with the
surface, and the process temporarily denudes a considerable area
of the plate of its hot fluid, as shown clearly in fig. 7.12 where the
stream function and isotherms are plotted at successive times for the
special case of heating confined to a small area of the boundary.
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Fig. 7.12. Growth of a buoyant element near a heated section of the

boundary, ‘and its escape. Streamlines and isotherms calculated by
Elder (1968).

Comparable (but of course less regular) patterns are obtained for the
buoyant elements forming with random temperature fluctuations,
and two photographs of a laboratory experiment of this kind are
shown in fig. 7.13 pl. xviL. In similar experiments both Rossby
(1969) and Sparrow, Husar and Goldstein (1¢770) observed a periodic
formation and escape of thermals above preferred sites on the
boundary, which they interpreted using Howard’s ideas. (See fig.
7.14 pl. XVIL.)

The time-dependent stability problem implied by this model has
been studied by Foster (1965). He computed the time needed for an
imposed disturbance to grow to specified multiples of its initial
amplitude, and confirmed the importance of the conductive
boundary layer thickness rather than the total depth. He showed
that, except for very small heating or cooling rates, a quasi-steady
calculation is misleading because the disturbances develop more
slowly than the boundary layer itself. Foster has applied his theory
to the interpretation of the onset of convection due to evaporative
cooling of a free liquid surface. This occurs in the form of thin two-
dimensional sheets plunging away from the surface, possibly
because of the smaller constraint on the horizontal motion at a free
surface compared to a solid wall. He has also shown (Foster 1971 5)
that it is possible to reproduce the intermittent character of the
observations using a numerical model.
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The extension of such ‘initial instability’ studies to fully turbulent
convection of course requires further justification. The numerical
calculations of Elder (1968) for the turbulent case do show the same
features of formation and acceleration of thermals out of the sublayer
with a characteristic size, though the details are affected by larger
scale mean and turbulent motions. Considerable regularity of
convection patterns is often observed in the atmosphere, as remarked
in §7.2.1, but the prediction of the form and spacing of the convec-
tion elements as they leave the ground remains a major problem.

97.3.2. The environment as an ensemble of convection elements

Priestley (1959) has shown how one can obtain information about
the mean properties and the fluctuations in the fluid over a heated
plane by considering it as the superposition of many closely spaced
convection elements having one of the special forms considered in
chapter 6. As attention is shifted to the whole population instead of
an individual plume or thermal, the process of entrainment is
assumed to include the mixing of one element into another. First,
the idea of the ‘open parcel’ (§6.4.4) can be extended to analyse the
relative contributions to the heat flux of elements of different sizes.
In a stable environment both very small and very large parcels are
inefficient transporters of heat, the former because they are rapidly
mixed, and the latter because their motion approaches a simple
harmonic oscillation with @ and p’ a quarter cycle of phase. Im-
posed fluctuations in the form of parcels of an intermediate size
produce the maximum buoyancy flux Bp,, which can be written
in terms of the variance of buoyancy fluctuations &,2 and the
(potential) density gradient as .

By ®x 0,2G%=0,2N"1 (7.3-4)
using the notation of §§5.2 and 6.4. This form is obtained im-~
mediately from a dimensional argument, given that B, is to depend
on ¢ ,? and G alone; the detailed mechanistic calculation only adds
a numerical factor.

In the same way, if one interprets the results for the free convec-
tion regime (§5.1.3) in terms of a population of plumes, one must
inevitably get the same form of dependence of the various quantities
on height, though the multiplying constants depend on the particu-
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lar model chosen. We have in fact already written down some rele-
vant solutions in (6.4.2), for axisymmetric plumes with top hat
profiles; specializing to p = —% (appropriate for free convection)
gives

w=CHGR, g=1Cd, b=faz.  (73.5)
The non-dimensional heat flux Hy, for a single plume of this kind is
by definition (5.1.14)

H, = g'w/(Cz$)?2% = 0.22. (7.3.6)

The important point here is that the argument gives a purely
numerical constant characteristic of the plume, though as it happens
the point source with top hat profile is a poor model of the atmo-
spheric process, and more realistic results are obtained with line
sources and Gaussian profiles. In comparing with the observed
value of Hy in the atmosphere allowance must also be made for the
fraction of the area convered by ascending plumes, which observa-
tion suggests is about . (Priestley 1959, p. 88.)

7.3.3. Convection from small sources in a confined region

In this section we consider another kind of model which illuminates
certain unsteady aspects of the problem of convection from sources
near boundaries of a confined region. The type and spacing of the
buoyancy sources will be regarded as given; the difficulties of
specifying these for a uniformly heated surface have already been
pointed out, but even a broad pattern of non-uniform heating will
tend to organize the unstable regions into narrow plumes. (See
Stommel 1962.) The convection elements are assumed to be far
enough apart not to interact directly, which in practice means a
separation greater than about twice the total depth. The environ-
ment will be assumed to be non-turbulent (though a more elaborate
model which takes account of turbulence inside and outside rising
plumes has been proposed by Telford (1970)). Thus the methods of
chapter 6 can be used, but attention will now be focused on the
properties of the environment rather than exclusively on the plumes
or thermals themselves. ‘

It is often clear in the laboratory that experiments on plumes can
only be continued for a limited time beforé the walls of the con-
taining vessel begin to affect the flow and the buoyant fluid modifies
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the environment through which the plumes are moving. The same is
true of the lower atmosphere; during the course of a day, the air
below cloudbase heats up, due to the transfer of heat from the
ground in the form of plumes or thermals. In this relatively deep
layer the heat flux is decreasing with increasing height, not constant
as was assumed in §5.1.3 for the layer very close to the ground.
Eventually, in a region of limited extent, fluid which has been in the
convection elements begins to ‘fillup thebox’ and become part of the
environment, and so changes in the latter become an integral part of
the problem and cannot be ignored as they were in chapter 6. The
effect is shown in fig. .15 pl. xvin1 taken during an experiment in
which a turbulent plume of salt solution was supplied at the top of a
tank of fresh water for a long time. Dye put into the flow at an early
stage spreads out along the floor, and this marked fluid thereafter
becomes part of the environment, in which turbulence is quickly
suppressed. A later marked patch of plume fluid passes through this
slightly heavier layer and, as a result of mixing with it, becomes
heavier still. The net result of this process is to produce a stably
stratified environment, made up of fluid Wh1ch has all passed through
the plumes.

Baines and Turner (1969) have based a detailed theoretical model
on this picture, using the entrainment equations (6.1.6) for plumes,
but with G = N2 now regarded as an unknown function of height.
Assuming that the plume fluid spreads out instantaneously across
the region at the top or bottom of the region (of height H, radius R)
and becomes part of the non-turbulent environment at the same
level, two extra equations can be written down linking G and the
vertical velocity U in the environment. The first is just the con-
tinuity equation at any level which is

wb? = — UR? (7.37)

(provided & € R). The second expresses the fact that the density
of a particle in the non-turbulent environment remains constant,
and that the only density changes at a fixed height occur because of
the vertical motion:

_3& _ 08y _ |
o = Ua = UG, | (7.3.8)

where g, is the buoyancy parameter for the environment.
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Fig. 7.16. The asymptotic properties of the environment, in non-dimen-
sional form, produced by an axisymmetric plume in a closed region. U] is
the vertical velocity of the environment, and dAy/d{ is the density
gradient.

The general problem is time dependent, but several special cases
are more tractable. In the asymptotic state at large times ¢, only g,
depends on #; the density of the environment changes linearly in
time at all heights, while the shape of the density profile and all the
other properties remain fixed. The equations can be reduced to non-
dimensional form by scaling with H and the buoyancy flux F at the
source; for instance the environment is described by

8o = (4m) T SREHA(L) 1],

2 23
U = 4t R ) GO 739

using subscripts to denote non-dimensional functions of ¢ = z/H.
The width R enters only into the scaling of U and ¢; the distributions
of.density and the plume properties depend on H alone, but the time
to achieve these does depend on R (i.e. on the spacing of the plumes).
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~ The solutions for several of these non-dimensional functions are

shown in fig. 7.16 (and essentially the same qualitative behaviour
was obtained theoretically for two-dimensional plumes and axi-
symmetric thermals). The form of the density distribution was
checked experimentally in two ways, directly and by relating it to -
the motion of the dyed fluid layers, and these were both found to be
in excellent quantitative agreement with the theory. The sharp
stable density gradient in the environment near the source was clear
in the experiments; it is not realistic for the atmospheric near the
ground, but the theory can be modified to allow for a well mixed
layer there. The slightly stable gradient at greater heights is, how-
ever, a feature of aircraft measurements below cloudbase (Warner
and Telford 1967) even in conditions of strong convection, and itisa
property which is preserved in the theoretical solutions even when
horizontal averages are taken which include the plumes.

The relation of this calculation to the parallel plate convection
problem now becomes clear. If buoyant elements emerging from
one boundary layer can travel nearly to the opposite plate before
losing their identity then this experiment can be thought of as a box
filling up from both above and below with thermals (or unsteady
plumes). (The picture is complicated, but not qualitatively changed,
by the fact that the environment is turbulent.) This process can in
time produce the slightly stable gradient in the interior which is
observed, and also perhaps the more stable region at the edge of the
unstable boundary layer which has been reported in the numerical
experiments described in §7.2.3.

The model also explains in physical terms how there can be a
‘counter-gradient’ heat flux, which at one time caused a great deal
of controversy (Priestley 1959, Deardorff 1966). Individual
buoyant elements can clearly transport heat upwards in the atmo-
sphere even though the mean temperature is greater at the top and
the environment stably stratified. It is not helpful to interpret the
transfer in terms of an eddy diffusivity when the motions are
dominated by buoyancy, since the convective mechanism is not
properly described by a relation between the flux and the local mean
gradient.
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47.3.4. Penetrative convection

The term ‘penetrative convection’ has come to mean the process
whereby convective motions arising in an unstable region penetrate
into an adjacent stable layer. It has also sometimes been used,
logically enough, to distinguish the ‘buoyant element’ models
treated in chapter 6 from the cellular motions observed at low Ray-
leigh number. When the convection is turbulent, this latter is no
longer such a useful distinction to make, and so the first definition is
used here. The problem is an important one for the lower atmo-
sphere and upper ocean, where alayer of convecting fluid, driven by
heat transfer across the surface, is bounded above (or below) by a
stable gradient. As heating (cooling) is continued the depth of the
convecting layer increases at the expense of the stable region, and
so in general one must consider a time-dependent problem. Some
of the properties of such systems, particularly the mixing across the
fluid boundary, will be treated more fully in chapter g.
Aninstructive laboratory model has been described by Deardorff,
Willis and Lilly (1969). They set up a nearly linear stable tempera-
ture gradient in a tank of water, increased the temperature of the
bottom to a new fixed value so that convection began, and measured
vertical profiles of the horizontally averaged temperature as func-
tions of time (fig. 7.17). (Note that the gradient becomes slightly
stable below the top of the ‘well-mixed’ layer, suggesting that
a ‘filling box’ model might be appropriate here too, with now a
variable depth, instead of a fixed upper boundary.) Deardorff
et al. deduced heat flux profiles, and showed that the upward
flux decreases nearly linearly with depth above the bottom (as is
to be expected for a layer of almost constant temperature). In a
thin region at the top, however, the heat flux is downwards i.e.
heat has been added to the convecting layer from the gradient
region above. This latter effect is small, and the rate of rise of the
interface can therefore be inferred pretty accurately by considering
only the heat balance of the layer, equating the input to that neces-
sary to heat a layer of increasing depth. A somewhat unrealistic
feature of these experiments was that the temperature of the lower
boundary was kept fixed, rather than the heat flux (a more natural
boundary condition at the earth’s surface). The flux can of course
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Fig. %7.17. Vertical profiles of temperature in a laboratory tank, set up
initially with a linear stable temperature gradient and heated from below.
The profile labels give the time in minutes. (From Deardorff, W1lhs and
Lilly 1969.)

always be calculated from a relation of the form (7.1.10), but when it
is assumed to be constant, especially simple relations can be derived
for the depth and temperature of the convecting layer, which both
increase like 5. (See §8.2.1, where these are derived and compared
with experiments, in the context of a salinity gradient heated uni-
formly from below.)

Another kind of experiment was reported by Townsend (1964) _
who made use of the non-linear density behaviour of water (which
has its maximum density near 4 °C). He set up a tank of water with
an ice-covered bottom and an upper surface at about 25 °C, so that
the water at the bottom was convectively unstable while a stable
gradient at the top was maintained by molecular conduction. After
an establishment period (of about ten hours, starting with water at
room temperature), during which the convecting layer grows in the
manner described above, a steady state is attained which is very
convenient for the detailed study of penetrative convection, both
visually and by recording the fluctuations.

Townsend showed that vigorous overturning was confined to a
thin region near the bottom, but that columns of fluid emerge from
this, and penetrated through the whole ‘convecting’ layer, finally
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being deflected horizontally as they reached the region of very
stable stratification. The temperature of the mixed layer was nearly
constant at 3.2 °C (below that of maximum density) but there was
evidence of a slightly stable gradient, with more pronounced
overshoots near the edges of this region. This again suggests the
‘filling box’ model (but without the location and spacing of the
sources being specified), and it also gives some experimental
support for the reality of the peaked form of profiles obtained
numerically by Herring (1964) and Elder (1969 4).

Temperature measurements in the ice—water system revealed the
surprising feature that the fluctuations are a maximum just beyond
the point of furthest penetration of the convective columns, in a thin
region at the bottom of the stable layer. They are continuous rather
than intermittent and so cannot be due to individual impacts of the
‘columns’, but they can be explained in terms of internal wave
theory. In subsequent papers Townsend (1965, 1966, 1968)
explored further the properties of waves produced by a convecting
layer and also by a turbulent boundary layer generated by shear at
the ground. He showed (as we should expect from §2.2) that when
the duration of the impacts is long compared with N1 the spread is
predominantly horizontal, in agreement with his laboratory observa-
tions. He also suggested that the results can be applied to strato-
cumulus clouds, and that the ‘clear air turbulence’ observed just
above and sometimes several kilometres to the side of convecting
clouds is in fact a vigorous internal wave motion generated by the
penetrative convection. The theory leads to numerical predictions
which are consistent with this interpretation, provided the motions in
clouds are persistent plumes rather than isolated thermals. (It is not
yet clear from direct observation that this assumption is valid, and
we mention in passing an alternative suggestion of Turner and
Yang (1963). They regarded the region above a stratocumulus
cloud as dynamically part of the turbulent cloud itself, which
happens to be invisible because of evaporation following turbulent
mixing with drier air above. A non-linear density behaviour was
also included in their laboratory model of this process.)

Several numerical models of penetrative convection have been
based directly on the ice-water convection experiments (though
they have been applied to solar convection rather than geophysical
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problems). Veronis (1963) used a series expansion method (a
modification of that used earlier by Malkus and Veronis (1958)) to
investigate the stability problem for a fluid in which the equation of
state is parabolic, i.e.

p =pl1 —a(T—T;). (7.3.10)

His infinitesimal amplitude analysis showed that the value of a
critical Rayleigh number (based on the thickness of the unstable
layer, between o and 4 °C) is affected by the presence of stable fluid
above 4°C; the minimum Rac with the relaxed upper boundary
condition is about one third of that in the ordinary Bénard problem
and occurs when the temperature of the upper plate is about 6.7 °C.
The second order terms indicated further that a finite amplitude
instability can occur at an even smaller Rayleigh number, because
any finite mixing motion which mixes two parcels of water with
temperatures above and below 4 °C will create a layer of fluid near
the maximum density, but deeper and therefore more unstable than
the corresponding layer in a purely conductive state.

Subsequent stability calculations by Whitehead and Chen (1970)
have modified Veronis’ conclusion. They treated a variety of
temperature profiles through a thin layer of unstable fluid bounded
by a stable layer, and showed that, whereas a weak stable stratifica-
tion reduces Rac, a very stable layer can remove energy from the
unstable region and thus lead to an increase in the critical Rayleigh
number above that for a solid boundary. They also produced
comparable temperature distributions using radiant heating, and
studied the stability and the subsequent supercritical motion, in
which plunging vertical plumes were prominent (cf. §7.3.1).

- Musman (1968) obtained steady-state finite amplitude solutions
for the parabolic initial profile (7.3.10). He used the ‘mean field’
approximation of Herring (1963) (with one mode in the horizontal
but many in the vertical), and compared his results with Townsend’s
(1964) measurements. The agreement through the convecting
region is excellent (including a mean temperature less than 4 °C,
and the stable gradient), but not so good in the conducting region
above, where side wall heat fluxes were certainly important in the
experiment. Musman showed that when the temperature of the
upper boundary is about 7 °C or higher, convection first takes place
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7

Fig. 7.18. Streamlines and isotherms calculated for ¢ convection over ice’
by Musman (1968). The maximum. vertical velocities in each cell are
marked, and isotherms are plotted for each degree C from o at the bottom
to 24 at the top.

at finite amplitude (in agreement with Veronis) and that when it is
above 10 °C, the upper boundary is no longer dynamically impor-
tant. The largest motions consist of a convecting cell extending from
the lower boundary to the level where the temperature is %7 or 8 °C,
with above this one or more counter cells, whose structure depends
on the Rayleigh number. (See for example fig. 7.18.) The penetra-
tion of convection into the stable layer takes the form of nearly
horizontal motions associated with the upper part of the main cell.

7.4. Convection with other shapes of boundary

We turn now more briefly to motions produced by buoyancy forces
in different geometries, which have not been so intensively studied
as the Bénard-Rayleigh problem, but which are nevertheless
important in many applications. ‘

Many of the flows of practical interest can be illustrated by con-
sidering a circular pipe of diameter 4 in various orientations. Sup-
pose first that the axis of the pipe is vertical, that it is open above and
below, and contains a fluid which is set into laminar motion because
of a density difference between the fluid inside and outside the pipe.
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Balancing the buoyancy force against the viscous stress at the walls
shows that the velocity is @ ~ g'd%/v and the Reynolds number
wdfv ~ g'd3[v? ~ Gr, justifying the statement made in §7.1.1. The
Grashof number is the appropriate dimensionless parameter (and is

equivalent to a Reynolds number) in convection problems where

the density or temperature difference is given. The molecular dif-
fusivity, and hence Pr or Ra, enters when the mechanism of heating
the flow from the solid walls is of interest ; when flows in a single fluid,
and therefore at a fixed Prandtl number, are being compared the
distinction is less important.

‘Fully forced’ convection, and heat transfer into a moving stream,
will not be considered here (for an outline of the principles of this
subject see, for example, Prandtl (1952), p. 397). One case of
‘mixed’ convection, the flow under a fixed pressure gradient in a
long vertical heated pipe, will be described qualitatively. When the
pressure gradient and buoyancy forces act together (i.e. the forced
flow is upwards in a heated pipe), velocity and thermal boundary
layers are formed, as they are when there is no pressure gradient.
Provided the Raylelgh number (based on the pipe diameter and the
"change in temperature along the pipe in a length equal to the
diameter) is sufficiently large, the upflow and heat flux are con-
centrated close to the wall, and there can be a slow reversed flow in
the stably stratified fluid near the centre. On the other hand, if the
pressure gradient and buoyancy forces are opposed, there will be a
tendency for the whole motion to become unsteady and turbulent
above a certain critical Rayleigh number, since the density distribu-
tion in the vertical will then be unstable. It will therefore be most
effective, because of the convective motions which are induced, to
heat fluid by passing it down a hot pipe. (cf. §6.2.3). Detailed simi-~
larity solutions exhibiting these features have been worked out by
Morton (1960) for the special case of a pipe having a constant linear
temperature gradient along it.

The phenomena observed in heated #Aorizontal pipes, with or
without an axial flow, are entirely different, Then there will be a
circulation in the plane of the cross section, whose form depends on
the distribution of heating and cooling and on the Rayleigh number;
a problem of this kind is discussed in §%.4.3. The convective flow
_ produced in the fluid outside a heated pipe (or horizontal cylinder) is
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also of some importance. Near the body this can be treated by much
the same methods as a vertical surface (§7.4.1), to determine the
form of the boundary layer and the total heat flux into it with a
given temperature difference. Far from the body, the flow detaches
from the cylinder and becomes a plume whose properties can be
expressed in terms of the height and the buoyancy flux, using the
similarity arguments of chapter 6.

7.4.1. A heated vertical wall

The essential properties of free convection near a solid body can be
brought out by considering a two-dimensional flow near a vertical
boundary. Typically, this is held at a temperature 7}, different from
that of the fluid (7}) in which it is immersed, but the problem will be
discussed here (as in §3.3.4) in terms of the local density difference
p' set up between the fluid and the surroundings. Let p,” denote the
(fixed) density difference between fluid at the surface and at large
distances from it, and v = p’/p,’.

When the convecting fluid is confined to a thin layer near the wall,
the vertical equation of motion can be simplified to a boundary
layer form, neglecting higher derivativesin the verticial () direction.
'This and the diffusion equation (cf. (3.3.15)) may be written

ow Bw_ Pw  gp,
u'é;-l-wE 3 25T o Y

oy | oy &y
“ax P ar = Kaa

with boundary conditions #u =w =0, y =1 at x =0, and u = o,
v = o at ¥ =c0. Defining the stream function ¥ in the usual way
(§3.1.3) similarity solutions can be found for ¢ and 7y using the
variable

7=

= ‘gj‘s—l)%v—fxz—i = (Gr)z (E)(%)_%, (742)

0

(7-4- 1)

where H is an overall lengthscale, say the total height of the wall, and
Gr is the Grashof number based on this length and p,’; they take

the form v ( ) £ ?7).”

and Y =p'lps = &(n).

(7-4-3)
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It is clear from the form of 7 that the thickness of the buoyant
layer increases like 2%. Further, (7.4.3) shows that both the local
Nusselt number and the integrated value (which compares the
actual heat flux over the whole depth H with the purely conductive
flux) are proportional to (Gr)t. This is a general result for laminar
flows, arising from the structure of the boundary layer equations
(77.4.1), and it is applicable to other shapes provided only that the
heated layer remains thin compared to the overall dimensions of the
body.

The resulting ordinary dlﬁerennal equations, from which f(#) and
g(n) are obtained, still contain an explicit dependence on « and
thus on Pr. Ostrach (1964) has calculated their forms numerically
for a range of values of Pr. The dependence is complicated, but for
values near that of air and greater, it is approximately Pri, so that
Nuoc Rat, The measured values of the flux, and the profiles pre-
dicted by these calculations, are in excellent agreement with
laboratory measurements made in air. '

The stability of these flows against a vertical plate has also been
studied theoretically and experimentally. It is observed that turbu-
lence sets in at overall Grashof number of about 10% corresponding
to a boundary layer Reynolds number of a few hundred (see §4.2.3).
It was first assumed that the stability criteria (for both the inviscid
and viscous problems) are identical to those obtained for the same
- velocity proﬁle in classical stability theory, the buoyancy forces
just acting to produce this mean profile. It has been shown, however
(see for example Gill and Davey (1969) and the review by Gebhart
(1969)), that the inclusion of the buoyancy source of disturbance
energy makes a substantial difference to the theoretical stability
curves, lowering the critical Gr or Re and the wavenumber at which
this is attained. These predictions, for the case of a plate in air
through which a constant flux is maintained (2 variation of the more
usual condition of constant temperature), were confirmed by Poly-
neropoulos and Gebhart (1967). They created artificial disturbances
of known frequency and amplitude using an oscillating ribbon, and
watched the growth or decay of the waves, using an interferometer
which gives contours whose separation is inversely proportional to
the temperature gradient; two of their beautiful photographs are

reproduced in fig. 7.19 pl. xvirr. More will be said about this
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stability problem and its dependence on Prandtl number in

$7.43.

#.4.2. Buoyancy layers at vertical and sloping boundaries

If the plane surface is not parallel to gravity butis at an angle 6 to the
horizontal, the equations describing the flow in an otherwise uncon-
fined uniform environment remain the same except that sin & multi-
plies the body force term. The above solutions will therefore apply
to the laminar case with Grsin@ replacing G7 in (7.4.2) and (7.4.3)
(see also §4.2.3). This extension will of course be valid only when
the flow is statically stable (for example when it is confined to the
underside of a heated plate). On the upper surface of an inclined
heated plate instability will set in much earlier. The observations of
Lloyd and Sparrow (1970) show that for angles of inclination from
the vertical greater than 14°, the wave-like instability illustrated in
fig. 7.19 is replaced by longitudinal rolls (which is the preferred
mode for Bénard convection in the presence of a shear). At higher
Grashof numbers, the flow becomes more like the turbulent
convection over a horizontal plate described in §7.2.2, with the
addition of a mean flow up the plate (Tritton 1663).

When there is a stable density (temperature) gradient in the
environment however, the heating of the upper surface of an
inclined plate has quite a different effect, since the buoyant fluid now
cannot rise indefinitely but remains confined to a layer near the
boundary. A ‘buoyancy layer’ of this kind is important whenever
the boundary conditions cannot match those imposed in the interior;
it occurs at both vertical and sloping boundaries when there is a
flux through the wall. Another, more surprising, result discussed
below is that a sloping boundary through which there is #o flux will
also produce a flow near the wall in a stably stratified fluid. Gill
(1966) and Veronis (196%) have pointed out that there is an exact
analogy between this buoyancy layer, whose growth is limited by
stratification, and the Ekman layer in a rotating fluid (see §9.2.4).

The laminar problem will first be considered, with the simple
boundary conditions proposed by Prandtl (1952, p. 422) namely,.a
uniform gradient G = N? in the interior and a fixed density dif-
ference between the fluid near a sloping wall and that in the interior
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at the same horizontal level. No position along the boundary is then
distinguishable from any other, so one can expect solutions which
depend only on the coordinate # normal to the slope and not on ¢

parallel to it. Writing the differences from a standard density p, in
the form

A :
gL = Ga—g (7-4-4)
pO {
the equation of motion giving the velocity u parallel to the slope is
;. %u
g smtf’—l—r}é;2 = 0. (7.4-5)

The diffusion equation must include derivatives in the s-direction,
but using (7.4.4) and the relation z = ssinf+ncosf it can be
reduced to

. 0%’ .
uGsinf = Koos (7.4.6)
Either u or g’ can be eliminated from (7.4.5) and (7.4.6) to give a
single equation for the other variable. The solutions can be written
as
p' =p, e *cosé,
Nt

u=g (E) etsing

and these are shown in fig. 7.20. Here £ = #n/l, and the lengthscale [
(‘the thickness of the buoyancy layer’) is given by

It = 4kv|G'sin® = 4xv/N?sin26. (7.4.8)

(7-47)

Notice that with these boundary conditions the maximum velocity is
independent of the angle 8, though the normal distance from the
boundary at which this is achieved does depend on & through .
Prandtl has suggested an application to the phenomenon of
‘mountain and valley winds’, which blow down or up a valley when
the slopes are cooled or heated.

Phillips (1970) and Wunsch (1970) have given solutions to the
same equations with a stable linear gradient but with a boundary
condition corresponding to no flux of solute through a solid sloping
wall. This condition implies that the surfaces of constant density
will be distorted so that they are normal to the slope as the slope is
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£ = const -

ik N

Fig. 7.20. The velocity, density and density anomaly profiles for a buoyancy
layer in a linearly stratified environment, with the boundary condition of
constant density difference. (From Prandt! (1952), reproduced by per-
mission of Vieweg und Sohn.)

approached ; the fluid against the wall will therefore be lighter than
that in the interior at the same level and there will be an upslope
current in a layer of depth / given by (7.4.8). Under laboratory con-
ditions using dissolved salt this flow is very small (but detectable),
though Phillips has shown that similar convective transports along
narrow nearly horizontal slots could greatly exceed the purely
diffusive vertical flux.

Prandt] has proposed a turbulent solution for the ‘valley wind’
problem, based on mixing length arguments which make « and »
irrelevant. The velocity and depth are again constant, and by
dimensional reasoning depend on g," and N through uocg,'/N
and loc g,'/N?; the dependence on & can be obtained by a more
mechanistic argument. Such solutions can only remain valid when
the entrainment is small. When turbulent mixing dominates (on
steep slopes) then the depth will increase and be a function of
slope (see §6.2); so too will the velocity when the buoyancy flux is
changing. For example, a two-dimensional turbulent plume
with a constant density difference between the plume and the
environment just outside it will have Aoc s and ucc st.

e
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7.4.3. Convection in a slot

An important example of a convective circulation in a totally
enclosed region is that of fluid contained in a two-dimensional slot
with vertical walls maintained at different temperatures. The flow
is completely specified by three parameters, a Rayleigh number Ra;,
based on the temperature difference and the width L, the Prandtl
number, and the aspect ratio 2 = H/L, which can generally be taken
as large so that the top and bottom boundaries have only a minor
effect on the flow. We follow the description of Elder (1965 4, 5) who
used a variety of laboratory techniques to obtain a clear picture of
the flow at high Prandtl numbers in different ranges of Ra, and
outline various theoretical analyses which have been suggested by
)  the observations.

For small Ray(< 10%) the temper-
02 ature field is very close to that due to
conduction alone, with a linear hori-
zontal variation and no vertical temper-
ature gradient. This horizontal density
contrast will inevitably generate a slow
steady circulation, up the hot wall and
@  down the cold, but this makes a neg-
ligible contribution to the flux (except
right at the top and bottom). As Ra;,
increases, the isotherms become pro-
gressively more distorted, as shown in
fig. 7.21. In the range 10® < Ray, < 105
large temperature gradients are estab-
lished near the walls, with a uniform
stable vertical gradient in the interior.
(Compare with the mechanism dis-
cussed in §%.3.3.) There is a strong
convective flow concentrated near the
walls that transfers a larger fraction of
G ' L the heat as Ra is increased. Above

0.2

o]

o
(S

(e

Non-dimensional velocity

Fig. 7.21. Vertical velocity profiles in a slot at various Rayleigh
numbers Rar; measurements compared with theory by Elder (19655).
(a) Ray, = 3.08x 104, (b) 2.95 X 10%, (¢) 6.56 %X 10% (d) 3.61 X 10°,
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Ray, = 10° the interior region has superimposed on it a secondary
flow consisting of a regular cellular pattern. The number of cells
in the vertical increases with Ra, until at Ra; = 10% when the
amplitude of this secondary motion is large, counter-rotating
cellular motions are generated in the weak shear regions between the
larger cells,

‘The first theoretical discussions of the primary convective flow
in the boundary layers (due to Pillow (1952) and Batchelor (19548))
assumed that the interjor region should have a constant temperature
and a constant non-zero vorticity, which is not in accord with the
observations described above. Many other experiments, such as
those of Eckert and Carlson (1961) in air, now also support the
view that the interior region has a stable stratification. Gill (1966)
derived the ‘buoyancy layer’ solutions described above, and showed
how it is possible to maintain boundary layers which are not en-
training, but have constant velocity (7.4.7) and thickness (7.4.8).
The vertical gradient G in Elder’s experiments was approximately
related to the overall temperature difference AT and height H by
G = 3 (gAT[1,)/H, so that (%7.4.8) becomes

I* ~ 8kvH /‘%l: o (7.4.9)

Gill was able to go further, and include the boundary layer and
interior in the same solution, which is shown in fig. 7.22. This
allows for some entrainment in the lower part and outflow at the
top of an upflowing layer, and its form is independent of Ra;, and
HJL. The lengthscale [ still determines the maximum thickness of
the boundary layer, however, and the condition for this regime to
be established is that / should be small compared with L. The
solutions contain no disposable constant, the scaling being deter-
mined entirely by the boundary condition @ = o at the top and
bottom boundaries, and they are in good agreement with Elder’s
experimental results. ’

The stability of the laminar boundary layer regime on a vertical
wall has been studied by Gill and Davey (1969), using numerical
methods to cover the whole range of Prandtl numbers. They
showed that the buoyancy-driven instability (as distinct from the
purely mechanical instability arising from the shape of the velocity
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(a) &

Fig. 7.22. (a) Isotherms and () streamlines for the boundary layer on the
heated wall of a vertical slot. (From Gill 1966.)

profile) is increasingly important at large Pr, and that the Reynolds
number for instability decreases with increasing Pr. Both diffusion
and the stable gradient have an inhibiting effect on the growthrate of
disturbances, which have the form of waves travelling faster than
the flow. In the application to the slot, the critical condition is
determined by a value of Ra; A3, i.e. a Rayleigh number Ray based
of the vertical dimension (cf. §7.4.1), and varies strongly with
Prandtl number.

In contrast, the breakdown of the conduction dominated flow
(before strong boundary layers have formed) occurs in the form of
stationary waves, and appears to be ‘mechanically’ driven. The
critical value of Ray, is independent of the aspect ratio %, but still
depends on Pr. These results have an important application in the
field of thermal insulation. The effectiveness of double walls or
windows in minimizing the heat losses in air seems to depend on the
stability of the conduction regime, rather than the change from
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conduction to the boundary layer form of motion. Both instabilities
are suppressed in a porous medium, and this is probably the main
effect of filling a cavity with insulating foam.,

The stability of the flow in a vertical slot when there is a vertical
temperature gradient in either sense as well as a horizontal gradient
has been investigated by Birikh, Gershuni and Zhukhovitshii (1969).
Space does not allow us to discuss this here, but the reference
quoted also gives a good introduction to earlier Russian work in this
field. Much more could be said too about observations and theories
dealing with related geometries; for example, Hart (19714) has
examined the convective motions (and their stability) in a tilted
narrow slot, and Walin (1¢971) has considered the relation between
the boundary layer flows and the stratification in a closed region of
any shape. Convection in a region of variable depth will be con-
sidered in the more specialized context of the next chapter (§8.3.4),
though some of the results are valid regardless of how the buoyancy
flux 1s supplied. _

Finally, let us consider the experimental results of Elder (1965 5)
for unsteady and turbulent flows in a slot. Using water as the working
fluid, he observed travelling wave-like motions at the edge of the
boundary layers (cf. fig. 7.19), which appeared at Ray ~ 10% much
as they do at a single wall. At higher values of Ra, the waves grow
and break, and there is an intense interaction between the wall layer
and the interior, both of which become turbulent. This strongly
turbulent flow, in which the mean temperature is nearly constant
and the mean velocity zero across the interior region, can be used to
test some of the predictions of the theories of thermal turbulence.
For example the horizontal temperature profile has a conduction
region with linear temperature gradient (presumably in a margi-
nally stable state, similar to that discussed in §7.3.1), a substantial
region where the temperature varies with 2—% and finally the uni-
form interior. The existence of the % region, which did not appear
in Townsend’s (1959) experiments on a horizontal surface but which
is characteristic of free convection profiles in the atmosphere
(§5.1.3), is at first sight surprising. As Elder pointed out however,
the dimensional arguments leading to(5.1.15) require only that there
should be a constant heat flux normal to the boundary, that the
motion be driven entirely by buoyancy forces, and that molecular
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processes be unimportant. All of these are satisfied in the inter-
mediate mixing region, and the angle between the direction of
gravity and the heat flux is irrelevant except for the evaluation of the
numerical factor. The total heat transport between tall vertical
plates in the turbulent range can be expressed (Jakob 1957) as
Nu = 0.053 Raz3, so the multiplying constant is rather smaller than
it is for horizontal plates.




CHAPTER &

DOUBLE-DIFFUSIVE CONVECTION

A comparatively recent development in the field of convection has
been the study of fluids in which there are gradients of two (ot more)
properties with different molecular diffusivities. When the con-
centration gradients have opposing effects on the vertical density
distribution, a number of surprising things can happen, and these
are the subject of the present chapter. The phenomena were first
studied with an application to the ocean in mind (see §8.2.4), and
because heat and salt (or some other dissolved substance) are then
the relevant properties, the process has been called ‘thermohaline’
or ‘thermosolutal’ convection. Related effects have now been
observed in the laboratory using a pair of solutes, and in solidifying
metal alloys, and the name ‘ double-diffusive convection’ has been
chosen to encompass this wider range of phenomena.

'The stability problem will first be reviewed, somewhat more
fully than was done in previous chapters because of the comparative
novelty of the double-diffusive phenomena. It will then be shown
that when two components contribute to the vertical density
gradient, a series of steps tends to form, with well-mixed layers
separated by sharper density interfaces. The detailed structure of
these interfaces and measurements of the coupled fluxes across them
will also be described. '

8.1. The stabil.ity problemi
8.1.1. The mechanism of instability

In such a system with opposing gradients, the existence of a net

density distribution which decreases upwards is zot a guarantee of

stability. Diffusion, which was seen in §7.1.1 to be generally

stabilizing in a fluid containing a single solute, can now act so as to

allow the release of the potential energy in the component which is
[251]
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0y
@ Hot salty water ) Cold fresh water
{1 Conducting pipe Diffusion of heat

Diffusion —

of heat .
Restoring force

Cold fresh water Hot salty water

Fig. 8.1. Illustrating the two types of motion which are possible in a fluid
containing opposing vertical gradients of heat and salt (@) salt fountain,
(b) oscillating element.

heavy at the top. The form of the motions depends on whether the
driving energy comes from the substance of higher or lower dif-
fusivity, and our physical intuition based on observations of
ordinary thermal convection are of little direct help here. Two
simple conceptual experiments (the first of which was the starting
point of the whole subject) do bring out the main features of the
two possible kinds of motion. |

Consider first, following Stommel, Arons and Blanchard (1956),
a long narrow heat-conducting pipe inserted vertically through a
region of the ocean where warm salty water overlies colder fresher
(and of course denser) water (fig. 8.1a). Water which is pumped
upwards, say, would quickly reach the same temperature as the
surroundings at the same level (by conduction of heat through
the wall of the pipe), while it remains fresher and therefore lighter.
A “salt fountain’ started in this way (in either direction) will con-
tinue to flow so long as there is a vertical gradient of salinity to
supply potential energy. Some confusion (mostly semantic) has
arisen in describing the role of heat in this case. The temperature
distribution is stabilizing in the sense that initially the warmer water
is on top, but the diffusion of heat is the essential destabilizing
process.

In the opposite case (of warm salty water underneath colder,
fresher, lighter water) consider a parcel of fluid which is isolated from
its surroundings by a thin conducting shell and then displaced
upwards (fig. 8.1 6). It will lose heat but not salt, and buoyancy forces
must drive it back towards its initial position. In this way an oscil-
latory motion will be produced, with the buoyancy reversing each
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half cycle and the parcel overshooting its position of neutral
equilibrium. Any lag in temperature between the moving fluid and
its surroundings implies that there is a net buoyancy force in the
direction of motion over much of the cycle, and so the oscillations
can grow even when some energy is dissipated.

A most important step forward was taken by Stern (1960), who
pointed out that solid boundaries are not essential to the above
arguments. A slower transfer of salt relative to heat is assured by its
smaller molecular diffusivity, and motions of both the kinds
described above can be set up in the interior of a fluid. In the first
case, long narrow convecting cells, called ‘salt fingers’, have been
predicted and observed (see fig. 8.8 pl. xx), and in the second, the
existence of oscillatory motions has been verified. For reasons which
will become clearer in § 8.2, these two will be distinguished by calling
them the ‘finger’ and ‘ diffusive’ regimes respectively. Some of their
properties can be derived using the stability analysis described in the
following section. The extent to which these simple predictions need
modification to describe the fully developed convection pheno-
mena will be discussed in conjunction with laboratory observations.

8.1.2. Linear stability analysis

Only the simplest case will be described here, the stability to in-
finitesimal disturbances of a system containing linear opposing
gradients of two properties, with free horizontal boundaries above
and below held at fixed concentrations (temperatures and salinities).
‘This problem was treated by Stern (1960), but we now add the
restriction of two-dimensional motion and incorporate further
results due to Veronis (1965) and Baines and Gill (196g). Stability
criteria for a wide variety of conditions at the boundaries have been
obtained by Nield (1967) and for the case of an unbounded fluid by
Walin (1964). These make a small quantitative difference to the
values of the critical parameters, but introduce no new qualitative
effects.

The density distribution can be written in the linear approxi-
mations as ' co
p = pm(1—aT*+ [S%), (8.1.1)
where p,, is the mean density at height 2, (which is assumed to vary
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linearly between 2, = oand 24 = d). T¥ is thetemperature, ormore
generally the concentration of the property with higher molecular
diffusivity, and S* is the salinity (concentration of the component
with lower diffusivity): ¢ and f are the corresponding ‘coefficients
of expansion’ defined in such a way that they are both positive for
temperature and salinity changes at constant pressure

__If{2% (2 '
“T p(aT*)s*,p*’ d _p(aS*)T*,p*' (512)
The linearized two-dimensional Boussinesq equations (1.3.10)

can be reduced to the dimensionless form (scaling with 4 and &, and
introducing dimensionless parameters to be defined below)

19 we\vey — — gL a8
(E—éE~V)Vg[rg Ra3x+Rsax' (8.1.3)

The diffusion equations for the two components, with similar
scaling, are

. 2 o
_ V2 .
“1 (3t V)T ox’ (8.1.4)
: 1.4
8 No. O
(a:"’fv )S——E;’

where ¥ is a stream function, defined as before, and the non-
dimensional 7 and S have been defined relative to the mean linear
gradients. The boundary conditions at & = z4/d = o, I become

Yr=o0, PYloz?=0, T=S8=o. (8.1.5)

With the introduction of two independent concentration dif-
ferences AT and AS between the bottom and top boundaries, and
two different molecular diffusivities, four non-dimensional para-
meters are needed to specify the system completely. In addition to
Ra = gaATd3/kv and Pr = v/« used earlier, the above equations
contain T = kg/k < 1, the ratio of diffusivities, and the density
ratio JAS/aAT. The latter can be replaced by an equivalent ‘salinity
Rayleigh number’ Rs such that

_BAS ., gBASE ~
Rs = mRa == T (816)

(but note that k, not kg, appears in the denominator here).
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Rather than eliminating two of the variables to give a single
equation in the third (the procedure implied by the form of (77.1.6)
quoted earlier), the boundary conditions (8.1.5) are such that one
can write down directly a set of functions satisfying (8.1.3) and
(8.1.4):

Y ~ ePtsin max- sin g, }

(8.1.7)

T, S ~ ePlcos max-sin mnz,

where a and rnare horizontal and vertical wavenumbers ; # must be
an integer but a is so far unrestricted. The characteristic equation
derived by substitution is a cubic in p,

PP+ (Pr+741)R2p*+ [(Pr+7Pr+7)k*— (Ra~ Rs) Prn*a®[k¥] p
+7Prkb+ (Rs—1Ra) Prn®a® = o, (8.1.8)

where k% = 7%(a® +n?).

The subsequent infinitesimal motion is described by the solut1ons
of (8.1.8) for various combinations of parameters. (See Baines and
Gill (1969) for a detailed discussion, especially of the case Pr = 10,
T = 1072 which corresponds roughly to salt and heat in water.) At
least one value of p must be real, but p = pr+1p; is in general a
complex number whose real part represents the growthrate, and
whose imaginary part allows for an oscillatory behaviour. For fixed
Prandtl number Pr and fixed 7, the stability boundaries (minimum
Ra with p; = o) correspond to two straight lines in the Ra, Rs plane
whose equations are

4
XZ: Ra Rs L2 ’

T 4

Pr+t 2771'4 (8-1.9)
XW: Rd_Pr Rs+(1+'r)(1+P) .

These are drawn, diagrammatically and not to scale, in fig. 8.2.

In the quadrant where Ra is negative and -Rs positive, both
gradients are stabilizing and no growth is possible. In the opposite
(upper left) quadrant, all points are unstable above XZ, so that
Ra, = Ra— Rs[t = &L7* represents an effective Rayleigh number
having the same role as Ra. in ordinary convection; Ra, reduces to
Ra. when either component is present alone; and the numerical
values also vary with the boundary conditions in the same way,
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Fig. 8.2. Diagram of the various convection regimes described by (8.1.8).
The sign convention is such that negative Ra and positive Rs represent
stabilizing gradients of the respective components. (After Baines and Gill

1969.)

In the ‘finger’ regime (Ra and Rs both negative) instability sets in
(when 7 is small) at values of | Rs| only slightly larger than the critical
value for a salinity gradient alone, and certainly while the net density
gradient is still statically stable (i.e. below the line PQ on which
Ra = Rs). Themotion just to the left of XZ is a direct, exponentially
growing mode (p; = o), drawing its potential energy from the
component of lower diffusivity. For large negative values of both
Ra and Rs, convection can occur only while |Ra| < |Rs|/7 or

aAT «
*ﬁ"m < I—C‘_s’ (8.1.10)
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which becomes an important consideration when the diffusivities
are comparable.

Instability in the ‘diffusive’ regime (Ra and Rs both positive)
occurs, as suggested by the above qualitative discussion, in an
‘overstable’ or oscillatory mode, since p; = o just above XW. When
7 < 1 the effective Rayleigh number may now be defined as
Ra, = Ra—Pr-Rs/(Pr+1) and the critical ‘thermal’ Rayleigh

number 1s
Pr

Ral =
¢ 1+ Pr

Rs+2274, (8.1.11)

For a given stable ‘salt’ gradient, Ra.’ must exceed the ordinary
criterion by Pr-Rs/(x+ Pr); in some problems (see §8.2.1), this
correction can be so small as to be negligible, though the oscillatory
mode of breakdown is preserved. When Rs > 2774, the instability
occurs when Rac® = (Pr+T1)Rs/(1+ Pr), i.e. when the net density
field is statically stable, since XW crosses PQ at some Rs. The
frequency of the most unstable mode, when translated into the
dimensional variables, is then

[(x —7)/3(Pr+1)]EN; (8.1.12)

this is always less than the buoyancy frequency, the factor being
about { for the case of heat and salt. Above the line XV the motion
can have a direct as well as an oscillatory form, if the limiting case
pi—>o0 is also interpreted as steady convection. As Rs—>c0, XV is
parallel to PQ and the direct mode becomes possible just after the
net density gradient becomes statically unstable (not only at the
much larger Ra, above XU, as had previously been suggested).

8.1.3. The form of the convection cells

The analysis outlined above has been extended to calculate the
growthrate of disturbances with any specified wavenumber. For
given Ra and Rs (not just the critical values) one can determine the
aspect ratio of the cells which will grow most rapidly. In spite of the
limitations imposed by the linearized analysis, which is strictly
valid only very close to the critical state, it appears that this gives
some guidance as to what is in fact observed under highly super-
critical conditions. (See §8.3.3.)

9 TBE
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For all Ra, Rs the most unstable mode has n = 1, i.e. the cells
extend from top to bottom of the unstable region. On the ‘marginal’
lines XZ and XW, n = 1 and a® = } are the appropriate values (this
most unstable horizontal wavenumber has already been taken into
account in the numerical values quoted above). The behaviour of
the maximum growthrate, and the value of 4? at which this occurs
for general Ra, Rs, were again given by Baines and Gill for the case
Pr = 10, 7 = 1072, The line above which the most unstable mode is
direct then lies just above XV in fig. 8.2, and is so close to it that
where both modes are possible it is virtually certain that the motion
will be direct. Through the whole top part of the diagram, where the
difference in temperature (the property with the higher diffusivity)
is driving the motion, the most unstable wavenumber is near
unity; the cells are about as wide as they are high whether the motion
is direct or oscillatory.

In the lower left-hand quadrant, however, maximum growth at
supercritical [Rs| (to the left of XZ) implies a relatively large a*
so that cells tend to be tall and thin. Asymptotically, as |Ra| o0
with 7 < 1, the wavenumber @, of maximum growth is (in dimen-
sional units)

aAT[d\*
ﬁa*z(g wc/ ) - (8.1a13)

This result was obtained originally by Stern (1960) as the scale of
the fastest growing disturbances of square planform but, as dis-
cussed in §7.1.2, linearized analysis can give no information about
the actual structure in the horizontal. Although cells with a ~ n are
preferred just above the critical point, at large |Ra| thin columns
can evidently release the potential energy of the salt field more
efficiently. This justifies the name given to the regime where Ra and
Rs are both negative, and it is also in agreement with the observed

- form of “salt fingers’ in their fully developed state.

Note also that the form of (8.1.13) is the same as that derived in
§7.4.2 for the thickness of a ‘buoyancy layer’ at the boundary of a
fluid stratified with a single component (7.4.8). In both cases the
basic gradient is statically stable, and it is the horizontal diffusion of
this component which allows the fluid to react to an extra source of
potential energy. '
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When 7 is no longer very small (i.e. the diffusivities are com-
parable), another limiting case is of interest. As |Ra|—>co with
Ra ~ Rs (nearly compensating density gradients), the predicted
horizontal lengthscale in the finger regime is of the form (8.1.13),
but with the net density gradient Ap/pd = (aAT - SAS)/d replac-
ing ¢ATjd. :

8.1.4. Finite amplitude calculations

Detailed calculations of the motions produced by finite amplitude
disturbances of a double-diffusive system (starting with the same
initial state considered in §8.1.2) were first made by Veronis (1965,
1968) and Sani (1965). Both these authors concentrated on the
‘diffusive’ regime (e.g. a stable salinity gradient, heated from
below); and the description given here follows the most recent of
these papers.

With the non-linear (product) terms added to (8.1.3) and (8.1.4)
(cf. (7.2.2) and (7.2.3)), Veronis expanded ¥, T and S as double
Fourier series in x and 2 (an extension of his method for a single
component). Substituting in the governing equations and trun-
cating after a finite number of terms (M in the horizontal and N in
the vertical) gives a set of equations for the: (time-dependent)
coeflicients. These can be solved numerically, taking into account
all components and interactions such that M+ N < K. The com~
plexity increases rapidly with K, and Veronis treated K = 4,6,8
and 10. He regarded the answers as reliable when they changed little
as K was increased, and showed that his earlier (1965) approxima-
tion with K = 2 was inadequate. The horizontal wavenumber was
kept fixed throughout at 4* = } which is the most unstable value in
the linear theory (cf. §7.1.2).

These calculations show that with 7 = 107% and Pr =1 and
above, the onset of instability appears as an oscillatory mode at
the Ra = Rac® predicted by linear theory (8.1.x1). As Ra is further
increased, a finite amplitude instability, leading to steady convection
and an increased flux of 7, sets in below the line XV (fig. 8.2). As
Rs—»00, the criterion for this direct mode is again Ra— Rs (a margi-
nally stable density gradient). When Pr is small, on the other hand,
the first instability appears in the finite amplitude steady mode.

The main results of Veronis’ analysis are the values of horizon~

9-2
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Fig. 8.3. Contours of (@) T, (b) S, (¢c) p and (d) ¥ in a half cell, calculated by
Veronis (1968) for the case 7 = 1072, Pr = 1, Rs = 10 and Ra = z500.
The lines x = o and x = 1/a are lines of symmetry for T, S and p and
lines of antisymmetry for ¥.

—

tally averaged T and S fluxes (¥, and Fy in density units), made
non-dimensional with the molecular fluxes, i.e. the ‘Nusselt
numbers’ Nu and Nu® (see §7.1.1), which are functions of Ra, Rs, 7
and Pr. A stabilizing gradient of solute inhibits the onset of con-
vection and reduces the calculated F;, at moderate values of Ra.
When Ra is sufficiently large, the strong finite amplitude (steady)
motions which develop will tend to mix the solute so that the interior
region is more nearly neutrally stratified; the fluid layer then
transports nearly as much of the destabilizing 7' component as it
does when this is present alone. Contours of T, S, p and ¢ in a half
cell show this tendency even at Ra = 2500 (fig. 8.3) and horizontal
averages exhibit a slight reversal of the gradients in the central
region.

Both F and Fy are increased by convection, and the ratio of these
two fluxes is of special interest. In the limit Rg—>co, Rs/Ra—1,
Veronis has shown that Fp/Fg—>—7% (a result which will be
derived in a more mechanistic way in §8.3.1). It also follows that
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Fig. 8.4. The development of a T, .S interface, as calculated by Elder
(1969 8). Mean values of T and .S, the velocity W and fluctuations 77 and S”
are plotted at four times, with the height axis horizontal and the origin
taken at the lower boundary. The parameters are Ra = 10%, Rs = 4 %X 105,
7 = 1072 and the relative magnitudes of the peaks are marked.

the mean ‘coeflicient of diffusion for density’ «, (defined as the
ratio of the flux to the gradient) is in this limit.
K ,——(KkKg)t. (8.1.14)
The negative sign reflects the fact that for energetic reasons F must
always exceed Fg, and so the density flux is against the gradient.
In the case of the periodic oscillatory mode, calculations at finite
amplitude show that the horizontally averaged density gradient
changes sign at a particular height. For most of the cycle, and in the
temporal mean, there is a stably stratified region near the boundaries
and an upstable interior; but note that the overall density gradient
is unstable, in contrast to the observed flows to be described later.
Elder (19695) has used a ‘mean field’ approximation (cf. Herring
1964, and §7.2.3) to treat a double-diffusive problem with different
and very revealing initial conditions. He started with a step (or
sharp interface) between two well-mixed layers, each having the
properties of the adjoining boundaries, with higher T and S below
and a net stable stratification (again the ‘diffusive’ regime). The
sequence of events is shown in fig. 8.4, where both mean and
fluctuating properties are plotted. At first the interface thickens by
diffusion, the 7 interface more rapidly than the .S interface. The
outer part thus becomes unstable, and fluctuations which were
imposed initially begin to grow, with at first a weak oscillation
appearing. Later there is a rapid exponential growth and break-
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down, and the interface is sharpened by the increased mixing at its
edges. During this period there is a balance between diffusion which
tends to spread the interface, and mixing on either side which
sharpens it—features which are also prominent in the laboratory
experiments. The transfers across the interface produce two layers
which for a time behave like isolated thermal layers, and the fluxes
from the boundaries also become important. Eventually the inter-
face is disrupted (by a mechanism which is not clear from the
numerical experiment), and a single convecting layer is produced,
with reversed gradients across the central layer.

8.2. The formation of layers; experiments and observations

We now turn to a discussion of laboratory experiments on double-
diffusive systems, commenting at the same time on their relation to
the predictions set out in §8.1, and adding some more theoretical
ideas where appropriate.

\

8.2.1. The ‘diffusive’ regime

The simplest example of a ‘diffusive’ system (defined in §8.1.1 as
one in which the energy to drive convective motions comes from the
component T having the larger diffusivity) is a linear stable salinity
gradient, initially at constant temperature and heated strongly
from below. Convection is first observed in a layer close to the
bottom, as the diffusion of heat makes the density gradient unstable
there (cf. §7.3.1). The motions do not immediately extend through
the whole depth of the fluid, however, as in ordinary thermal con-
vection, and as predicted by the theories based on linear gradients
of both properties. Instead, a series of convecting layers forms in
succession, from the bottom up, as shown in fig. 8.5 pl. x1x. The
salinity distribution maintains a stable density jump across each of
the interfaces while the more rapid diffusion of heat relative to salt
provides an unstable buoyancy flux which drives the convection.
Each stage of this process will now be examined briefly in turn.
Shirtcliffe (1967, 1969a) has shown that the initial instability
does occur-as a growing oscillation, as predicted by theory. (See
fig. 8.6.) He obtained fair quantitative agreement with both the
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Fig. 8.6. Section of a differential thermocouple record obtained by
Shirtcliffe. (1967), Nature, 213, 489—g9o, showing the overstable break-
down of a stratified sugar solution heated from below. The heating rate
was changed at ‘4 and the right-hand voltage scale applies after B.

critical Rayleigh number criterion (8.1.11) and the frequency
(8.1.12), provided the depth of the layer is defined as that which
makes the effective Rayleigh number a maximum. Allowance for
the non-ideal boundary conditions (Nield 1967) improves the
agreement between theory and experiment. Only a very small
stabilizing gradient is needed to produce the overstable mode of
breakdown (see fig. 8.2). For example, Hurle and Jakeman (1971)
have shown that the Soret effect (i.e. mass diffusion caused by a
temperature gradient) can produce concentration gradients near a
boundary which are sufficiently large for this purpose, even in
extremely dilute solutions. They have documented this pheno-
. menon with experiments in water—-methanol mixtures, and have
also suggested it as an explanation of temperature oscillation and
impurity striations observed during the growth of crystals from
liquid metals. _

. As heating is continued beyond the point of instability, a well-
mixed layer develops; this behaviour too is consistent with the
finite amplitude calculations leading to fig. 8.3. The top of the layer
is rising, however, as fluid from the gradient region above is in-
corporated into it, and its growth can be calculated as follows.
Assuming a constant heat flux 7 and a linear initial gradient of
solute denoted by Ng? = —gfdS/dz, the heat and solute balances
in a uniformly mixed layer with depth 4 at time ¢ give

Ht = —pCdAT,}”

and gPAS = 3N, (8.2.1)
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where T and § are the steps of ‘temperature’ and ‘salinity’ at the
top of the layer, C is the specific heat, and the rest of the notation is
that used in §8.1.2.

Experimentally it is observed that

aAT = — pAS, (8.2.2)

i.e. the steps in 7' and S are compensating to within the experi-
mental error, and the net density structure is as shown in fig. 8.7
(compare with §7.3.4, where an experiment using heat alone is
described). Combining (8.2.1) and (8.2.2), and using the buoyancy
flux B = —gaH|[pC defined in (5.1.7), we obtain

d = 23BiINg 18 (8.2.3)
and goAT = —gAS = 2-tBiNgth. (8.2.4)

If, on the other hand, a fixed fraction of the kinetic energy generated
by buoyancy in the unstable layer were used to mix fluid across the
interface, 4 and AS would be increased above the values just
calculated, though the form of the relations remains the same.
(This possibility could become relevant on a larger scale, and will be
referred to again in chapter g.) In the limit where the energy is
conserved between the initial and final states, (8.2.2) is replaced by
aAT = —LBAS and the distribution of properties is as shown in
fig. 8.74a. There is now a definite density step at the top of the layer;
d is increased and AT is decreased by a factor of /3 compared to
(8.2.3) and (8.2.4). _

The relations (8.2.3) and (8.2.4) have been verified directly over
a range of strong heating rates by measuring the depth and tem-
perature of the growing convecting layer (Turner 1968 a). (Rather
better agreement with experiment is obtained by taking into
account the diffusive boundary layer ahead of the convecting zone;
this will be invoked explicitly below.) At some point the growth
stops abruptly; a second layer forms on top of the first and behaves
in the same way, until the many layers illustrated in fig. 8.5 have
built up. (Note that sidewall heating can lead to a similar effect,
which will be discussed separately in §8.2.3.) A purely vertical heat
flux produces layer depths which depend on the initial gradient
and heating rate, and the measured thickness of the first layer at the
time a second forms above it can be explained as follows.
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Fig. 8.7. The distributions of (i) density due to salinity, (ii) density due to
temperature, and (iii) the net density produced by heating a linear salt
gradient from below. It has been assumed that (@) all the potential energy
released by heating is used to redistribute salt, and (d) the top of the mixed
layer is marginally stable. (From Turner 1968a.)

The diffusive thermal boundary layer growing ahead of the well-
mixed layer has thickness 8 oc 23, and is thus a constant fraction of the
layer depth d which can be written as

8)d = 2kNg*/B. (8.2.5)

When §/d is small (i.e. B is sufficiently large), Rs based on & and
Ng? is much less than Ra based on & and A7, so the criterion for
instability (8.1.11) is effectively a condition on Ra alone. Instability
occurs when the depth d is

L
do = (”f{?)*B%NS—z (8.2.6)
or when AT (proportional to dNg?) reaches a corresponding value
determined only by B. The form of (8.2.6) has been verified
experimentally, though the implied numerical value of Ra. is
larger than the application of the simplest theory would suggest.
The corresponding calculations for later layers would have to
allow for the dependence of the fluxes through the first interface on
the changing S and T differences across it {see §8.3.1).

Shirtcliffe (19695) has used another approach to explain his
laboratory observations of successive layering in the limit where
d/d is not small. He modelled the process numerically, using dif-
fusion coefficients which changed abruptly from molecular to
much larger ‘eddy’ values when a Rayleigh number criterion for
instability was exceeded locally. The observed features of successive
layer formation at the top, and the merging of previously formed
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layers at the bottom when their densities become equal (see fig. 8.5)
are reproduced well, but of course many detailed questions
about the mechanism of transfer through the various regions are
left unanswered.

8.2.2. The ‘finger’ regime

In the opposite case to that described above, when a little hot salty
water is poured on top of a stable temperature gradient, ‘salt
fingers’ very quickly form, as predicted by the first of the stability
criteria (8.1.9). A cross section of these long narrow convection
cells, made visible by adding fluorescent dye at the bottom, is
reproduced in fig. 8.8 pl. xx. (Later it will be shown that the
planform in the idealized case is square, with upward and down-
ward motions alternating in a close packed array. Practically, this
means that each ‘finger” tends to have four near neighbours, though
their orientation may gradually change. See fig. 8.18 pl. xx1.)

This process looks very different from that illustrated in fig. 8.5,
for example, but consider the results of another related series of
experiments. If a layer of lighter sugar solution (the more slowly
diffusing component, denoted by S in the notation of §8.1.2) is
placed above a stable gradient of salt (T'), the configuration again
gives rise to ‘fingers’, since the substance of lower diffusivity is
again unstably stratified, though 7 is about 1 instead of 1072 for heat
and salt. These solutes are very convenient to use in the laboratory,
since they allow large gradients to be set up without requiring any
special precautions to prevent losses at the boundaries. When the
salinity gradient islarge in relation to the concentration step, fingers
develop and eventually extend right to the bottom of the container
(as in the experiment with heat and salt shown in fig. 8.8). With a
rather smaller 7' gradient and the same step of S at the top, however,
a convecting layer is formed; the fingers become unstable and
overturn over a finite depth. The layer deepens, bounded by a
sharp interface below which fingers persist. These in turn can be-
come unstable, leading to a second convecting layer separated from
the first by an interface containing fingers. In time, a series of such,
convecting layers can be formed, as shown in fig. 8.9 pl. xx.

Looked at in the large, therefore, and ignoring for the present the
details of interface structure and the differences in the mechanism of
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transport which will be taken up in §8.3, there is a complete corre-
spondence between the ‘finger’ and ‘diffusive’ systems. The
inequality of molecular diffusivities results in an unstable buoyancy
flux across a statically stable interface in both cases, and this main-
tains the convection in the layers above and below. In the ‘finger’
system this buoyancy flux is dominated by the S component, and
hence such interfaces must reverse the relative rates of transport due
to molecular processes alone (e.g. salt is transported faster than heat
across an interface containing fingers).

A theory of layer formation in this case has been proposed by
Stern and Turner (1969) along similar lines to that outlined pre-
viously, but now taking more explicitly into account the ‘finger’
structure of the interface. 'The criterion for instability of a deep
layer containing fingers must also be taken into account here

(see §8.3.4).

8.2.3. Side boundaries and horizontal gradients

It was remarked in §8.2.1 that laboratory experiments on the forma-
tion of layers by heating a salt gradient from below can be compli-
cated by heating or cooling from the side walls. Though vertical
transfer processes are always important once layers have formed,
their depth can be set by these side wall effects, rather than by the
criterion (8.2.6). The mechanism is readily understood (quali-
tatively at least) by extending the arguments of §77.4.2. There we saw
that a distortion of the interior distribution of a single component can
produce a steady flow along a boundary, in which a constant dif-
ference of (say) temperature is maintained between the boundary
layer and interior. If a stabilizing salt gradient is distorted by heating,
however, such a balance cannot be maintained; two different
boundary layer length scales become relevant and there is no
velocity profile which can balance both T and S.

The formation and growth of layers in a two-component system
is an unsteady process, which is related to the instability of the side-
wall thermal boundary layer as it grows by conduction (cf. §7.3.1).
When instability sets in, salt is lifted by the heated wall layer, but
only to a level where the net density is close to that in the interior.
Fluid then flows out away from the wall, producing a series of layers
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which form simultaneously at all levels and grow inwards from
the boundaries. This is shown beautifully in the experiments of
Thorpe, Hutt and Soulsby (1969); it is clear from fig. 8.10 pl. XX,
that each layer (marked by dye) then slopes downwards as it ex-
tends and cools. Chen, Briggs and Wirtz (19771) have shown that the
layer thickness (when 7 is small) is close to the natural lengthscale

aAT
FdSjds (8.2.%)

[~

(where AT is the imposed horizontal temperature difference),
which is the height to which a heated fluid element would rise in the
initial density gradient.

Analogous effects can be obtained using two solutes instead of
salt and heat. If opposing gradients are set up, the surfaces of
constant concentration are horizontal and so the no-flux boundary
conditions are satisfied for both properties on vertical walls. Such
distributions can be very stable in the laboratory, a considerable
finite amplitude disturbance being required to initiate layered
convection in the interior. At an inclined boundary, however,
density anomalies are produced by diffusion which tend to drive a
flow along the wall. Again the second component prevents this
continuing indefinitely, and fluid spreads into the interior as a
series of layers.

The observed motions are much stronger than with a single
solute and have some surprising features. Fig. 8.11 pl. xix showsan
experiment started with linear gradients of salt overlying sugar.
Just above the boundaryis a downflow (as one might expect from the
distortion of the thicker salinity boundary layer) but above this
is an upslope counterflow. As the fluid moves outwards into the
layers the vertical gradients are reversed locally and fingers form,
though the original distribution was in the ‘diffusive’ sense. At a
much later stage, a series of sharp diffusive interfaces remained,
with flow down the boundary dominating. This produced a mean
circulation which caused the layers to spread far from the boundary
at the bottom and suppressed their extension near the top of the
slope. (Under a sloping lid, the motions are reversed.)

The theoretical stability problem corresponding to these obser-
vations has not been solved (it is analogous to the Bénard problem
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with large gap widths) but Thorpe, Hutt and Soulsby (1969) have
analysed the simpler case of a fluid contained in a narrow slot. They
assumed linear gradients of S and 7T initially in both the vertical
and horizontal directions, with a statically stable (or zero) density
gradient in the vertical and exactly compensating horizontal
gradients. The stability condition can be expressed as a relation
between two effective Rayleigh numbers defined as in §8.1.2., Ra,
being based on the vertical differences and Ra,, on horizontal dif-
ferences of the two properties over a distance d, the separation of the
plates. Asymptotically, at large Ra,, the stability criterion for
vertical walls is

[Rat | min = 2'76]Raz|%? : (828)

so a minimum horizontal gradient is necessary for instability.
Linear theory predicts that a steady motion will then be set up, with
cells reaching right across the gap and having a height d(2/|Ra,|)?.
A definite slope of the cell boundaries can also be calculated.

These relations were shown to be consistent with laboratory
measurements carried out using a salinity gradient contained in a
vertical slot 6 mm wide, with one wall heated slowly. Rather better
agreement with these same experiments was obtained in asubsequent
theory by Hart (1971 6), who took into account the mean flow due to
the sidewall heating at finite values of Ra,, and also used more
realistic boundary conditions. The observed motions in all cells
do, however, differ from the predictions in one respect; they have
the same sense of rotation (dominated by the flow up the hot wall
and down the cold) instead of being counter-rotating in alternate
cells as the theory suggested. More detailed observations of the
motion and the temperature and salinity structure in a wider tank
showed reversals of the gradients which are consistent with the
same circulation pattern. '

Horizontal gradients in the uterior of a ﬂu1d can also lead to
instabilities and the release of energy which produces a layered
structure, without the need for disturbances propagating in from
boundaries. Some of the essential physical features are illustrated
by experiments which are a variation on the ‘lock exchange’
problem considered in §3.2.4. When one half of a channel is filled
with hot salty water and the other with cold fresh water of the
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same density, and a vertical barrier separating them is withdrawn,
horizontal diffusion gives rise to vertical motions near the interface.
A small initial tilt in either direction, introduced by removing the
barrier, will grow and lead to the formation of two layers, stratified
either in the ‘diffusive’ or ‘finger’ sense. In both cases vertical
transports will increase the density difference between the layers
(see §8.3), so reinforcing the original (fortuitous) direction of
motion. In a deep fluid it seems likely that a preferred vertical scale
which depends on both the vertical and horizontal gradients of the
two properties should emerge from a stability argument.

8.2.4. Related observations in the ocean

Various observations in nature, and especially in the ocean, can be
interpreted as examples of the phenomena discussed above. With
this background we can now describe, more concisely and with
better physical understanding, some of the most striking examples.
Of course not all layered structures are the result of double-diffusive
processes, and other mechanisms of layer formation will be dis-
cussed in chapter 10. The examples given here are distinguished
fundamentally by the existence of opposing vertical gradients of
temperature and salinity. In the observations so far ascribed to
double-diffusive convection there is also a notable regularity and
persistence of the steps, though the process could also be important
under transient conditions which are not so easily recognized.

There are many fresh water lakes which have become stably
stratified with salt, for example by an intrusion of sea water at some
time in the past. Some of these are observed to be hotter at the
bottom than the top, and well-mixed layers separated by * diffusive’
interfaces are formed. An especially well-documented example is
Lake Vanda in Antarctica, studied by Hoare (1966), among others.
Well-mixed layers of several scales are recorded, those nearest the
surface being about 1{m deep, with the sharpest temperature
transitions about 1 °C in 1 cm.

Steps maintained by cooling a salinity gradient from above,
underneath an ice island in the Arctic ocean, are shown in the record
of fig. 8.12, obtained by Neal, Neshyba and Denner (1969). Here the
temperature steps are only a few hundredths of a °C, but they are
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Fig. 8.12. Temperature profile under Arctic Ice Island T3, showing steps
formed by the double-diffusive mechanism. (From Neal, Neshyba and
Denner (1969), Science, 166, 373—4. © 1969 by the American A.ssoc1a-
tion for the Advancement of Science.)

extremely regular, indicating (according to the results of §8.3.1)
that the heat and salt fluxes must be uniform with depth. At the
other extreme is the hot salty water found at the bottom of the Red
Sea (Degens and Ross 196g). T'wo well-mixed layers have been
observed, the bottom one nearly saturated and at about 56 °C, and
the other at 44 °C and intermediate in salinity between this and the
overlying water. The interface between them is so sharp that no
sample has been obtained from it, and this too can be interpreted as a
“diffusive’ interface separating two strongly convecting layers.
Good examples of layering consistent with the ‘finger’ process
have also been found by many oceanographers, using continuously
recording temperature—salinity—depth devices. Fig. 8.13 shows a
series of layers about 2o m thick, recorded by Tait and Howe (1968,
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Fig. 8.13. A series of layers in T and S observed under the Mediterranean
ouflow into the Atlantic, and attributed to the ‘finger’ mechanism. The
sharp spikes to the right of the salinity trace are instrumental and can be
ignored. The inset summarizes the mean properties of the layers and
interfaces. (From Tait and Howe (1971), Nature, 231, 178—9.)

1971) deep in the Atlantic underneath the Mediterranean outflow,
where warm salty water overlies colder fresher water. Such layers
have been observed relatively rarely, though the mean distributions
of temperature and salinity appear to favour their formation else-
where as well. The results discussed in §8.3.4 suggest that externally
generated turbulence may be responsible for inhibiting the forma-
tion of fingers. No observations of the ‘fingers’ themselves have
been made in the ocean, though of course such a direct measure-
ment would greatly increase our confidence in the double-diffusive
explanation of this regular layering, '

Itis worth pointing out that conditions are particularly favourable
for double-diffusive convection when a layer with compensating
temperature and salinity differences intrudes into an environment
with different properties (as the Mediterranean outflow does). This
guarantees that the net density difference will be small, and it is
shown in the following section that the fluxes will then have their
maximum values. Another example of this effect has arisen in the
context of sewage disposal in the sea off California (Fischer 1971).
Effluent, which can be regarded as nearly fresh water, flows out of a
pipe laid along the bottom and rises as a line plume. The sea in this
area is strongly stratified in temperature, and so the effluent,
diluted with cold sea water, spreads out in a layer below the thermo-
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cline (see §6.4.2). This layer, however, remains colder and fresher
than the water above it, and the salt finger mechanism can cause it to
thicken and even extend to the surface.

The importance of boundary processes is brought out by obser-
vations of layers formed in the main thermocline near Bermuda
(where the stratification is in the ‘finger’ sense) (see Wunsch 1¢970).
The stepped structure is much clearer near the slope than few miles
from it, but the validity of applying the laboratory results of §8.2.3
here is rather doubtful. It seems likely that layers form not as a result
of a diffusive instability but directly because of turbulent mixing
near the slope (as described in §4.3.4). However they are formed
initially, such layers will be mixed and the interfaces kept sharp by
the buoyancy flux carried by the salt fingers.

Layering and fine structure associated with horizontal gradients
of T and S has also been reported. For example, Stommel and
Fedorov (1967) were able to trace layers several kilometres hori-
zontally, and to show that the density in them remained constant
(to the accuracy of measurement) while 7" and S both varied in a
compensating manner. Pingree (1971) has demonstrated the im-
portance of horizontal variations, in his discussion of the less
regular small scale structures above and below the Mediterranean
outflow. The T and S fluctuations are highly correlated and com-
pensating in density (whatever the signs of the mean gradients);
this observation cannot be explained in terms of vertical mixing
alone, but requires some horizontal advection or vertical shear, The
regular layering described previously may, on the other hand, be
favoured in more uniform regions where the horizontal motions are
weak (see Zenk 1970).

- 8.3. The fluxes across an interface

Once layers and interfaces have formed in one of the ways described,
the most important property is the flux of S and 7 across them. In
this section we discuss laboratory measurements of these fluxes, and
more detailed observations aimed at relating them to the structure
of the interface. Ideally one would like to examine a number of
identical layers in a steady state, but so far only quasi-steady two-
layer systems have been used, with a single interface and solid
boundaries (or a free surface) above and below. The ‘diffusive’
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systems will be discussed first, but many of the ideas carry over to
the ‘finger’ case.

8.3.1. Measurements in the ‘ diffusive’ regime

The overall behaviour of a two-layer convecting system, with a hot
salty layer below cold fresh water for example, can be interpreted
using an extension of the earlier dimensional arguments, which led
to (7.1.9) and (7.1.10) in the case of high Rayleigh number single
component convection. The flux of the driving component Fy
across a convecting layer of depth 4, and therefore through the
bounding interfaces in a steady state, must now be of the form

Nu = f(Ra, Rs, Pr, 1), (8.3.1)
' _ Fy _gaATd® _ gPpASd®
where Nu = AT Ra = et Rs = P

as defined in §8.1.2, and Pr = v/k, 7 = kg/k. AT and AS are the
T and S differences ‘across a layer’, or by symmetry in the ideal
situation, between the centre of one layer and the centre of the next.

In any experirﬁent PAS[oAT = Rs/Ra is given and Pr and 7 are
constants, and a plausible form of (8.3.1) which removes the

dependence on d is
' _ o (PAS\ o, 4
Nu _fl(ocAT Ras. (8.3.2)

Note that the choice of Ra as the major parameter in (8.3.2) is to
some extent arbitrary; a more general combination of Ra and Rs
(such as the effective Rayleigh number used in §8.1.2) would also
be consistent with (8.3.1). Equation (8.3.2) is equivalent to (cf.

(77.1.10))

aFy = A(ATH, (8.3:3)
where A, has the dimensions of velocity. It is to be understood that
f1 and A4, can depend on molecular properties but once the two
components are specified, they should be functions only of the
density ratio R, = SAS[/aAT.

The deviations of 4, from the value A obtained for solid boun-
daries with only a difference AT between them are a measure of the
effect of an increasing AS on F;. Measurements by Turner (1965)
in the heat—salt system, which were compared with the ‘solid plane’
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Fig. 8.14. The measured heat flux across the interface between a hot salty
layer below a cooler fresher layer, compared with the value calculated for
solid plane boundaries. This ratio has been plotted against the density
ratio R ,; the different symbols refer to experiments with different heating
rates at the lower boundary. The three points at the top of the figure are
now judged to be unreliable. (From Turner 1965.)

values in this way, are shown in fig. 8.14. They confirm that the
ratio 4,/4 can indeed be expressed as a function of R, alone. For
R, < 2, the heat flux is greater than it would be above a solid plane
(1.e. if a thin conducting foil were inserted at the centre of the
interface). This increase can be associated with two effects: the
interface behaves more like a free surface, so that there is a weaker
constraint on the horizontal motion, and it also supports waves
which can break, so increasing the effective surface area. When
R, > 2 the heat flux falls progressively below the solid plane value as
R, is increased, reaching about a tenth of that value when R, = 7.
Huppert (1971) has suggested that over the Whole of the measured
range, the empirical functional form -

A,fA = 3.8(PAS/aAT) (8.3.4)

fits the observations to the experimental accuracy.

Similar arguments can be used to express the salt flux as a function
of Ra and R, = fAS/aAT, which will have a form like (8.3.2)
independent of d. It follows that the ratio of the fluxes, expressed in
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Fig. 8.15. The ratio of the potential energy changes due to the transfer of
salt and heat across an interface between a hot salty layer below a cooler
fresher layer, plotted as a function of the density ratio R o+ (From Turner

1965.)
terms of their respective contributions to the density (or potential
energy) flux will be

PEg|aFy = f(PAS[eAT). (8.3.5)
For given molecular properties, the flux ratio should be another
systematic function of R ,, and this is again borne out experimentally
as shown in fig. 8.15. As R — 1, fFs/aFr— 1 also, suggesting (in
agreement with our interpretation of the increased heat flux in this
range) that heat and salt are here being transported by the same
turbulent motions at a breaking interface. As R, increases to 2, the
flux ratio falls rapidly, since molecular processes become in-
creasingly important. The most striking feature of the resuits is that
for R, > 2 the flux ratio remains constant to within the experimental
error, the mean value for salt and heat being fFg/aF, = o.15. Note
that when these results are combined with (8.3.4) they imply that
the maximum net density flux for a given AT occurs at R, = 2.
Shirtcliffe (personal communication) has carried out the corre-
sponding measurements for a diffusive interface between two
concentrated solutions at the same temperature (salt above sugar).
These confirm the constancy of fFg/aF,, over a range of R, his
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measured value for NaCl and sucrose being 0.60 + 0.02. Using an
elegant optical technique, he also deduced profiles of the two
components through the interface. He showed that the fluxes of
each of them in his experiment could be explained completely by
ordinary molecular diffusion through the measured gradients
(using diffusion coeflicients corrected for the presence of the other
property). This deduction makes the name ‘diffusive interface’ a
particularly suitable and descriptive one.

There is as yet no completely satisfactory theory which reconciles
these last two results, though it is clear from both the laboratory
and numerical experiments that the adjustment between the stable,
diffusing interface and convecting layers must take place in a thin
boundary layer separating them. A simple model of this layer has
been proposed by Rooth. (quoted by Veronis (1968)), which has
features in common with that of Howard (1964) for a single com-
ponent (see §7.3.1). Starting with sharp steps of both properties
((AT)4 and (AS) say), T and S boundary layers will grow by
diffusion to thicknesses proportional to «* and g, If these are
swept away intermittently by the large scale convecting motions,
then the ratio of the amounts of buoyancy removed (i.e. the ratio
of the fluxes) wil] be

B s

Under the conditions envisaged in Veronis’ calculation (§8.1.4),
o AT), and B(AS), are the whole differences xAT'and SAS imposed
at the boundaries and are equal when Rs/Ra—1; it follows that
BEsjeFpn——1% in that case. The same argument will apply when
the differences are unequal, provided one adds the assumption that
only the statically unstable edge of a diffusive interface will be swept
away, i.e. down to the level where (A7), =-8(AS)4, even when
PAS > aAT. The constancy of the flux ratio certainly implies that
there is some kind of self-limiting mechanism which makes the
convecting layers insensitive to the total differences.

The measured flux ratios for salt-heat and sugar-salt are roughly
in agreement with this prediction, though the correspondence is not
exact and the details of the balance mechanism are probably more
complicated. Corresponding measurements have also been made
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using layers containing several solutes S, with different molecular
diffusivities «,, which are driven across an interface by convection
induced by heating from below. Turner, Shirtcliffe and Brewer
(19770) have shown that the individual ‘eddy transport coefficients’

(defined as the flux divided by the mean gradient) are different, and
approximately proportional to «,}. This is consistent with (8.3.6)

only if (AS), for each stabilizing component is proportional to the
whole difference of each property across the interface; this result too
awaits a detailed theoretical explanation.

Linden (1971b) has given a mechanistic argument which puts
some numbers into the explanation of the increase in the flux ratio
at lower values of R,. As the density ratio is reduced, the direct
entrainment of both properties across the interface becomes
increasingly important relative to the intermittent breakdown
mechanism. The buoyancy flux through the interface can be used to
estimate the turbulent velocities in the layers (cf. § 5.1.3), which are
then related to the entrainment through the results of the mechanical
stirring experiments described in §9.1.

8.3.2. The time-history of several convecting layers

Using experimental data for the two fluxes across an interface (such
as those summarized in figs. 8.14 and 8.15 for a ‘ diffusive’ salt-heat
system), it is straightforward to calculate the changes with time of T
and S'in the individual layers. Consider first the simplest case of two
layers, the upper depth d; and the lower of depth d,, convecting at
high Rayleigh number because of a double-diffusive flux across the
bounding interface and with impermeable top and bottom boun-
daries. The fluxes are given in terms of either the rate of change of
properties or the differences between the layers by

(8.3.7)
ds dsS. :
and BEy = dlﬁ?d_f = “dzﬁ‘&f‘ = fxFp,

where 4, and f,, are functions of (#AS/aATY), which are in principle
known. Rearrangement gives two equations for AT and AS, from
which 7}, S; and T, S, can be deduced as functions of time.
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Because the driving energy comes from the 7 distribution, £, must
be less than one, and the net density difference Apfp = SAS —~aAT
will always be increasing with time. When f, is small the density
difference increases most rapidly, since fAS remains little changed
while the destabilizing ¢AT is decreasing. As f, approaches unity,
the two fluxes are more nearly compensating, and there will be only
a small change in Ap, but always in the stable sense. Both transports
will fall to zero as AT'— o, i.e. when the driving component is nearly
uniformly distributed in the vertical, but in this ‘final state’
Ap[p = PAS is non-zero and stable.

These points may seem obvious, but confusion can arise in
defining the ‘state of no motion’ if they are not properly appre-
ciated, and a closely related problem has led to a controversy in the
astrophysical literature. Some large stars have a helium-rich core,
which is heated from below and therefore convecting. Outside this
core, lighter hydrogen predominates, but helium can be transported
upwards by the convective stirring. Spiegel (1969) has pointed out
that this is also a double-diffusive system, with the abundance of
helium replacing salinity as the property of lower k. The basic
assumption used in computing some stellar models is that the con-
vection outside the core can regulate itself to remain in a state of
near convective neutrality, a process which has been called ‘semi-
convection’, From the arguments given above, it is clear that the
criterion for convective neutrality must be that of uniform (poten-
tial) temperature, i.e. uniformity of the driving component, as
assumed by Schwarzschild and Harm (1958). Uniform potential
density is not the right assumption, since motions can persist when
this increases with depth and appears hydrostatically stable.

The behaviour of a three-layer system, consisting of two effec-
tively infinite layers between which AT and AS are specified (and
unchanging) and which are separated by a finite layer with inter-
mediate properties, has been investigated by Huppert (1971). He has
proved that when f («AT/BAS) is constant (e.g. when R, > 2 in the
heat-salt experiments), there is a range of combinations of

T =3AT(1+6) and S = IAS(1+0)

of the middle layer which are in stable equilibrium. That is, under
these conditions the fluxes of both properties across the two inter-
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Fig. 8.16. The possible equilibrium states of an intermediate layer of
temperature 7" = 3AT(1 +0) and salinity S = $AS(1 + ) lying between
two semi-infinite layers whose properties differ by AT and AS. Note that
the same steady fluxes of heat and salt can be maintained across the upper
and lower interfaces even when the temperature and salinity steps are
unequal. (From Huppert 1971.)

faces are equal, and layers started with other values of T and S will
tend towards some point on the equilibrium curve. When f,, is not
constant, the only equilibrium point occurs when 7 and .S are at the
mean values of the deep layers; even this is unstable, and the central
layer will in time approach the density of one of the others and merge
with it. Detailed results have been obtained for heat—salt diffusive
interfaces in this geometry, and fig. 8.16 shows the ‘equilibrium’
curve calculated using the data from figs. 8.14 and 8.15. These
results can be immediately generalized to apply to any number of
interfaces and layers.

8.3.3. Fluxes and structure at a ‘finger’ interface

Because of the symmetry between the two systems remarked on in
§8.2.2, many of the overall properties of a ‘finger’ interface can be
described using a minor modification of the dimensional argument
outlined in §8.3.1 for the diffusive interface. It seems logical (but
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not essential) to emphasize still the difference in the driving com-
ponent across the interface (now AS), so that (8.3.3) is replaced by

BFs = Ay BAS). (8.3.8)

Again the factor 4, depends on molecular properties, but when these
are given, itis a function of the density ratio R * = aAT/SAS (which
is written here in the inverse sense so that again R,* > 1 denotes
static stability). This form again receives support from laboratory
experiments (Turner 1967). In the heat—salt system, the factor 4,
(~ 107lcm/s) is, however, about fifty times as large at AT ~ SAS
asitwould be if the same constant salinity difference were maintained
between solid boundaries; 4, falls with increasing R,* but is still
about fifteen times this value at R * = 10. A “finger’ interface is a
much more efficient means of injecting a salt flux into a convecting
layer than is pure diffusion.

The ratio of the fluxes can be expressed in the same way (cf.

(8.3.5)) as
aFp|fFs = fx(xAT[BAS). (8.3.9)

Experimentally, f, has again been shown to be constant over a wide
range of R *. ‘Turner (1967) obtained the value aFy/fFg = 0.56 for
heat-salt fingers over the range 2 < R, * < 10, but Linden (1971 5)
has since made direct measurements of the velocity in the fingers
which can be used to estimate the fluxes (see (8.3.15)). The results
suggest that the conditions in the earlier experiments were unsteady,
and that the steady-state flux ratio may be muchsmaller, Preliminary
experiments with layers of sugar over salt solution (Stern and
Turner 1969) give a flux ratio of 0.91 in the range 1.05 < R * < 1.6,
and fingers are clearly a very effective means of transporting both
components in the vertical. The value of 4, in this second case
(T = 1) was 4, = 10~2cm/s, about a tenth of the value for heat-salt
fingers.

As yet there is no detailed quantitative theory for the dependence
of Fg and F on 7. Quite a lot is known, however, about the structure
of the fingers through the interface, and this information can be used
to support mechanistic arguments which describe the fluxes in
an alternative self-consistent way. The ‘shadowgraph’ picture of
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fig. 8.17 pl. xx1 obtained by shining a light beam horizontally through
an interface containing sugar-salt fingers, shows them to be a regular
array of long convecting cells, sharply limited above and below at
the edges of the interface, and the same structure has been observed
for heat—salt fingers. This is even more graphically illustrated using
a colour Schlieren system devised by Shirtcliffe (1972), in which the
colour of the image depends on the direction in which light is bent
on passing through the tank. This technique shows that the mean
density gradient is stable through most of the interface containing
fingers, but there is a thin unstable region just at the edges where
the fingers break down and feed an unstable buoyancy flux into the
convecting layer. A vertical beam of light shone through a thick
interface produces a plan view of the fingers (fig. 8.18 pl. xxi)
which shows that they tend to be square in cross section, each heavy
downward-moving element being surrounded by four in which the
motion is upwards (Shirtcliffe and Turner 1970).

With these experimental facts in mind, a region containing steady
fingers can be described by the following momentum and diffusion
equations:

vVt = g(BS’ —aT"),

w 8T |0z = kV 2T, (8.3.10)

w 0S|0z = kgV 525, '
where Vg denotes (9%/éx2+ 0%/0y?), T” and S’ are deviations from
the horizontal mean and 8770z is the mean vertical gradient of 7.
(The close relationship between the physics of salt fingers and
buoyancy layers, already remarked on in §8.2.3, becomes apparent
when (8.3.10) are compared with (7. 4. 5) and (7.4.6).) These equa-
tions have solutions of the form

(, T, S) = (0, T(2),5(2)) + (— W, T» Sy sin%

prov1ded the amplitudes satisfy relations which are convemently
expressed in terms of the flux ratio

sin-— (8.3.11)

Kaot0T[0z
Frp=oFp/pFy = Ty fSy = W (8.3.12)
‘ ga(aT/az)D‘ B Fyp
as e ~1-F, (8.3.13)

and o wy = gL2BS, (1 —Fg)/2v. (8.3.14)
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Notice that (8.3.13) has the form of a Rayleigh number, which is of
order one when Fy, & 1, the value suggested by the experiments on
heat-salt fingers. In this case the temperature gradient is observed
to be nearly linear through the depth of the interface 4; and when
the density ratio R * is large, there is only a small step at the edge, so
0T|éz ~ AT/h. Thus the width L of the fingers, determined by this
large amplitude steady model, is just the same as that found earlier
(8.1.13) to be the scale of the fastest growing initial disturbancesin a
layer of depth A. A constant flux ratio corresponds to a particular
value of this Rayleigh number (which again must depend on 7).

In making the above comparison, it has been assumed that the
results (8.3.11) to (8.3.14) can be applied within an interface of
limited depth, though they are strictly valid only in an unbounded
fluid. Now suppose further that S, is some (specified) fraction of the
total step AS between the layers and that the system is in a steady
state, with the same flux passing through the fingers and the layers.
Comparing (8.3.8) and (8.3.14) shows that

Loc (BASY ™}, wyoc (BAS)E, (8.3.15)

- We have so far ignored the boundary layer between the finger
interface and the convecting layers, where the transition between the
two kinds of motion must take place. This is again the least well
understood region, though a qualitative description of the processes
occurring there is given below.

8.3.4. The thickness of a * finger’ interface
The relations (8.3.15) are consequences of two assumptions: that
the fluxes should be independent of any external lengthscale (which
led originally to the £ power law), and that all salinity differences are
proportional to AS (a ‘similarity’ assumption). They also imply that
the interface thickness must be an internally determined quantity,
not one which can be arbitrarily imposed: 2 must in fact be propor-
tional to L, which is clearly consistent with (8.3.13) and (8.3.13)
when oAT ~ fAS. Laboratory measurements in the heat-salt
(small 7) case do give values of L consistent with (8.3.13), though
there is little evidence to support a simple relation between L and £.
Another limit is relevant in the sugar-salt system (7 = §): as
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K-> Kg, the appropriate gradient in (8.3.13) becomes the net density
gradient or Ap/h (cf. the remarks at the end of §8.1.3). During the
course of an experiment, Ap changes little because of the nearly
compensating fluxes, so Lcc A2, a result which is in accord with the
observations of Shirtcliffe and Turner {1g70).

An equivalent prediction that there should be a ‘self-determined’
interface thickness has been made by Stern (1969) in an entirely
different way. He considered the stability of an established field
of salt fingers to disturbances in the form of long internal gravity
waves, and showed that when

1)7‘%;772 > const (of order 1) (8.3.16)

the disturbances will grow, Thus a given S flux can only be carried
by finger convection provided the stabilizing T gradient is large
enough. On this view, if an interface is too thick for the imposed
BAS ~ aAT, the fingers will be unstable over a considerable frac-
tion of their length, and the interface must thin. It adjusts itself so
that the centre of the interface is near the critical state given by
(8.3.16), while at the edges, where Tz must initially be smaller,
the fingers will still be unstable. Large scale convection should
rather abruptly take over the transports here and sharpen the edges,
as is indeed observed. The identity of this result with that obtained
by the similarity argument is apparent if (8.3.16) is interpreted as a
critical Reynolds number of the fingers. With S, ~ FAS ~ ¢AT
and Acoc L, it follows that w, L/v = constant (or more generally, a
function of molecular properties alone), which is also implied by
(8.3.15).

Given that the flux is proportional to the gradient AT/} across an
interface (which holds, with different multiplying constants, in
both the finger and diffusive cases), and that the flux ratio is constant,
the equilibrium thickness of an interface separating two layers of
thickness d is given by

dAT) AT
=1J "/ = e
Fp=3d=r-=a>.
Thus | h= h0+—2;t, (8.3.17)
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where a has absorbed several constants of proportionality. This has
been obtained without explicitly invoking the flux law (8.3.8), but
when that is added (with 4, constant), it follows that koc (AS)~3, in
agreement with (8.3.15). An accurately linear spread of interface
thickness in time has been observed in sugar-salt experiments in
both the finger and diffusive configurations, so it seems clear that
(8.3.17) is not restricted to the similarity (small 7) regime.

When extra mechanical stirring is imposed on each side of a
‘finger’ interface, the equilibrium is upset and % can even decrease
with time. Linden (1971 a) has shown also that the fluxes in the heat—
salt case change systematically with increasing stirring, between
rates corresponding to undisturbed fingers and a purely mechanical
transport (see §9.1). Using the difference in turbulent velocity u’
across the interface as a measure of the stirring, the criterion for the
disruption of the salt finger regime can be expressed as a particular
value of the ratio of ' to finger velocity wy. Using (8.3.14) this can be
written alternatively as an internal Froude number based on #/,
the density difference and the undisturbed interface thickness k.
With a steady shear imposed across an interface, on the other hand,
the laboratory evidence suggests that the fluxes are changed rather
little. Both a stability calculation and direct observations show
that, while the cross-stream modes are heavily damped, the down-
stream modes are practically unaltered (cf. §7.1.2). That is, the
fingers are changed into sheets aligned down shear which can still
transport heat and salt efficiently. (See fig. 8.19 pl. xx1.)

8.3.5. Convection in a region of variable depth

All the processes considered so far in § 8.3 have been essentially one-
dimensional, i.e. they have been treated as if they were taking place
in a container with vertical walls and constant depth. It will now be
shown that the introduction of a sloping boundary can have as
important effect: large scale circulations can then be driven by a
uniform flux imposed over a horizontal surface. The idea is appli-
cable however this flux is supplied (for example, it could be due to a
uniform cooling at the surface), but it arises in the context of double-
diffusive convection and is conveniently ‘déscribed here. It is
quite different from the weak local effects of a sloping boundary
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Fig. 8.20. Sketch of the motions produced in a container with a sloping
boundary, by a flux of buoyancy across an interface.

described in §8.2.3; the effect to be considered now is a purely
geometrical one.

The essential point is contained in the equations (8.3.7). The rate
of change of density of a fluid layer, for a given flux, depends in-
versely on the depth. In the configuration sketched in fig. 8.20 the
fluid at H will become heavier faster than that at L. A horizontal
pressure gradient is set up, which drives a circulation in the sense
shown, including a flow right down the slope to the bottom. At the
same time the flux across the interface at the corner will be reduced
because of the decreased concentration difference there, and the
fluid at A will get lighter more slowly than at B. This sets up a
circulation in the same sense (even with an upper layer of uniform
depth) and there is a strong shear across the interface.

These circulations have been observed in the laboratory with
sugar—salt layers set up in both the diffusive and finger senses. With
a finger interface, the flow down the slope is quite thin and rapid.
The growing pool of fluid at the bottom is stably stratified (cf.
§7.3.3), but shows a notable absence of fingers; in fact a series of
sharp ‘diffusive’ interfaces is produced, since the relative con-
centrations are reversed in this region (see fig. 8.21 pl. xx1r), With
salt above sugar, on the other hand (a diffusive interface), the bottom
layer and the slope current show a secondary finger effect. A tenta-
tive application of the idea has been made by Gill and Turner
(1969)to the formation of bottom water in the Antarctic ocean, where
warm salty intermediate water underlies colder fresher water.

The Antarctic situation is ambiguous, because cooling and
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freezing at the surface canaalso produce adownward flux of buoyancy.
But in this case too the depth variation will be important, with the
densest water forming on the shallow shelf and tending to flow down
the slope (subject to the constraint of the earth’s rotation which
must be important in the oceanic case). Similarly, any process which
increases the density, such as uniform cooling at the surface, could
have an important effect on currents at other coastlines, just be-
cause of the change in depth through which mixing can occur.
The depth changes need not be smooth for the same argument to
apply; a step is equally effective. If a constant buoyancy flux is
imposed at the surface of a fluid in a region consisting of a long
shallow arm, connected to a deeper reservoir, then a circulation is
set up with an inflow at the surface and an outflow along the bottom
of the shallow region. One can in this way realize in the laboratory
a flow which resembles the s1m11ar1ty solution described in §5.3.4

(see fig. 5.14).




CHAPTER

MIXING ACROSS DENSITY INTERFACES

In this chapter we will consider the processes of formation of mixed
layers by externally driven turbulence, and entrainment of fluid
across the interfaces bounding such layers. Mixing across a density
interface has so far been treated only in the special context of
double-diffusive convection (§8.3), but more general stirring
mechanisms must now be discussed. The problems of interest
here may be identified with cases (d) or (e) of fig. 4.19, in which
stirring at one level is used to produce mixing across an interface
located some distance below or above the source of turbulent energy.

Various laboratory experiments which have shed light on the
mechanism of entrainment at a density interface will be described
first. Mixing can be generated by mechanical stirring, or by the
production of a mean turbulent flow in the surface layer, and both
methods have been used. The observed structure of the surface
layers of the ocean and atmosphere discussed in § 10.1 suggest that
mixing in those regions is dominated by the boundary processes.
The laboratory results can immediately be applied to these geo-
physical examples, and, with the addition of results from the earlier
chapters on convection, they can be extended to take account of
convective as well as mechanical mixing. It is assumed throughout
this chapter that the mixing processes under consideration can be
treated as one-dimensional in depth, implying that mixing is
uniform (in the mean) over a large horizontal area, with no signi-
ficant contribution from large scale lateral convection.

9.1. Laboratory experiments
9.1.1. Stirring with oscillating grids

A convenient way to study one-dimensional mechanical mixingin a
stably stratified fluid is to use a vertically oscillated grid of solid
[288]
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Fig. 9.1. Sketch of the experimental tank and stirring grid, and the
density distribution produced by stirring.

bars (see fig. 9.1). Rouse and Dodu (1955) first applied this method
in a two-layer experiment, and Cromwell (1960) stirred at the top of
an initially stable density gradient. In both cases, a well-mixed
layer is formed, bounded by a sharp interface which moves away
from the stirrer as fluid is entrained across it from the quiescent
fluid into the stirred layer. Thus the external stirring produces and
maintains the well-mixed layer, and also sharpens the interface and
causes the mixing across it. (This geometry corresponds to case ()
of fig. 4.19.)

The nature of the entrainment process is shown in the two
photographs of fig. 9.2 pl. xx111. When the stirred layer is dyed, one
can see that large eddies of the imposed motion are thrusting into
the unstirred fluid and trapping some of it between them, whereas
smaller scale motions are rapidly damped. (In a uniform density
gradient the larger eddies would be damped first - refer to the dis-
cussion of the ‘ buoyancysubrange’ in § 5.2.2, and the experiments of
Grigg and Stewart (1963). The new point here is that the eddies
which dominate the entrainment process are larger than the thick-
ness of the interface and are outside it, so they are substantially
unaffected by the interfacial density gradients.) On the other hand,
when the unstirred fluid is dyed (fig. 9.25) thin sheets of entrained
fluid are at first visible, before being rapidly mixed through the whole

10 TBE
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of the stirred layer. There is too little evidence to judge yet whether
this entrainment process is a slightly modified version of that
occurring at the edge of a turbulent plume or jet (§6.1.1) or whether
the density step introduces an essentially different mechanism.

There have been few detailed measurements of interfacial
structure in these experiments, though visual observations give
some important clues. The instantaneous thickness of the interface
decreases as the stirring rate is increased, but this thickness depends
only very weakly on the property being transferred. Thus the
transfer cannot be described as a simple balance between molecular
diffusion and large scale stirring, and indeed it can be shown that
under typical laboratory conditions an interface sharp enough to
transfer even the measured heat fluxes by pure diffusion will be
unstable to the shear instability mechanism described in-§4.1. The
mixing takes place largely through a process which looks like the
intermittent breaking of steep forced internal waves, which tends
to thicken the interface, followed by the sweeping away of this fluid
by the stirring in the layers, which sharpens the interface again.

Most quantitative measurements of mixing rates have been
interpreted using arbitrary overall measures of length and velocity
scales, derived from the geometry and stirring frequency. Thompson
(1969) has gone a step further, and has shown how one can relate the
entrainment rates to the properties of the turbulence. Using a hot-
film technique he measured an integral lengthscale [, and the
r.m.s. value u; of the horizontal component of the turbulent velocity,
as functions of the distance 2 from the grid in the same apparatus
which had been used earlier (Turner 1968 b) to measure entrainment
rates. Over a comparable range of conditions, and using the same
grid of square bars, Thompson showed that u, remains propor-
tional to the stirring frequency while the turbulence decays rapidly
with increasing 2, and that /; increases linearly with 2. (With other
geometries of stirring grid, however, the relations were not so
simple, and this can lead to ambiguities in the interpretation of
mixing rates in other experiments. See §9.1.3.)

Thus one can now be confident that the entrainment rates
measured in Turner’s experiments have been related to scales
which are not arbitrary, but are characteristic of the fluid motion
near the interface. By a similar argument to that used in§6.2.1 for a
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Fig. 9.3. A comparison between entrainment velocities produced by a
stirring grid, across density interfaces formed with e temperature dif-
ferences and o salinity differences. The dimensionless mixing rates
obtained by Turner (19685) are plotted logarithmically against an overall
Richardson number, using the length and velocity scales /; and %, sug-
gested by Thompson (1969). These are genume flow parameters, though
thelr numerical values are subject to revision.

turbulent gravity current, we can suppose initially that the mixing
process represents a balance between buoyancy and inertia forces
alone. The entrainment velocity u, will then be a function of 4, u,
and the density difference Ap between the layers which can be
expressed as -

ue/ul =f(RZO)’ ‘ (9 L. I)
where Riy = gApl, [pu,®
is another overall Richardson number. The experimental results
(with stirring in one layer) shown in fig. 9.3 support the choice of
Ri, as the major governing parameter. As Rig-> o and the buoyancy
effects become negligible, u, again approaches a constant fraction of

I10-2
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uy, and u, falls as Rz, increases. Notice, however, that the functional
forms shown on fig. 9.3 for the rates of mixing with temperature or
salinity differences across the interface are different, so there is also a
molecular effect, which will be discussed further in §g.1.3.

When both layers are stirred in similar experiments, it is found
that the mixing rate (in one direction) is not substantially changed
(though now, of course, an indirect measure of #, must be used,
based on the rate of change of properties in the layers). This implies
that not only is the turbulence very strongly daraped at an interface,
but the events which cause the removal of fluid are so rare that the
two sides can be regarded as statistically independent. When the
stirring is applied at the same rate in the two layers, the interface
remains sharp and central. If stirring is unsymmetrical, the inter-
face moves away from the region of more vigorous stirring until the
entrainment rates on the two sides balance. Superficially, the two-
layer system with stirring on both sides of an interface has much in
common with the double-diffusive interfaces treated in §8.3, since
in both cases the interface is kept sharp by turbulence in the layers
on each side. The latter are complicated, however, by the double
boundary layer structure and by the fact that the stirring is through
convection driven by the interfacial flux; no theoretical framework
which can include both of these has yet been suggested.

9.1.2. Mixing driven by a surface stress

Grid stirring is experimentally convenient, and it will also be rele-
vant for modelling natural processes in which turbulent energy is
putin on a scale much smaller than the layer depth (for example, by
the breaking of waves at the sea surface; see §9.2.1). It does impose a
rather special structure characteristic of the grid, however, and
various experimenters have suggested other techniques for pro-
ducing a turbulence structure which is related to the geometry of
the flow alone. As we have seen earlier, turbulence is often produced
by a boundary stress, either at the bottom (as in § 6.2 —see fig. 6.9), or
by the action of a wind on the surface of the sea (§5.3.2), and in
both these cases there will be a mean flow as well as turbulence.
Kato and Phillips (1969) have reported a laboratory experiment
designed to model this latter process directly. T'o avoid end effects
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Fig. 9.4. Entrainment rates measured by Kato and Phillips (1969) in a
turbulent stratified flow produced by a surface stress. The overall Richard-
son number is defined using the friction velocity and the depth of the
mixed layer, and different symbols are used for experimental runs with
various initial density gradients and surface stresses.

they used an annular tank containing salt solution with a linear
density gradient, and applied a controlled constant stress 7 at the
top by rotating a plastic screen immersed just below the surface.
During the first few seconds of motion they observed a regular train
of waves, aligned across the flow, arising from a shear instability of
the kind discussed in §4.1. These quickly broke down, and a turbu-
lent layer formed, bounded below by a sharp interface which ad-
vanced at a decreasing rate and across which the density difference
was increasing with time. (Compare with the layer growing by
convection, fig. 8.8.) |

Their measurements of the layer depth D as a function of time,
together with the known initial gradient and the imposed stress, can
be plotted non-dimensionally in the form shown in fig. 9.4. The
dimensional argument which led to (9.1.1) now suggests that

E = ucfvy = f(Riy), (9.1.2)
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where the friction velocity in the water (defined by 7 = pyv42) is
used as the velocity scale and

Riy, = gApD2 _ g(@p[@z)ozl)z .
Po ¥ 200 Uy
The observations are not inconsistent with this prediction, but the
scatter is considerable and the range of E rather small, so there is
some uncertainty in fitting a curve to these points. ‘
A particular form of this function is suggested by a rather more
explicit dimensional argument than the one used above, which also
has an attractive physical interpretation. If Ap and u, are supposed
to be separately unimportant, and to occur only as the product
(gAp/p)u, (i.e. the buoyancy flux across the interface) then dimen-
sional reasoning gives
gApu, Doc pvy3,
or rearranging, Eoc Ri, . }

(9.1.3)

(9.1.4)

The first form of this relation is equivalent to the statement that
the rate of change of potential energy V, say, of the well-mixed
layer is proportional to the rate of working of the surface stress. It
also implies, incidentally, that the rate of change of density of the
layer is independent of the density difference, for a fixed rate of
working. :

The numerical constant obtained by fitting this form to Kato and
Phillips’ (1969) experiments over the range 30 < Ri, < 300 (see
fig. 9.4) implies that |

2
Po V%

Yo _ ;1
vy~ 23R =25 ZApD - (9.1.5)
and also that (il—I; = 38ApDu, = 1.25p0, % (916)

J.B.Hinwood (personal communication) has found that these
(and various other experimental results) fit this simple assumption
rather better if the change in potential energy of the whole profile,
including the detailed structure of the interface, is used instead of
that based on the layer alone (with the interface regarded as a
simple step).

Qualitative observations in Kato and Phillips’ experiment at
much later times (and greater mixed layer depths) showed that
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viscosity can eventually become important. The rate of increase of
depth, and the amplitude of wave motions at the interface, became
very small, but a drift velocity was observed below the interface. A
layer of increasing depth was set into motion by the viscous stress
across it, and at this stage viscosity will also be damping the waves
(cf. §2.4.2) and affecting the entrainment rate. The possibility
that some momentum is extracted in the form of waves propagating
into the stable gradient will be considered in §9.2. .

A more elaborate experiment along the same lines has been
described by Moore and Long (1971). They produced a steady
turbulent stratified flowin a cyclic tank by injecting and withdrawing
fluid through the floor and ceiling. As is to be expected in a flow
which is driven at the boundaries, two homogeneous layers formed,
separated by a thin interface. Experiments with one or both layers
flowing were interpreted in a similar overall way to that already
described. Detailed profile measurements were also made, and
these indicate that the gradient Richardson number through the
interface has a value of order one.

9.1.3. The influence of molecular processes

An explicit dependence of mixing rate on Reynolds number was
proposed by Rouse and Dodu (1955) on the basis of their grid
stirring experiments. The more recent measurements suggest,
however, that this interpretation may be inappropriate, and a conse-
quence of their use of the grid frequency as a measure of the velocity
near the interface, under conditions where this assumption was not
justified. In other words, their results could be an indication of a
viscous . effect’ occurring near the generating grid, rather than
during the decay process or near the interface. Viscosity can
certainly affect motions across very stable interfaces at low Reynolds
number, but there is a substantial range of conditions where it can
be ignored even in the laboratory.

Whatever view one takes about the nnportance of viscosity, it
cannot be used to explain the results shown in fig. g.3. Since these
experiments were conducted with essentially constant viscosity,
and the same range of density differences and stirring rates, the
large differences in u, using salt and heat can only be explained by
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invoking the molecular diffusivity. A second dimensionless para-
meter must enter the problem; this can be taken as a Péclet number,
say Pe = u, L[k, so {9.1.1) is replaced by

Uty = fL(Riq, Pe). (9-1.7)

In these experiments #, and /; were varied little, so the major change
of Pe was due to the change in «. Effectively Pe had two different
constant values, one for salt and another for heat, and the experi-
mental curves are just two sections of the surface f;( Rz, Pe). These
tend to the same form at low Ri, (where neither buoyancy nor dif-
fusion is important) but diverge at larger Ri;, becoming approxi-
mately u,/u; oc Riy™ (heat) and uyfu, oc Rig—# (salt).

The apparent correspondence between the results with tempera-
ture differences and the ‘energy’ argument (implied by (9.1.4)) led
Turner (1968 b) to suppose that the Riy~ law is in some way funda-
mental, and that the salt flux is reduced relative to this because of a
slower incorporation of an entrained element into its surroundings
by diffusion. More recent evidence supports the contrary view.
C. G. H. Rooth (personal communication) has used a wider range of
stirring rates, in experiments with temperature differences across
an interface, to show that the basic rate of entrainment in the buoy-
ancy controlled turbulent regime at large Pe (u; large) is close to

U /1, oc Rig—%

in the range studied. As Pe is reduced, the curves break away from
the Ri,~# line at successively lower values of Ri, rising above it with
decreased slope as molecular diffusion increases the transfer rate.
(The tendency can also be detected in fig. 9.3.) Baines (1972) has
investigated the mixing across an interface caused by a turbulent
plume or jet directed normal to it, and his results also support the
Ri,~% form.

A mechanistic explanation of the Ri;—# mixing law in terms of
inertial and buoyancy forces alone has recently been proposed by
Linden (1971 ). He has projected vortex rings against an interface
and has observed the characteristics of the depression produced by
the ring over a range of approach velocities and density differences.
His experiments suggest that the important transport mechanism is
the storage of energy in the deflected interface, followed by ejection
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of a jet up the centre on a timescale which is determined by the
density difference and the scale of the eddies. The increased distor-
tion of the interface at low Richardson numbers is the important
factor which had previously been neglected.

At very large values of Ri,, all the mixing curves flatten out and
ultimately; become independent of Rif,. This last limit was studied
by Fortescue and Pearson (1967) in the context of gas absorption
into a water surface. They showed experimentally that u,/u, is
proportional to Pe~%, and explained] this using a theory based
on molecular diffusion into the large eddies of turbulence in the
water. Their arguments also seem appropriate for a very stable
liquid-liquid interface.

9.1.4. Comparison of various methods of stirring

Several different mechanisms for the production of the turbulence
which is responsible for mixing at density interfaces have now been
discussed —surface jets and bottom currents in chapter 6, oscillating
grids and a surface stress in this chapter —and it seems useful now to
try to compare them. Absolute comparisons are uncertain because of
the variety of length and velocity scales used, and it is not possible to
judge vet, for example, whether a given level of turbulence is more
effective in a mean shear flow than it is in a stirred box. Eventually
one must decide how to relate the mean, turbulent and friction
velocities in different geometries, but provided all the scales used are
genuine flow parameters, much can be learned just from the shape of
the curves. On a logarithmic plot of u,/u, against Ri,, the choice of
[, and u, affects the magnitudes but not the slope.

In fig. 9.5 are plotted all the available results. The scales are
appropriate for the grid stirring experiments transferred fromfig. 9.3
(full lines, labelled 1) but they must be regarded as arbitrary for
the other data. The dotted outline 11 shows the range of entrainment
rates obtained by Kato and Phillipsand previously plotted in fig. 9.4;
this has been placed at the value of R{, where the curves ate
flattening out on the left. The upper dashed line 111 is taken from the
experiments of Ellison and Turner (previously plotted as the full
line in fig. 6.8), which has been fitted so that #,/u, is the same as
Riy— o0 and the curves match at small Ri,. (Note that this differs
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Fig. 9.5. Comparison of entrainment rates as a function of overall Richard-
son number for various methods of production of the turbulence. The
scales are transferred from the earlier plot of 1, but are arbitrary for the
other curves. 1 Grid stirring (fig. 9.3). 11 Surface stress (fig. 9.4). 111 Bottom
current on steep slope (fig. 6.8). 1v Bottom current on low slope (fig. 6.8).
v Limits at large Ri;.

from all the other experiments shown, in that snterfacial stresses
dominate in the production of turbulence.) ‘The lower dashed line
1v (due to Lofquist, and also shown in fig. 6.8) is scaled in exactly
the same way as 111. The limits for large Rz, and various values of Pe
are shown as the dotted lines on the right, marked v.

When compared in this way, the measurements suggest the
following generalizations. In the limit of high Re and high Pe,
#o/u, is a function of Ry, alone, approaching a constant value as
Ri,—o and having the approximate form Ri,~% at intermediate
Ri,. As Pe decreases, the mixing rate is increased and the curves
break away from the high Pe limit at successively smaller values of
Riy; at large Riy, u,fu; approaches a constant value proportional to
Pe~%, 'The curves 111 and 1v suggest that a similar statement can be
made about the effect of Reynolds number. When Re is reduced the
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mixing rate is also reduced, the break from the high Re curve
coming at lower values of Ri, the smaller the scale of the experi-
ments. The mechanism whereby viscosity affects the mixing,
whether by increasing the rate of decay in the turbulent layer or
(more probably) by damping the interfacial waves, awaits a detailed
study.

9.2. Geophysical applications
9.2.1. The wind-mixed surface layer

The above results will now be applied to the problems of mixing
across oceanic thermoclines and atmospheric inversions. We first
consider the case where the stirring is entirely mechanical, and
driven by the wind stress at the surface of the sea. The effects of
geometry and a stabilizing buoyancy flux must also be taken into
account here, so that cases (¢) and () of fig. 4.19 become relevant, as
well as (d). A later step will be to add convective stirring, using some
of the results introduced in chapters 7 and 8.

Let us suppose that the mixing at the bottom of the surface layer
can be described by {9.1.4), derived above using dimensional
reasoning (but also shown to be equivalent to an energy argument).
This is a convenient (but not essential) assumption which simplifies
the subsequent analysis while retaining all the important qualitative
features. If the upper ocean can be described as a two-layer system,
with a surface layer of constant total buoyancy and depth D lying
above a deep column of uniform density, the rate of change of
potential energy V" as the layer deepens due to mixing across the
interface is '

Y - HeDr) S = b, (9.2.1)
Thuswith a fixed rate of input of mechanical energy and nobuoyancy
flux across the sea surface, the interface will descend at a constant
rate, which is inversely proportional to the total buoyancy b.
(Other mixing laws, with given v,,, will still give a constant rate of
descent depending on b alone, though the functional form will be
different.) -
~ With an arbitrary initial density distribution in the water column
p(2), a relation of the form (g.1.4) (or more generally, (g.1.2)) will
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still hold, and this can be integrated to give D as a function of ¢
using

P pe)as (9.2.2)

and Ap = p(D)—p

to evaluate the density jump at each stage. For example, with a
linear density gradient the energy argument gives

D) = o0 (32)’ (9:2:3)

N, being the initial buoyancy frequency. Though the stress in this
case 1s applied by a wind blowing over the surface, v, is still the
friction velocity in the water (i.e. defined using the stress and the
density of water). :

The numerical factor in (9.2.3) has been taken from (9.1.6), but it
is most unlikely that the laboratory experiments in question ade-~
quately reproduce all the relevant processes. It is observed, for
example, that the motion of an oceanic mixed layer can become
organized into long rolls aligned downwind (the Langmuir cells),
which will result in a stronger stirring on the scale of the whole
layer depth. The presence of surface waves (and their suppression
in the laboratory) could also have a significant effect on the energy
transfer process. The total rate of working of the wind on the water
is much larger than o, 7 (it is more nearly ¢7, where ¢ is the phase
velocity of the waves) and even if only a small fraction of this energy
were eventually used for mixing, it could increase the estimate based
on the stress alone. The analysis of some direct observations of the
transient deepening of shallow surface layers (Turner 19696} does
suggest that the factor in (9.2.3) might be as much as twice as great.

For very deep wind mixed layers, v, is not likely to remain the
relevant velocity parameter. Turbulent energy put in through the
breaking of waves near the surface will have a smaller scale than the
layer thickness (cf. fig. 4.19¢). It will decay with depth and be less
effective for mixing, as does the grid-generated turbulence discussed
in §9.1.1. More will be said about deep layers in the next section, in
the context of convectively driven mixing. -
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9.2.2. Seasonal changes of a thermocline

An extension of these arguments can be applied to the description of
the longer term behaviour of the thermocline, but it is essential then
to take into account the surface heating and cooling as well. During
periods when the surface is being heated, and both the heating rate
and the rate of input of mechanical energy are constant, the depth
can remain fixed at a value D,. This is the result of a delicate balance
between two opposing effects (since surface heating tends to make
the layer shallower and the stirring to deepen it}, and is given by

D, = av,3/(g'w') = av,®B, (9.2.4)

where B is the buoyancy flux (which in general should include the
effects of salinity variations cf. (5.3.6)). This form was first sug-
gested by Kitaigorodskii (1960) using dimensional reasoning
similar to that which leads to the Monin—Obukov length L (§ 5.1.2).
It is based on the same concepts as (9.1.4), the only difference being
the source of the buoyancy flux. Equation (g.2.4) implies that the
kinetic energy input, proportional to 2,3, is being used to change the
density of the upper layer by mixing light fluid from the surface
through the whole depth D, (case (f) of fig. 4.19). The mean value
of @ = 2 which Kitaigorodskii obtained using selected ocean data
agrees approximately with Kato and Phillips’ measurements, but
the choice of a numerical value here and in the extension of this
model described below is subject to all the uncertainties mentioned
earlier.

When the heating rate is increasing, the thermocline will rise and
the upper layer will warm, leaving previously affected layers of fluid
below it; as shown by (9.2.4) a given stirring energy can now mix a
larger buoyancy input only to a shallower depth. When the rate of
heating 1s decreasing (but still positive) the upper layer will con-
tinue to warm, but will begin to deepen slowly as fluid from the
gradient set up earlier is entrained across thesharp interface belowit.
Finally, when the surface is being cooled, there will be a more
rapid cooling and deepening of the upper layer. During this stage
another assumption must be made, regarding the proportion of the
convective energy which is available for entrainment (cf. §§7.3.4,
8.2.1); more will be said about this in the following section.
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Fig. 9.6, Non-dimensional plots of the mixed layer depth £, and surface
temperature T as functions of time #,, calculated for a saw-tooth heating
and cooling function and a fixed rate of mechanical stirring. Curves
(i) are based on the original energy-conserving assumption of Kraus and
Turner (196%); (i) assume no penetration at all during the cooling phase;
(iii) take account of the entrainment due to convection alone, and (iv)
include only the entrainment produced by the mechanical stirring.
(After Kraus and Turner 196%.)

These ideas have been applied to situations where the surface
buoyancy flux varies cyclically, as it does during the course of a
year. A completely steady state (with the heat input at the surface
exactly balancing the cooling over the year) is unlikely in the ocean
without some advection, but this is nevertheless a useful case to
study. Kraus and Turner (1967) treated an idealized ‘saw tooth’
heating and cooling cycle, with the rate of mechanical working
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Fig. 9.7. (@) A typical annual heating and cooling cycle observed in an
area of small advection (the subarctic Pacific) compared with (5) the
variation of temperature with depth in the same region. Contours are
marked in °F. (See T'ully and Giovando 1963 for a more detailed discus-
sion of this structure.)

assumed fixed. All the features described above can be picked out in
fig. 9.6, where the full lines show the annual variations of layer depth
and surface temperature calculated with these boundary conditions,
using the principles outlined in the next paragraph. A laboratory
experiment which modelled the buoyancy fluxes using fresh and
salt water also supported the main conclusions of this theory.

- The whole of the deepening process in this model can be de-
scribed using the time-integrated buoyancy and mechanical energy
equations

D ot -
psD'——f p(r)dz = J p—OEdt, {(9.2.5)
0 th & '

0

D LG ‘
%PSDZ_f p(z)zdz =f ‘gdt_. (9.26)
0 to

These simply express the assumptions that in passing from an
arbitrary density distribution p(z) to a step of depth D and density
pPs, the changes in buoyancy and potential energy are equal to the
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integrated inputs of buoyancy B and effective mechanical energy G
during the deepening process. Equation (9.2.6) implies that thereis
no dissipation, a point which will be taken up again in the following
section. Scaling the equations with G/p = G, a characteristic value
of B (say By,,) and the period P of the heating cycle (a year in the
case treated) gives the functional dependence on the external

parameters:
gchmax = cleaxzp/G* (927)

and kmin = Co G*/Bmax (928)

(cf. (9.2.4)). The multiplying constants ¢, and ¢, depend on the
exact shape of the heating function; for example, with this scaling,
¢, is 0.19 for a sinusoidal heating function compared with 0.08 for
the saw-tooth form.

The predicted behaviour should be compared with the measure-
ments shown in fig. 9.7, which were made in an area where advec-
tion is small and the one-dimensional model should be appropriate.
Most of the qualitative features are well reproduced, especially the
phase relationship between the time of maximum heating and
minimum depth (which occur together), and maximum surface
temperature (which comes later). The physical assumptions under-
lying this model are also well supported by the more detailed
observations summarized by Tully and Giovando (1963), who have
explained them qualitatively in very similar terms. One feature is not
predicted by the model described above, namely, the change in
depth with time of the isotherms below the well-mixed layer. This
implies continuing mixing in this deeper region, which must be due
to energy propagating beyond the interface, in the form of internal
gravity waves. Direct evidence for the process is also to be found in
the observations, and it will be discussed further in § 10.3.3.

Also drawn on fig. 9.6 are the results of varying the energy con-
servation assumption in various ways during the cooling cycle
only. The dotted lines (ii) show what happens when there is no
penetration of the interface, driven either mechanically or con-
vectively; the surface layer just cools without deepening until the
density step is removed, then it deepens in a way which can be
calculated using the heat balance alone (see §9.2.3). (This last
assumption is supported by the work of Anati (1971), who showed
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Fig. 9.8. Illustrating the formation of a mixed layer by the absorption of
radiant heat in the interior combined with cooling due to evaporation at
the surface. A heat balance alone has been assumed here, with no extra
entrainment at the bottom of the mixed layer.

that the growth of a very deep well-mixed layer in Mediterranean is
described well using a non-penetrative model based on the density
distribution and the net buoyancy flux. In that area in winter,
vigorous mixing is produced by rapid surface cooling resulting from
strong winds.) The dashed lines on fig. 9.6 show the penetrative
effects of the two components, supposing that they can be con-
sidered separately. It is clear that whatever assumption is used,
surface cooling and not mechanical mixing eventually has a
dominant influence on the deepening process, though the time at
which the deepening occurs does depend on the other factors.

In some cases it is essential to allow for stirring due to the absorp-
tion of radiated heat in the interior. Kraus and Rooth (1961)
showed that the depth of a convective layer depends largely on the
balance between the interior heating and the surface cooling due to
evaporation; this effect too can be combined with mechanjcal
stirring. Again one has to make an assumption about the fraction of
the kinetic energy generated by the convective overturning which is
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used in entraining heavier fluid from below. The evidence in the
laboratory and in lakes (Dake and Harleman 1966) and in the ocean
(Defant 1961, vol. 1, ch. 3) suggests that this fraction is small. Thus
the mixed layer depths in the absence of wind can be calculated
using the heat balance alone, and replacing the hydrostatically
unstable parts of the temperature profiles (which would otherwise
result from the combination of radiation and conduction) by a well
mixed layer with the same heat content and no temperature step
below. (See fig. 9.8.) A model which develops this same idea for
the diurnal temperature cycle has recently been proposed by Foster

(19714).
9.2.3. Mixing at an atmospheric inversion

Theories of the development of the surface layer in the atmosphere
have emphasized the stirring due to convection, though shear-
driven turbulence can be important in this case too. The effect of a
destabilizing buoyancy flux through a bounding surface is appro-
priately discussed in more detail in this context, and we can now add
to the ideas about Lpenetrative convection which were introduced in
earlier chapters. |

The results discussed towards the end of the previous section are
also very relevant here. The rate of growth of a convecting layer into
a region. of stable temperature gradient will depend not only on the
heat flux, but also on the rate of entrainment across the edge of the
layer. The laboratory experiments of Deardorff, Willis and Lilly
(1969) described in §7.3.4, and the corresponding experiments using
a salinity gradient rather than a temperature gradient (§8.2.1),
suggested that this effect is small. If viscous damping were signi-
ficant in these experiments, then they might underestimate the
importance of entrainment on the atmospheric scale, but the oceanic
examples already given suggest that one will not go far wrong if the
extra entrainment is ignored, and the convective layer depth is
calculated using heat balance alone. '

The opposite view was taken by Ball (1960}, who calculated the
variations in the height of an inversion on the assumption that all
the energy produced by convection is available to entrain fluid
across the top of the well-mixed layer. Though the energy-con-
serving case is still a useful limit to consider, this assumption is
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certainly unrealistic in its extreme form, and not consistent with
what is now known about the convection and mixing processes. If
convection occurs in the form of ‘thermals’, for instance, it was
shown at the end of §6.3.1 that only a small fraction of the work
done by buoyancy appears as kinetic energy of mean motion, and
similar results hold for other convection elements. Thus even if all of
this energy on the larger scales which are most effective for entrain-
ment were used for this purpose (and this is by no means certain)
there would already be a substantial reduction in mixing rate.

When the individual convection elements are taken into account,
we should also bear in mind the ‘filling box’ mechanism described
in §4.3.3. This can produce a weak stable stratification even in con-
ditions of strong convection, an effect which has been observed in
the atmosphere by Warner and Telford (1967). (The experiments of
Baines (1972) which were mentioned in §9.1.3 include both this
effect and the entrainment by a plume at the interface.)

It is again useful to write down some special results, derived from
(9.2.5) and (9.2.6) for the case of a linear initial density gradient
specified by N2, with various buoyancy fluxes and the two extreme
mixing assumptions. The results given in §8.2.1 corresponding to a
constant flux B, can be rewritten for the present purpose as

D= (GB)IN, gROR= (B)Nth  (9:29)
0

where p, is the initial density at the ground and ps that in the well-
mixed layer. The constants given are upper limits corresponding to
the assumption of no energy loss; as explained previously, they are
reduced, though the power law dependence remains the same, when
the heat balance equation alone is used and there is no penetration.
Note that this change in depth with constant heating is more rapid
than it is with constant mechanical stirring (the time dependence is
#% instead of the #* predicted by (9.2.3)). For alinear density gradient
and a linearly increasing flux By = Ct the corresponding solutions
are also linear in time, the assumption of no energy loss giving

ALBC';)ENO 1. (9.2.10)

The multiplying constants with no penetration are both C3.

D = (3C)ENG ™, g&%—& - (
0
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Fig. 9.9. Temperature profiles recorded by Izumi (1964) in the lower
atmosphere as a mixed layer grew during the course of a morning. (The
numbers on the curves are local times.)

Whatever the form of heating, there is a clear qualitative dif-
ference between the predictions in the two limiting cases. With
penetration, the temperature at a given level will first fall abruptly as
the step produced by entrainment passes a given level, and then
gradually rise again. If there is no penetration, and just a change in
gradient, the temperature at a fixed height can never decrease.
Direct evidence for such a decrease in temperature (and therefore
for extra mixing at the top of an atmospheric surface layer) was
obtained by Izumi (1964), who followed the growth of a layer to
about 400 m as the heat flux increased during two hours in the early
morning (see fig. 9.9). Using these measurements, which were made
when there was a strong wind, it is not easy to separate convective
and mechanical energy inputs, however. It would be worth. seeking
examples of the convective growth of a well-mixed layer under
conditions of no wind, to compare with those described in §g.2.1
for which the mechanical effect alone was believed to be relevant.
There also seem to be some discrepancies between results obtained
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in the atmosphere and ocean, which may result from different
mechanisms and scales of turbulent energy generation, but which
can only be clarified by further observations of carefully docu-
mented natural phenomena.

The same kind of description can be extended to moist convection
in the atmosphere, and to much larger scales. Riehl et al. (1951), for
example, found evidence for entrainment through the trade wind
inversion, the mixing elements in that case being cumulus clouds.
The inversion acts as a lid for humidity, since the transport of
properties by the entrainment process is always downwards into
the turbulent layer ; the consequent tendency of the inversion to rise
is counteracted by large scale subsidence. Lilly (1968) added
radiative cooling at the top of a convective layer to the heating
below, and studied theoretically both the dry and the moist cases.
He, too, used the two extreme assumptions about the conversion of
energy, but a detailed discussion of his results would bring in the
new effect of heat radiation, which it is not appropriate to pursue
here. Note, however, that if losses of heat at the top are allowed, the
existence of a step is nof an indication that penetrative mixing is
occurring. :

We have emphasized the convectively unstable atmospheric
surface layers, but mention should also be made here of some results
obtained in stable conditions. Hanna (196g), following a suggestion
of Laikhtman (1961), has shown that the observed depth D of the
boundary layer can be described in terms of the velocity U at its
top and the (potential) density gradient through it by

D= o.75Ug/(§%)§. (9.2.11)

This is equivalent to the statement that the overall Richardson
number of all deep stable atmospheric boundary layers adjusts
itself to a value of % (cf. §§5.3.2 and 10.2.1). It is not as practically
useful as (9.2.4) (since it involves a derived density gradient which is
not easily observed), but (9.2.4) and (9.2.11) can be regarded as
alternative ‘flux’ and ‘gradient’ forms resulting from related
physical arguments, ‘

e
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9.2.4. Other factors limiting the depth of a mixed layer

So long as the turbulence near an interface is maintained in some
way, the inviscid entrainment processes described above would
continue to cause a well-mixed surface layer to deepen indefinitely.
One way of counteracting this tendency and producing a steady state
has been mentioned —large scale upwelling (in the ocean) or sub-
sidence (in the atmosphere), with an associated divergent flow in the
layer itself. For these geophysical flows, however, a steady state
also becomes possible because of two factors not yet considered. It
would be wrong to leave the impression that a simple entrainment
model is always the relevant one to apply, so a few qualitative re-
marks should be made about each of these processes.

For the first time in this book, we must introduce explicitly the
effect of the earth’s rotation. In a rotating system, the influence of a
boundary stress does not penetrate indefinitely, but is limited to the
Ekman layer, in which it is entirely balanced by the Coriolis forces.
(See, for example, Phillips (19664, p. 228) for a fuller discussion.)
Both the direction and magnitude of the mean velocity vary with
depth, in a manner which depends in detail on the mixing, butin a
rotating fluid of constant density (5.1.1) can be replaced by

g—: L h(t{—:) (9.2.12)
where fis the component of angular velocity about a vertical axis, u,
is the friction velocity, and his some function of the non-dimensional
parameter in brackets. In the rotating case, therefore, with a
boundary stress but negligible buoyancy flux, the lengthscale
Lo = uy [f (‘the depth of the Ekman layer’) becomes relevant instead
of the Monin—-Obukov length L, defined in (5.1.8) and implied by
(9-2-4)-

There is some confusion of these lengthscales, especially in the
oceanographic literature where the ‘upper mixed layer depth’ and
‘Ekman layer depth’ often seem to be regarded as synonymous.
This identification is valid only when L, > L,. Then the forced
convection region (in the absence of rotation) would include the
whole of the Ekman layer, and so rotation determines the extent to
which the surface effects can penetrate. The opposite case, where
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Ly < L, is the one already considered in arriving at (9.2.4). The
‘penetration of a wind-stirred layer is then limited by buoyancy,
before rotation can have an appreciable effect on the momentum
flux, E .

The second factor which should be mentioned is the effect of a
stable density gradient outside a well-mixed layer. Under these
conditions momentum and energy can be lost from the layer (and
therefore become unavailable for local mixing) in another way. They
can be radiated away in the form of internal gravity waves, and the
most favourable circumstances for this to happen can be found by
examining the relations given in §2.2.2. If the forcing frequency w
is too high, waves cannot be generated, and no energy is radiated at
all. When w < N, wave propagation is possible, and Townsend
(1965, 1966) has shown that both convective and shear generated
turbulence in the atmospheric boundary layer can produce dis-
turbances of the interface which permit radiation. In the latter case
most of the wave energy is in components having a phase velocity
close to the convection velocity ¥ of the dominant disturbances in
the boundary layer, i.e. those which satisfy a ‘ resonance’ condition,
and these have a wavelength near L, = 27VN~1, where N is the
buoyancy frequency of the region above the interface (not of the
much more stable interface itself). Inserting appropriate numerical
values for the atmospheric boundary layer, Townsend showed
that wave amplitudes of order 1oom could develop in a few
hours,

Detailed calculations for more general environmental conditions
(including a shear outside the boundary layer) led Townsend (1968)
to conclude that the rate of radiative energy loss from the boundary
layer in both the atmosphere and the ocean can be large enough to
affect the motion of the layer itself. He showed that the fraction of
the energy produced in the outer part of the layer which is radiated
away in gravity waves is a strong function of the ratio L,/L,, where
L, is the scale of the turbulence (comparable with the boundary
layer thickness), and L, has been defined above. The radiated
energy is negligible if L, is small compared with V/N, but if
Ly ~ V[N, the thickness of the turbulent layer is near the upper limit
set by the removal of energy in gravity waves. (Compare with
(9.2.11).) The numerical values estimated for the atmosphere
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and ocean are such that the limits set by this wave radiation
process and by the earth’s rotation are approximately equal in each
case. '

Wave energy supplied to the interior in this (and other) ways
also plays an important part in the transport and mixing processes
outside the boundary layer. These will form the subject of
chapter 10.




CHAPTER IO

INTERNAL MIXING PROCESSES

The mechanisms responsible for mixing in the interior of a stratified
fluid are even less well understood than those described in chapter g,
since the sources of energy are not so obvious, and several different
processes must be taken into account simultaneously. The important
ideas have already been introduced in earlier sections, but it seems
appropriate in this final chapter to take a broader and less detailed
view, and to consider together the whole array of mixing pheno-
mena which can be relevant in large natural bodies of stratified
fluid. Geophysical examples have figured prominently in this book,
and indeed the range of subject matter has been chosen with this
final synthesis in mind. The basic facts requiring explanation are
somewhat scattered, however, and in order to collect them together
and to define the problems to be treated here, a brief summary will
now be given of the observed structure of the ocean and atmosphere.

This field is developing rapidly, and the interpretation given here
must necessarily be a somewhat tentative and personal one.
Nevertheless, it seems useful to sketch how our present knowledge
of the separate components can be fitted into a self-consistent
picture, at the same time extending some of the earlier arguments so
that they can be applied in this wider context.

10.1. The observational data

Routine density profiles made using reversing bottles and thermo-
meters show that the ocean is everywhere stably stratified, except
for limited regions where bottom water forms intermittently as the
water column becomes convectively unstable. Near the surface,
there is characteristically a layer of more nearly uniform density,
bounded below by a thermocline, or region of rapid variation of
temperature and density (see §9.2). This structure varies on a daily
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Fig. 10.1. Temperature and temperature gradient profiles recorded in the
upper part of the summer thermocline near Malta by J. D. Woods
(private communication). Over the depths where there are large tempera-
ture inversions (between 3 and 12 m) there must be compensating
gradients of salinity since the density must increase with mcreasmg
depth, except in localized regions of active overturning.

and seasonal timescale, in a manner which depends on the local
wind and heat flux, and on the vertical and horizontal gradients of
temperature and salinity. (Heat is both added and removed at the
surface of the ocean, which is a very different distribution of sources
and sinks from that in the atmosphere.) Ata depth of some hundreds
of metres, there is a weaker permanent thermocline. Below this
again is a region extending to the bottom in which the density
gradient becomes progressively weaker with increasing depth.
Nevertheless, the ‘overall Richardson number’ for the deep ocean
(based on the geostrophic velocities produced by the measured
density differences on the rotating earth) are typically very large, at
least of order 102

Recent detailed measurements of temperature and salinity pro-
files, made with continuously recording instruments in various parts
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Fig. 10.2. Velocity and temperature derivatives in the deep ocean, ob-
tained by towing sensors at about 200 m in the permanent hato-thermo-
cline. The record length represents one minute or a distance of about
100 m. (a) Correlated velocity and temperature microstructure, indicative
of active small ‘scale mixing. (b) ‘Fossil turbulence’, or temperature
microstructure unaccompanied by any visible velocity structure. The
velocity signals shown are all caused by vibrations in the towing system.
(Unpublished data from P. W. Nasmyth.)

of the ocean, have shown that the density distribution is not smooth,
but contains significant variations on very small lengthscales even at
great depths. Particularly when vertical gradients (or differences
over a few centimetres) are recorded, rather than properties at a
point, it becomes clear that the vertical density profile is often step-
like, with layers of more uniform density separated by ‘sheets’ or
interfaces where the gradients are large. (See fig. 10.1.) This is true
not only when double-diffusive processes are important (§8.3.4), but
small scale layering can occur even in situations where variations of
one property alone determines the density. (Similar records of
temperature variations have been obtained in the ocean and in fresh
water lakes; see Simpson and Woods 1¢g70.) Measurements of the
vertical shear near the surface and in the deeper ocean also have a
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very non-uniform character, and give further evidence of the step-
like structure. It has been shown, for example by Grant, Moilliet
and Vogel (1968) in a tidal estuary, and by Woods (1969) in the
summer thermocline near Malta, that turbulence in the interior is
confined to thin, elongated patches which occur intermittently in
space and time. Records of velocity and temperature fluctuations,
obtained by towing a sensor through the upper ocean, reveal regions
of vigorous small scale turbulence separated by others which are
essentially laminar (fig. 10.24). Patches of ‘fossil turbulence’,
i.e. temperature microstructure remaining after the turbulence
has decayed, have also been observed. (See Stewart 1969, and
fig. 10.25.)

Temperature profiles measured using radiosondes in the atmo-
sphere also reveal a mainly stable stratification, but because heat
is on average added to the atmosphere at the ground, and removed at
higher levels by long wave radiation, the lowest layers are often
convectively unstable. Dry convection occurs immediately above
the ground, while higher up clouds are the more important mecha-
nism for transporting heat and water vapour into the upper atmo-
sphere. At the top of the surface layer there can be a sharp tempera-
ture inversion, implying a very rapid potential density change, or
there may be a smoother transition to a stable gradient. The mean
gradient increases with increasing height above this level. Again
there is much fine structure, and a tendency towards layering, with
turbulence occurring intermittently and in patches rather than
uniformly through the atmosphere.

It is worth remarking that some of the observed non-uniformities
of density gradient may be transient, and associated with internal
waves rather than mixing. Even if a region is smoothly stratified, the
propagation of a group of waves through it will cause a local
squeezing and separation of the surfaces of constant density, which
would be interpreted as variations in the vertical gradient. Repeated
profiles made through regular layered structures also give evidence
of spatial and temporal variations which can be attributed to waves.

It has been suggested (see, for example, Iselin 1939 and Munk
1966) that a major part of oceanic mixing might be due to boundary
effects, that is, to turbulence produced at the margin of continents
or at the surface, followed by a density-driven flow into the interior.
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Large scale advection of this kind could indeed lead to vertical
transports and the production of some of the layering which is
observed, and both in the atmosphere and in the ocean the motion of
frontswill havesimilar results. The effectiveness of these processes is
limited by the horizontal constraint of rotation, however, and the
sharpness of the observed gradients and the speed with which the
microstructure can change show that local vertical mixing is often
important. Only these smaller scale, more rapid processes will in
fact be considered in this chapter, and again we use the assumption
(already introduced in chapter g) that they can for the most part be
treated as one-dimensional. It would take us too far afield to give a
proper discussion of horizontal diffusion and mixing, and the ‘shear
effect’ referred to in § 5.3, whereby the horizontal spread is strongly
influenced by the interaction between vertical mixing and shear,
but there is no doubt that these processes play a significant role.
(See Pingree (1971), already mentioned in §8.2.3; Woods and
Wiley (1971); and the papers by Okubo (1968, 1970).)

10.2. Critical Richardson number criteria

The central difficulty of the internal mixing problem is associated
with the apparently very great stability of the geophysical flows. As
was pointed out in § 10.1, the overall Richardson numbers (based on
the mean density and velocity differences Ap and AU over the depth
of the ocean, for instance) are typically very large. How, then, in
view of the criterion for the breakdown of a shear flow discussed in
§4.1.3, and that for the equilibrium state proposed in §5.1.4, can
turbulence ever be produced and sustained in the interior of such
a region?

A qualitative answer to these questions can be found by develop-
ing the ideas expressed in §§5.1.4 and 6.2.4 and paying special
attention to the sources of turbulent energy. Long (1970) has gone
further and proposed a detailed theory which combines several of
the features discussed below, but it seems preferable here just to
describe the essential ingredients of such a solution, rather than to
give a particular recipe for their combination.
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10.2.1. Examples of equilibrium conditions _
It is less difficult to understand what is happening when localized
processes can be identified which impose the difference Ap and AU
over amuch smaller lengthscale than the whole depth of the ocean or
atmosphere. When a sufficiently large shear is applied across a
density interface and is such that the gradient Richardson number
falls below a critical value of about %, Kelvin—Helmholtz waves will
grow and overturn to produce patches of turbulent mixing. ("The
results given in §4.1.3 will be followed up in the geophysical context
in § 10.3.1.} If the shear is not sustained, this turbulence will decay
as the mixed layer spreads out (§5.3.2). If further kinetic energy is
provided, however, the arguments of §5.1.4 have shown that there
should be an ‘equilibrium’, self-adjusting value of the gradient
Richardson number Ri, at which turbulence can be maintained. In
this state no external lengthscale is relevant, and the mixing region
adjusts its thickness to accommodate the imposed Ap and AU.

The earlier applications to wakes (§5.3) and especially to the
outer edge of inclined plumes (§6.2.4) were in accord with these
ideas, and suggested that Ry, is of order 0.1 (somewhat smaller than
the critical value for the original breakdown). Various observers
(see, for example, Browning 1971) have been accumulating evidence
in the atmosphere which shows that the structure of frontal zones
can be described in a similar way (cf. case (¢) of fig. 4.19). They have
combined Doppler radar measurements of winds with frequent
temperature profiles made using radiosondes to deduce values of
minimum Ri lying consistently in the range 0.15-0.3 in these
regions (fig. 10.3), though Ri is poorly defined elsewhere.

An equilibrium value of R¢ can be sustained in this case, some-
times for several hours, because the motion of a front tends to
sharpen the gradients and decrease Rz, while mixing acts to increase
it again. The numerical values quoted for the atmosphere can only
be upper limits, since they were obtained by averaging vertically
over 200m and horizontally over several km diameter (see the
discussion relating to (10.2.1)), but the principle of a limiting
structure controlled by a Richardson number criterion seems to be
confirmed. The regions above and below jet streams in the high
atmosphere, and intruding layers in the ocean, should also be
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Fig. 10.3. Time-height pattern of Richardson number (defined over
layers 200 m deep), which was obtained by Browning (1g71) in the vicinity
of two ‘billow’ events. These events were observed by radar and are
indicated in duration and vertical extent by the rectangular frames marked
F and G; the times of radiosonde ascents are marked by arrows. The
increasingly dense cross hatching represents values of R of 0.3-0.5,
0.2-0.3 and o,1-0.2 respectively, and in the stippled region Ri < o.

governed by this criterion. Inothersituations, such asthe atmosphere
near the ground where the wind typically ‘dies away’ at night (as
described in §5.3.2), energy cannot be supplied rapidly enough to
the shear layer and so the turbulence must decay.

10.2.2. Non-equilibrium conditions: step formation

When Ap and AU are imposed over a given depth Ag, it is most
unlikely that the external boundary conditions will exactly match
the equilibrium ‘internal’ criterion, i.e. that

Riy = gApAzfp(AU) = Ri,.

Only in this case, however, could the equilibrium state be main-
tained, with linear gradients of density and velocity extending
through the whole depth, and turbulent transpérts of buoyancy and
momentum independent of position. If Ri;, < Ri,, the shear will
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dominate over the density differences, and the mixing will be an
‘external’ process, controlled directly by the boundary turbulence
(cf. case (a) of fig. 4.19). The distance from the boundary z thenisa
relevant parameter, and one must use the 2/L scaling described in
§5.1.2. Of most interest here is the opposite situation where
Ri, > Ri,, which is strongly satisfied in deep layers of the ocean or
atmosphere.

In this latter case, the stratification (and therefore internal
processes) must certainly dominate, but if ‘equilibrium Richardson
number’ ideas are still to apply, another smaller lengthscale must
become relevant. Stewart (1969) has pointed to a way out of this
dilemma. If the gradients dp/dz and du/dz are very non-uniform,
then a constant value of the gradient Richardson number (say R:,
everywhere) is compatible with any value of Ri;—essentially
because it is always true that

(AUJA=)? < (du]oz)e. (10.2.1)

If Ri = Ri,is the preferred state of a turbulent stratified fluid, then
this can be achieved by a rearrangement of the density and velocity
structure, for any given overall differences.

There are, of course, infinitely many ways of splitting up a given
Ap and AU to produce a constant Ri = Rz, {even if one ignores for
the present the patchy nature of the observed distributions, and
assumes horizontal uniformity), but a particular example will help
to fix our ideas. Let us suppose that initially linear distributions of
density and velocity, corresponding to Rz, = 4, are to be trans-
formed into ‘well-mixed layers’ and ‘interfaces’, subject to the
conservation of mass and momentum. In both of these there is to
be the same constant R: = Ri,, and the gradients are assumed to
remain linear (but necessarily of very different magnitudes).
Adopting for illustration the value Ri, =% suggested by the
laboratory experiments described in §6.2.4, fig. 10.4 shows the
various forms which can be taken by the velocity and density pro-
files for different ratios 7 of interface to total (layer plus interface)
thickness H; the absolute value of H is arbitrary. Note that the
contrast between the density gradients through the interface and in
the layers is much greater than it is for the velocity gradients.

This idea resolves a basic difficulty, and shows that turbulence
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Fig. 10.4. Showing (half) the velocity and density profiles which are

consistent with an initial layer Richardson number of Rz, = %, and have a

linear ‘layer’ and ‘interface’ structure with Ri = & everywhere.

need not be inhibited in a stratified fluid simply because the
Richardson number is too high; a redistribution of properties can
always reduce its value. It does, however, raise other questions
which can be answered in principle but not yet in detail. The
arguments of §5.1.4 imply that in the ‘equilibrium’ state, the ratio
of the buoyancy flux to the momentum flux is proportional to the
velocity gradient (5.1.20). If this gradient is non-uniform, as it
must be according to the arguments given above, then the transport
of momentum is relatively less efficient at the interfaces where the
velocity gradient is larger, and it will be impossible to have steady
turbulent fluxes of both properties through the whole depth. One
must either abandon the one-dimensional and steady state assump-
tions (and it is conceivable that the transport processes might be
essentially unsteady, with moving interfaces and horizontal
spreading playing the dominant roles) or take into account other
processes, besides the furbulent stresses implied in (5.1.20), which
can transport momentum,

For this, and other reasons to be outlined below, one is led to
consider the transports due to internal waves (as foreshadowed by

II TE2
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the earlier discussion of case (g), fig. 4.19). The generation of inter-
facial waves provides just the right kind of complementary mecha-
nism to transport momentum across the steep interfacial gradients
without correspondingly increasing the buoyancy flux, and a
steady state can plausibly be achieved by a combination of these two
mechanisms. Thus a stratified fluid with large overall Richardson
number can be turbulent at most intermittently and in patches,
while a large fraction of its volume will be in a state of laminar,
wave-like motion.

10.2.3. Energetics of a layered system

There are other physical constraints on the possible non-uniform
profiles which it is again convenient to illustrate using the hori-
zontally uniform ‘layer and interface’ model pictured in fig. 10.4.
The condition for the layers to have constant velocity and density,
while R = Ri, in the interfaces, is just

\.; r =71, = Ri|Ri, (10.2.2)

using the earlier notation. Thus if Ri, is regarded as given, and
reversals of velocity gradients are excluded as implausible in a flow
which has developed from a unidirectional shear, the interfaces
when they first form will be relatively thinner the larger Ré becomes.
(Any horizontal advection which follows the local formation of a
layer will of course tend to thicken the interfaces.)

Now consider the energy changes implied by the transition from
linear gradients u = az, p = —fz+p, to a well mixed layer of
depth H, bounded by sharp steps above and below. The change in
kineticenergyis T = JLa?H3and in potential energy V = — L. g fH13;
the decrease in T just balances the increase in ¥ when

Riy = gfla?® = & (10.2.3)

'This result may readily be extended to the case where the transition
between the well mixed layers takes place over an ‘interface’ of
finite thickness (in which» = 7,and Rf = Ri,, asin(10.2.2)above) to
give

Riy = 3(Rie+1) (10.2.4)

as the condition for equality of T'and V. At smaller values of Ri;than
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this, T > Vatr =7y, and T = V for r < #,. Thus for each Rj, there
is an upper limit to Ri, such that all the energy for mixing could in
principle have come from the local kinetic energy. The important
point to emphasize is that the overall Richardson number Ry, is the
parameter which determines the stability of the flow in the absence
of an external energy supply, and in this sense flows with RZ, > 1 are
stable. Note that the ‘critical’ Rf, values implied by (10.2.4) are
somewhat larger than the limit Ri; = } for infinitesimal distur-
bances found in §4.1.3, since a particular finite change in the dis-
tributions has been imposed. (See also Businger (196g) and Hines
(1971) for discussions of this point. The latter has also shown that
the energy condition for generation of turbulence is less stringent
when the velocity vector is changing direction with height.)

A similar consideration of the overall energy balance also sets an
upper limit on the thickening of an interface due to local turbulent
mixing following the breakdown of an interfacial wave at R < 1
(cf. §4.3.3). The profiles can at first become very non-uniform, with
turbulence sustained at Ri = Ri,, but when the thickness % of the
mixing interface increases to a value such that Riy = gAph/p(AU)?is
comparable with unity, the kinetic energy made available by the fluid
entrained into the interfacial region will no longer be sufficient to.
change the potential energy (even if one neglects the reduction in
turbulent energy due to viscous decay).

It seems appropriate to comment again here on the common
tendency to confuse the several possible meanings of the ¢ Richard-
son number’ (see §1.4). Not only is the term used without proper
definition, but the numerical differences between various measured
values are often disregarded once these have fallen well below some
presumed critical value. The experiments described in §4.1.4, and
the arguments given above show, however, that the growthrate of an
instability and the amount of kinetic energy available for subse-
quent mixing are both strong functions of the magnitude of the
relevant Richardson number, so it certainly is desirable to measure
and quote this accurately. This question would probably not arise
if an inverse parameter were in common use (10 and 100 are clearly
different while 0.1 and o.o1 are lumped together as small!), and this
is, perhaps ancther argument in favour of using the ‘gradient
Froude number’ F.

I1-2
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It is also of interest to calculate the Reynolds numbers in the
layer and interface under various circumstances. The interface
Reynolds number Re; (based on its thickness and the velocity dif-
ference across it) is a maximum at 7 = #,, when the corresponding
layer Reynolds number Re, is zero. For # < 7y, Ri; decreases slowly
and Re, increases more rapidly, and at a particular » = #, it can be
shown that

Re; = Re; = ry(1 —r,) HAU /v
_ Ri, HAU (10.2.5)
GRi,+Riy v =

This can be much less than the overall Reynolds number

Re = HAU/v

when Ri, <€ Riy,. The above result makes more explicit another
suggestion due to Stewart (1969g), that turbulence in a stably
stratified fluid may be inhibited by viscosity, essentially because Re;
is too low. The density gradient enters indirectly, because large R,
implies a small value of 7 and a restricted scale of motion. (At very
low Reynolds numbers, turbulence cannot even arise, since the
shear instability is inhibited — see §4.1.4.)

The results of this section, though based on a particular example,
are more generally valid. Most important is the conclusion that
when Rz > 1, sufficient kinetic energy is just not available in the
mean motion to change a smooth shear flow, having roughly similar
profiles of velocity and density, to a step-like structure. To produce
the non-uniform profiles, which are commonly observed in nature
and which seem to be necessary if turbulence is to exist in the
interior of large bodies of stratified fluid, some other supply of
energy is needed. In chapter 8 it was shown how layers can be
formed by double-diffusive processes which draw on the potential
energy of an unstably distributed component. In the absence of
such a local source of convective energy (and thus in a fluid strati-
fied with temperature or salinity alone), one is forced to take account
of energy supplied at the boundaries, or at a discontinuity of
properties such as a front, which propagates into the interior in the
form of internal gravity waves. No lengthscale for the layering due
to mechanical mixing has emerged from the arguments so far given,
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and this too must be a consequence of the particular mechanism
which supplies the energy to the interior.

10.3. Wave-induced mixing

Now that the role of wave energy in the interior mixing process has
been more firmly established, we must retrace our steps and develop
in this geophysical context some of the ideas introduced earlier,
especially in chapter 4. The most important application will be to
the phenomenon of ‘clear air turbulence’, an all-embracing name
applied to various processes which also occur in the ocean, We will
review in turn the mechanisms leading to the intermittent for-
mation of turbulent patches, to the production of a non-uniform
structure from smooth gradients, and to the possibility of ‘satura-
tion’ of the wave amplitude. The questions of the likely sources of
the wave energy and the distinction between waves and turbulence
will also be raised briefly.

10.3.1. Mixing at existing interfaces

Atmospheric examples of the production of turbulence due to the
growth of interfacial waves have already been described in chapter 4.
A sufficiently large steady shear leads to an instability of the Kelvin—
Helmbholtz form, which can be observed using radar in the clear air
(fig. 4.15 pl. 1x) or is made visible because cloud is present (fig. 4.14
pl. x). Of more general importance is the fact that similar instabil-
ities can be produced in regions of relatively large density gradient
by long internal waves propagating through the fluid (§4.3.3). The
shear is a maximum and the gradient Richardson number Ri a
minimum at such interfaces, and modest wave amplitudes, acting
in combination with mean shears due to larger scale motions, can
reduce Ri to the critical value for instability. The wave-induced
growth of K—H billows, and their subsequent breakdown to give
patches of ‘billow turbulence’, has been beautifully documented by
Woods (1968 a,b) in the upper ocean (fig. 4.21 pl. x).

Woods and Wiley (1971) have gone further, and proposed that
the whole of the vertical mixing in the ocean might be described in
terms of this process, following the formation of a few sharp inter-
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faces in some other way, for example by wind mixing or by larger
scale intrusion of one water mass into another. The local breakdown
of a single ‘sheet’ will produce a patch of relatively well-mixed fluid
which is elongated horizontally by the vertical shear and by spread-
ing along surfaces of constant density. At first this patch will be
turbulent, but for energetic reasons (§10.2.3) the turbulence must
decay as fluid is entrained from above and below. The net result,
they argue, is to replace a single sharp interface by two interfaces,
separated by a mixed layer (cf. fig. 4.11 p. 105). (The process is
probably not as clear-cut as this, since a single breaking event may
produce multiple interfaces, as suggested by fig. 4.12 pl. vIII;
but this complication does not affect the substance of the argument.)
The passage of subsequent long waves will produce further
‘splitting’ of the sheets, until in the mature state the whole water
column is filled with microstructure which has developed from the
original sharp interfaces, by a combination of splitting and super-
position of horizontally non-uniform structures. Molecular diffu-
sion must eventually act to limit and smooth out the microstruc-
ture. At any one time, only a small fraction of the volume contains
turbulent patches, but the net effect of many such events is to give
mean transports of heat, salt and momentum which are much
greater than the molecular rates. The fluxes will of course depend
on the large scale processes producing the shear, and will be largest
in the neighbourhood of fronts.

This picture is consistent both with observations such as those of
Woods and Wiley and with the theoretical constraints outlined in
§ 10.2.2. A major part of the vertical flux of horizontal momentum in
the ocean (and also the atmosphere) must be carried by internal
waves. The fraction is largest near density interfaces, where inter-
facial waves can grow, and as these intermittently break, they also
produce a smaller turbulent transport of the scalar quantities.
Plausible estimates of the various contributions to the total trans-
ports can be obtained from the existing data, but in the absence of a
fully quantitative theory these will not be pursued here.
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10.3.2. Formation of layers from a smooth gradient

When interfaces exist, they are the first regions to become unstable
to internal waves, but waves can also lead to the formation of turbu-
lent patches in a smoothly stratified fluid, with non-uniformities of
the vertical gradients developing only as a result of the subsequent
horizontal spreading of the mixed regions. The overturning of the
streamlines in lee waves and the production of rotors is the most
obvious example of such a process.

When the mean horizontal velocity # varies in the vertical, the
“critical layer’ mechanism (§2.3.2) can lead to the growth of inter-
nal gravity waves and the absorption of energy in limited regions. At
levels where u equals the horizontal phase velocity of the waves, the
group velocity relative to the fluid also tends to zero and wave
energy accumulates. The amplitude grows, dissipation is increased
either because of viscosity or by wave breaking, and eventually wave
energy and momentum are transferred to the mean flow. The dis-
tortion of the velocity profile produced in this way was remarked on
earlier in connection with the laboratory experiment illustrated in
fig. 2.15 pl. 1v. Small scale jets, which have been interpreted by
Woods (private communication) in terms of the local addition of
momentum to the mean flow when a wave breaks, are also a common
feature of the oceanic thermocline.

Bretherton (1969 4, b) has shown that a substantial fraction of the
drag exerted by an obstacle can be effective well away from the
boundary: for example the drag exerted by the Welsh mountains on
the airflow over them often acts at great heights. Most of the momen-
tum is added at the critical layer, but it can also be absorbed else-
where in the flow, in any region where friction dissipates the waves.
Thus patches of turbulence (i.e. locally well-mixed layers) could be
self-sustaining so long as wave energy is propagating into them,
even if they do not remain near a critical level: There is also the
possibility that a more gradual absorption of wave momentum will so
distort the velocity profile that a critical layer develops where there
was none before. An internal gravity wave could in this way produce
the optimum conditions to hasten its own decay.

Another mechanism for the concentration of energy in a smoothly
stratified flow involves weak resonant interactions, which are most
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important in just the conditions of interest here (when the overall
Richardson number is large). If is often difficult to separate this
from the result of superposition of waves from several sources, so
both effects will be considered together. A striking illustration of
wave breakdown of this kind has been provided by the experi-
ments of McEwan (1971), the earlier stages of which were described
in §2.4.3, and it will be useful to enlarge on them here. He generated
a standing internal wave in a laboratory tank, and observed that for
sufficiently large amplitudes, the waveform became modulated by
other waves having a frequency different from the forcing frequency
(fig. 10.54 pl. xx1v). In most cases the higher mode waves could be
identified with an unstable pair which formed a resonant triplet
with the forced wave. They grew by extracting energy from the
forced mode, until the superposition of the several motions pro-
duced visible local disturbances of the smooth gradient. These were
of two kinds, either an overturning or a violent horizontal conver-
gence followed by vertical divergence. In both cases there was a
subsequent collapse to form sharp density discontinuity layers,
which seemed to be ‘contagious’, i.e. they tended to spread in
consecutive cycles of oscillation in groups round the original
discontinuity, as the first disturbances contributed to the kinematic
distortion elsewhere. Such disturbances were often self-stabilizing,
because the small scale structure so produced gave enough viscous
~ dissipation to limit the growth and suppress further breaking. With
stronger forcing, however, patches of turbulent fluid could be
formed and sustained, as shown by the fine structure in shadowgraph
pictures (fig. 10.55).

McEwan also demonstrated that, although the conditions leading
to permanent distortion are realized more easily when growing
resonant modes are produced, similar effects can be observed
without such interactions provided the forcing amplitude is suffi-
ciently large. The photographs of fig. 10.5¢ and d pl. XX1v were
taken in an experiment where the lowest 1/1 mode was generated
(a case for which there was evidently no unstable interaction), and
they show the growth of disturbances in time, and the final break-
down. Even in this simpler case, for which the amplitudes of the
fundamental and its harmonics could be calculated, it was not pos-
sible to relate the kinematic conditions. for breakdown to any of
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Fig. 10.6. Vertical profiles of temperature and horizontal velocity in the
vicinity of an overturning event, according to the numerical calculation of
Orlanski and Bryan (1969). Internal waves were generated by resonant
forcing in the top quarter of the region, but at the instant shown the
amplitude was largest in the lower part. (From Orlanski and Bryan (x 969),
J. Geophys. Res. 74, 6975-83.)

those which apply in other better understood situations. The
maximum slope of the constant density surfaces was always small,
and the calculated minimum gradient Richardson number remained
large (of order 3), so that neither an overturning nor a shear insta-
bility would have been predicted on the basis of earlier work.

A numerical model leading to an overturning instability has been
described by Orlanski and Bryan (1969). They too considered a fluid
with constant V2 contained in a two-dimensional rectangular region,
and assumed a disturbance consisting of an oscillating body force
applied at £ = o to the upper quarter of the fluid. Using the inviscid
equations of motion in the Boussinesq approximation, they followed
the growth from rest of a wave resonating with the forcing function,
with a dominant vertical scale smaller than the total depth. Ulti-
mately, non-linear effects dominated, and higher wavenumbers
appeared, which by superposition led to overturning, at points
half way between crests and troughs and between horizontal nodal
lines. As shown in fig. 10.6, at particular times the points of insta-
bility can be remote from the generating region. The condition for
overturning corresponds to a state where the disturbance velocity
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just exceeds the phase velocity locally (which is consistent with the
‘critical layer” arguments of §2.3.3).

The energy input near the boundary, which is required to produce
overturning in this numerical model, decreases as the vertical scale
of motion is reduced. When viscosity is taken into account, however,
the dissipation also increases rapidly because of the larger shears
associated with the smaller scales. {See Johns and Cross 1970,
McEwan 1971.) These two effects combine to give a sharp mini-
mum, thus defining a scale for which the energy needed is a mini-
mum, and Orlanski and Bryan have suggested that this will be of the
order of tens of meters in the main thermocline. Though the
numerical values are subject to revision, this does seem to be a
promising approach to the question of a preferred layer depth.

10.3.3. Statistical aspects of wave generation and breaking

So far, only relatively simple generation and interaction processes
have been considered, involving particular forced modes and
resonant triads whose behaviour could in principle be calculated
explicitly. Now we must recognize the possibility of interaction
between many waves generated in different places, and abandon any
attempt to follow each of them in detail. Broadly one can say that
non-linear interactions will tend to transfer energy from large scale
internal waves into shorter and shorter wavelengths, and even-
tually there will be a whole spectrum of resonant modes, which can
only be treated by statistical methods. Associated with the smaller
vertical lengthscale of the higher modes will be an increased shear
du/dz, and so the gradient Richardson number R7 will be decreased
in localized regions, spaced a small distance apart compared with the
total depth: Eventually there will be a breakdown to turbulence in
randomly distributed patches, where the superposition of many
contributions to the local shear and density gradient has led to Rz
falling to some specified value, say below a critical value of about .

Bretherton (1969 ¢) has proposed a model of this process which is
based on an analogy between weak resonant interactions and the
theory of colliding molecules in a dilute gas. Using a linear super-
position and assuming that the magnitudes of velocity and density
gradients are normally distributed, he showed that the probability
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that Ri < } depends only on the overall N2and on (9u/2z)? through
the parameter

0% = (9u]0z)*[N?, (10.3.1)
a kind of inverse Richardson number for the wavefield as a whole.
For small o the probability of breakdown is

P~ ez, (10.3.2)

AT

Though this must certainly be an underestimate (since non-linear
effects can only increase the distortion and the number of turbulent
spots, and McEwan (19%1) has demonstrated that instabilities can
occur for much smaller shears) the conclusion that a substantial
change in P can be associated with a small variation in o will
probably remain valid. Thus it seems likely that a statistically
steady state could be achieved, in which the energy input to large
waves is balanced by the dissipation in turbulent patches, with a
minor change in the motions on intermediate scales. That is,
(10.3.2) suggests that large differences of energy input can be
accommodated by increasing the volume of the dissipating regions,
while (for a given N?) (du/0z)? changes little.

A similar argument due to Garrett and Munk (private communi-
cation) has gone a step further, and relates the input of wave energy
to the rate of vertical mixing. They have derived a universal energy
spectrum describing internal waves in the deep ocean, which is
based on observations extending over the inertial range as well as
gravity wave scales and frequencies. Using this to estimate the
probability of breakdown, together with mechanistic models of the
mixing produced by each breaking wave event, they arrive at
estimates of the vertical eddy diffusivity K which are very sensitive
functions of the shear. This again supports the view that the
suggested universal spectrum could be a consequence of a satura-
tion effect. The rather narrow range of X (of order 1 cm2/s) deduced
from observations in the deep ocean (Munk 1966) implies that the
mean rate of input of wave energy also varies little, at least over
long time scales.

Some kind of saturation of the quasi-horizontal motions due to
waves of large horizontal and small vertical scale is also indicated by
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certain more detailed observations in the ocean, which it therefore
seems relevant to mention here. 'The form in which these are
presented is most easily understood by quoting first a result for
two-dimensional wave motions which follows from (2.3.8). The
vertical velocity through a region in which N2 is a slowly varying
function of z, rather than constant, is

#(s) ~ AN} exp {i f (NR/w) dz} (10.3.3)

(see Phillips 19664, p. 174). Here A is a dimensional constant
determined by the boundary conditions, but the whole of the
vertical dependence of the amplitudes of the velocity fluctuations
for any high order mode is contained in the function N=%(z). Using
the continuity equation with (10.3.3) shows that the corresponding
horizontal velocity is

u(z)oc N3(z); (10.3.4)
that is, in regions of large density gradient, horizontal motions are
increased while vertical motions are decreased.

Fofonoff and Webster (1971) have analysed current records at
various depths in the deep ocean and have found that below the
surface layer the horizontal kinetic energy in the band of frequencies
associated with gravity waves is proportional to IV, that is

1o( + %) oc (), (103.5)

in agreement with (10.3.4). Even the spectra can be brought to an
identical form by scaling with the local value of IV, as is shown in
fig. ro.7. Moreover—and this is a point of special interest here—
Webster (1971) has shown that the constant of proportionality
varies surprisingly little with geographical position or with the
strength of the local winds. This suggests again that the intensity is
internally limited, and also that surface disturbances have little
direct effect on the deeper motions.

Very little is known about the sources of the wave energy in the
ocean, but some ideas about the relative effectiveness of generating
waves at various levels can be obtained using an extension of the
above arguments. For given external boundary conditions, it can be
shown that 2 defined by (10.3.1)is an increasing function of N, so
- that the probability of breakdown is increased where the density
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Fig. 10.7. Energy density spectra computed from measurements of hori-
zontal velocities at various depths in the ocean, as reported by Fofonoff
and Webster (1971). On the left are the directly measured values and on
the right are the same data normalized using the local value of the buoyancy
frequency. Note that the curves for all depths below the surface layer are
superimposed in the range of frequencies above the inertial peak. The
record numbers correspond to the following depths: 1882, 7 m; 2121,
50 m; 2203, 106 m; 2204, 5I1 m; 2205, 1013 m; and 2125, 1950 m.

gradient is large (cf. §4.3.2, where a similar result was quoted for
interfaces). 'This means that, if energy is added at the top of a
thermocline where the density gradients are a maximum, no
instability can be produced at greater depths unless ‘breaking’ is
already present nearer the surface. The observations suggest that a
wind-mixed surface layer (§9.2.1) can have immediately below it a
gradient region in which intermittent mixing is driven by wave
energy propagating downwards from the interface (see, for example,
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Kitaigordskii and Miropol’kii 1970). The thickness of this layer,

which is indirectly but simultaneously mixed by the surface pro-

cesses, must be strictly limited, however, since so much energy will

be lost near the source that the amplitude of the propagating waves

will fall below the level necessary to produce instability lower down.

Wave energy can nevertheless be fed in this way from the surface

into the deeper ocean, to interact later with that originating in other

regions and produce intermittent mixing which cannot be identified
in space or time with particular sources.

On the other hand, waves generated on the ocean bottom or at
the edge of a shelf, which are regions of minimum N2, will tend to
become more unstable as they propagate upwards. Some fraction
of the energy can be absorbed at each level due to breaking, while
still allowing enough through to make the higher layers unstable in
their turn. No such difficulty arises in the discussion of wave
generation in the atmosphere, since the major wave generating
processes (at the surface) are naturally associated with the weakest
density gradients. Note again too that the increasing instability
with increasing height (and increasing N?) will be enhanced in the
atmosphere by the decrease in air density (see §4.3.5).

10.3.4. Waves and turbulence in large scale flows

The interpretations of geophysical phenomena suggested above have
of course been deliberately simplified, so that the physical processes
could be identified and discussed individually, and always with
buoyancy forces taken as the major controlling factor. We will now
consider the relation between the various phenomena described,
and comment briefly on some of the effects which have been omitted.

It is apparent that ‘ clear air turbulence’ (and its equivalent in the
ocean) can encompass a great variety of physically distinct pheno-
mena, each of which may become important if the circumstances are
right, Sometimes it can be associated with a particular part of the
boundary (where separation occurs behind an obstacle, for example,
or an internal hydraulic jump is generated downstream). Strong
enough shears, especially across density interfaces, will lead to a
local instability and the production of turbulence. With the genera-
tion of waves, the effects of boundaries can be propagated far into the
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interior of a stratified fluid. In different conditions, stable wave
motions of large amplitude, those which are in the process of over-
turning, and those which have actually broken down to give smaller
scale turbulence may have similar effects on aircraft, but the
various alternatives must be distinguished if one is to obtain a
proper understanding of what is observed.

This raises the more general question of the criteria which can be
used, in principle and in practice, to decide whether motions in a
stably stratified fluid should be called ‘waves’ or ‘turbulence’.
It is clearly inefficient to lump everything together. We must learn
to recognize the characteristic features of the two kinds of motion
so that we can design observations more intelligently and analyse
them in the most suitable way. As pointed out by Stewart (1969),+
the distinction is not always clearcut. Internal waves of large
amplitude produce turbulent patches (§§ 4.3, 10.3.2) and turbulence
can generate waves (§§7.3.4, 9.2.4), and when such non-linear
effects can continuously exchange energy between the two kinds of
motion it is difficult to draw a firm line between them.

Many phenomena can, however, be put unambiguously in one
category or the other, and the distinctive features can be listed. The
most important property of turbulence is its ability to produce
mixing, thereby transporting scalar quantities such as heat or salt
both along and across surfaces of constant density. Associated with
this is the fact that turbulence is a strong interaction phenomenon,
and highly dissipative. There is little connection between the motion
at well separated points in the fluid, and energy propagates slowly,
with the speed of the fluid motion. Waves, on the other hand, may
distort the density distribution to produce an apparent, transient
layering (§10.1), but they cannot permanently change the strati-
fication unless they ‘break’ to produce turbulence. Waves are
characterized by a dispersion relation, a definite relation between
their speed and scale. They transfer energy more rapidly through
the fluid, varying only gradually as they do so, and preserve phase
relations over several wavelengths at least.

Both observation and theory support the view that in the interior
of strongly stratified fluids, such as the atmosphere and ocean,

1 Presented at a Colloquium on ‘ Spectra of Me;eorological Variables’,
the whole of which is recommended to those interested in this field.
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turbulence as defined in this way can occur only sporadically and in
isolated patches. Through most of the volume, wave theories should
therefore be the more appropriate, whereas inside these patches one
should change to a description in terms of turbulence (cf. §35.2).
Sometimes, by using tracer techniques for instance (§4.3.3), it may
be possible to pick out these regions directly, but more often the
state of motion will have to be diagnosed from temperature and
velocity records like those of fig. 10.2. Analysis of the cross spectra
of these variables seems the most promising method so far proposed.
Wave motions will give a high coherence between temperature and
vertical velocity, but since the fluctuations are go° out of phase
(§2.2), no vertical transport is implied. (See, for example, Axford
(x971), who has analysed observations of internal gravity waves in
this way.) Phase angles near zero or 180°, implying a much stronger
co-spectrum than quadrature spectrum and a non-zero vertical
transport of heat, will be indicative of motions which are mostly
turbulence.

Patches of turbulence in the ocean or atmosphere can arise as a
result of the superposition of motions from many sources and on
many scales. A completely deterministic theory is therefore un-
likely, and detailed forecasting of clear air turbulence will always be
very difficult, but there are obvious ways in which the discussion
given here can be extended and made more realistic. The mean
shears certainly contribute to the internal breakdown mechanism,
and one must also include the larger scale, quasi-horizontal motions
associated with inertial waves. A full description of even the smaller
scale motions will strictly involve both stratification and rotation,
with the theory of inertio-gravitational waves replacing that of
pure gravity waves. It seems likely, for instance, that inertial
waves could lead to the critical conditions for turbulence being
achieved simultancously everywhere in a horizontally elongated
patch, rather than in a more localized region which then spreads
sideways.

More detailed measurements will be needed before we can even
properly describe the transport mechanisms in the atmosphere and
ocean. Already in recent years there has been a notable change in
attitude to small scale observations and the associated theoretical
and laboratory work, and each new technique has led to further




INTERNAL MIXING PROCESSES 337

advances. The characteristic layered and patchy structure, and the
importance of density interfaces, have become widely appreciated,
and more information will come with increased resolution. There is
still a great need, however, for more systematic surveys, designed
not only to learn more about individual mixing events but also to
determine how these are distributed in space and time, and how
they are related to the local gradients and the energy inputs. Remote
sensing techniques based on radar and acoustic sounding offer the
best hope for rapid progress, and an example of the kind of measure-
ment which can already be made is given in fig. 10.8 pl. xxiL.
(See also Beran, Little and Willworth 1971.) More attention should
also be given to the problem of identification of significant events
on a record, before embarking on routine analyses (such as the
calculation of spectra) which may sometimes be quite inappro-
priate.

The detailed description of the ocean and atmosphere will un-
doubtedly change as more information becomes available and
additional effects, especially those introduced by rotation, are added
to those considered here. We can be confident, however, that micro-
physical processes will always be important, and that they will be
described using concepts closely related to those which have been
discussed. It is only by building systematically on our theoretical
and laboratory knowledge of individual physical processes that we
can hope first to recognize, and then to understand, the fascmatmg
array of more complex natural phenomena.

12 TBE
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The followiné references, with brief notes on their relation to the subjects
discussed in the text, have been added in proof.

Arya, S.P.S. (1972). The critical condition for the maintenance of
turbulence in stratified flows. Quart. ¥. Roy. Met. Soc. 98, 264—73.

Presents wind tunnel measurements and theoretical arguments which

support the idea of a critical value of KH/KM_ in stable stratification

(see §§5.2.3 and 5.3.3).

Gargett, A. E. and Hughes, B. A. (1972). On the interaction of surface
and internal waves. J. Fluid Mech. 52, 171—91 '

Gives a new explanation for the appearance of ‘slicks’ (fig. 2.3 pl. 1v).

Suggests that the increase in reflectivity may be due not to surface con-

taminants, but to short steep waves formed by resonant interaction (§2.4).

Gregg, M. C. and Cox, C.S. (1972). The vertical microstructure of
temperature and salinity. Deep- Sea Res. 19, 355—76.

Ocean mlcrosctructure measurements extending into the millimetre

range. These contain evidence of both mechanical (§4.3) and double-

diffusive (§8.2) mixing processes.

Huppert, H. E. and Turner, J. S. (1972). Double-diffusive convection and
its implications for the temperature and salinity structure of the
ocean and Lake Vanda. ¥. Phys. Oceanog. (in the press).

It is suggested that one should be cautious about applying laboratory data

to poorly defined situations in the ocean. A confirmation of the relation

(8.3.3.) can be obtained on a larger scale, however, using observations in

an Antarctic Lake.

Kullenberg, G. (1972). Apparent horizontal diffusion in a stratified
vertical shear flow. Tellus, 24, 177—28.

Field observations of the spread of patches of dye are interpreted usinga

theoretical model which combines vertical diffusion ‘and an oscillating

vertical current shear (see §5.3.4).

Martin, S., Simmons, W. and Wunsch, C. (1972). The excitation of
resonant triads by single internal waves. ¥. Fluid Mech. 53, 17—44.

An extended and up to date description of interaction experiments using

travelling internal waves (§2.4.3).

Morton, B. R. (1971). The choice of conservation equations for plume
models. ¥. Geophys. Res. 76, 7409-16.

A comparison of various theories of turbulent plumes (see p. 199) which

lends support to the formulation based on flux equations for mass and

vertical momentum (§6.1.2).

[358]



RECENT PUBLICATIONS 359

Pochapsky, T. E. (1972). Internal waves and turbulence in the deep ocean.
F. Phys. Oceanog. 2, 96—103.

The author concludes on the basis of ocean measurements that most of

the kinetic energy in the fluctuating components is associated with non-

mixing or internal wave type motions (see §10.3.4).

Schooley, A. H. and Hughes, B. A. (1972). An experimental and theo-
retical study of internal waves generated by the collapse of a two
dimensional mixed region in a density gradient. ¥. Fluid Mech. 51,
159-76.

The internal wave amplitude generated by a collapsing, initially turbulent

region is well predicted using a highly idealized linear model (§5.3.1).

Scotti, R. S. and Corcos, G. M. (1972). An experiment on the stability of
small disturbances in a stratified shear layer. ¥. Fluid Mech. 52,
499-528.

This gives a more detailed description of the experiment discussed in

§4.1.4. It also shows photographs of the breakdown of a subcritical

flow as it passes through a contraction (see p. 96).

Simpson, J. E. (1972). Effects of the lower boundary on the head of a

© gravity current. ¥. Fluid Mech. 53, 759—-67.

A laboratory study of the three-dimensional structure, which supports an

explanation based on the gravitational instability of the lighter fluid over-

run by the nose (see fig. 3.14 pl. v1).

Spiegel, E. A. (1971). Convection in stars. 1. Basic Boussmesq convection.
Ann. Rev. Astron. & Astrophys. 9, 323—52.

An excellent review of convection, emphasizing the theory and especially

the recent numerical work referred to in §7.2.3. Part I1. * Special effects’,

1bid. 10, includes a discussion of double-diffusive convection.

Thomas, N. H. and Stevenson, T. N. (1972). A similarity solution for
viscous internal waves. ¥. Fluid Mech. 54, 495—500.

A theoretical description, supported by detailed experiments, of internal

waves generated by a localized disturbance in a viscous fluid. (cf.

figs. 2.7 and 2.11).

Thorpe, S. A. (1972). Turbulence in stably stratified fluids: a review of
laboratory experiments, Proc. 1972 IUCRM Colloguium, San Diego.
To be published in Boundary Layer Meteorology.

A valuable, up to date discussion of laboratory experiments in this field.
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effects of internal waves in, 124—6,
311, 325
observations of unstable layers in,
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turbulence, 122, 325
Bjerknes’ theorem, 8
blocking, 58, 66, 79-81
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effect of a buoyancy flux, 130-8,
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Boussinesq approximation, 9—10, 24,
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buoyancy frequency, 11, 22, 25, 197
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effect on shear flow, 130-8, 155,
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from'small source, 16573, 231—4.
buoyancy layer, 243, 247
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289
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buoyant vortex ring, 189-91, 200’

cellular convection, 208, 216
clear air turbulence, 106, 122, 325~7
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models of convection in, 196
organization by shear, 216
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collapse of turbulent wakes, 151—4

columnar modes, 33, 57
compressible fluid, 4, ¢
finite amplitude waves in, 11, 59
growth of wave amplitude with
height, 37, 126
concentration of energy, mechanisms
for the, 125, 327
confined region, convection in, 2314
constant flux layers, 130, 148
limit in stable stratification, 136,
321
continously stratified fluid, 21—-9, 44,
55
instabilities of, 124
convection
cellular, 208, 216
double-diffusive, 251-847, 358
forced and free, 133
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in a pipe, 240 .
in confined regions, 231
in regions of variable depth, 286
large Rayleigh number, 213, 220,
227
penetrative, 235
over a horizontal plane, 208, 213
over ice, 236, 238
convective mixing in the ocean and
atmosphere, 2770, 301, 306
‘counter gradient” heat flux, 234
critical layer absorption, 38, 1235, 327
critical Rayleigh number, critical
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‘dead water’, phenomenon of, 19, 156
diffusion ‘
effect of, on slow viscous flows, 86
effect of, on stability of heated layer,
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of pollulant in stratified shear flow,
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diffusive interface
defined, 253 -
experiments with, 2625, 274
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dispersion relations for internal waves,
16, 25, 49-50
dissipation of energy
in turbulent flow, 130, 136, 146
viscous, 44, 46, 104, 123
diurnal heating cycle, 306, 314
double-diffusive convection, 251-87
drag, wave, 62
effective at great heights, 38, 327
on slowly moving body, 84 ‘
drift of fluid particles produced by
waves, 52
dying away of wind, 155, 319

eddy transport coefficients
in free convection, 135
in neutral conditions, 130
in stratified flow, 132
ratio in stable gradient, 138, 140,
157, 358
Ekman laver
analogy with buoyancy layer, 243
Limitation of surface mixing, 310
energetics of a layered system,
322
energy arguments
for mixing in a stratified fluid, 294,
323
modified by distortion of the inter-
face, 296
entrainment, turbulent
across density interfaces, 288—9¢
dependence of, on - Richardson
number, 179, 291, 2094
mechanism of, 167
proportional rate of, into plumes
172, and thermals, 191
entrainment assumption, 170-1
modification on sloping boundary,
179
entrainment constant, 173, 177
environment
as an ensemble of convection ele-
ments, 230 .
properties produced by convection
from small sources, 231—4
environmental turbulence
effect on thermals 203, and on bent
over plumes, 205
equations of motion of stratified fluid,
6, 22 :
Boussinesq approximation, 9, 25
exact equation for large amplitude
flow, 55-6 -
equilibrium -of a fluid, 3-5
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equilibrium Richardson number, 137,
186, 318

estuaries
buoyancy driven flow in, 163
mixing in, 157, 161
stratified flow in, 157

estuary number, defined, 158

Euler equations of motion, 6

external mixing processes, 116, 288—

309

‘filling box’ model, 231—5, 307
finger interfaces, 266, 280—4
fingers, salt, 253, 258
effect of shear on, 285
planform of, 258, 282
fine structure in observed density pro-
files, 271, 314
finite amplitude convection, 211-15,
25062
finite amplitude waves, 48—63
fluxes across a density interface
diffusive interface, 274, 358
finger interface, 280
produced by mechanical stirring,
288-92 :
forced convection, 134
forced plumes, 1736
in stable environment, z00~2
fossil turbulence, 316
free convection, 134~5
frequency, buoyancy or
Viisild, 11
friction velocity, 128, 294
front of gravity current, 72, 178, 194
Froude number
internal, defined, 12
critical, 33, 65, 74

Brunt—

gas absorption into liquid surface,
297

generation of turbulence, mechanisms
for, x16—26

gradient Richardson number, 12, 92,
100

Grashof number, 112, 209, 241

gravity current, steady turbulent,
178-85

nose at front of, 72, 178, 194
grids, stirring with, 288-9z
group velocity, 16, 27, 32, 38

heated wall
flow along a, 113, 241
formation of layers at, 264, 267
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heating a salinity gradient from below,
262-6

heating of surface layer, effect-on mix-
ing, 301, 305

Helmholtz equation, use in the lee
wave problem, 56, 60 _

horizontal gradients, layering due to,
26770 ‘

horizontal mixing in a stratified fluid,
317

hydraulic jumps, internal, 66, 182

in atmosphere, 67, 119

hydraulic theory for stratified flows,

64~75 ' :

inflow into turbulent plumes, 169, 171
instability of stratified fluid; see
stability
interactions, resonant, 39—47, 358
between interfacial waves, 41—4
between internal waves, 447
instabilities due to, 43, 123, 327
laboratory experiments, 45, 46, 328
interfaces
density, 14, 64, 92
diffusive, 253, 262, 274
finger, 266, 280—4
fluxes across, due to double dif-
fusive convection, 2474, 280
mechanical mixing across, 288-92
stability of double diffusive, 279—8o0
stress across, 74
interfacial waves
between deep layers, 16, 49; layers
of finite thickness, 18, 50
observations in ocean, 19, 51, 120
shear instabilities produced by, 120-
3, 325
interior shear layer
stability, ga—10%7
suppression of turbulence by den~
sity gradient, 1546
internal heating,
convection due to, 217
internal mixing mechanisms,
31337
internal waves
at a density interface, 14, 48
description in terms of modes, 22
description in terms of rays, 24
energy absorption at critical layers,
. 37,125, 330
_ finite amplitude, 48-63
generated by convection, 37, 237,
311

116,

363
generated by oscillating bodies,
28-31, 202, 359
mixing caused by, 120, 125, 32534
momentum transported by 38, 327,
solitary, 53
intrinsic frequency, 38
inverse method for lee wave calcula-
tions, 58
inversion, atmospheric, 3
mixing-across, 306—9
isothermal atmosphere, 5, 24

katabatic winds, 69, 178

Kelvin—Helmholtz instability, g3-6,
106, 120, 318

Kolmogorov hypotheses, 141

laboratory experiments, see entry under
the name of the phenomenon
lakes
mixing due to penetrating radiation,
300
salt stratified, 270
laminar convection between hori-
zontal plates
observations of, 216—18
stability theory, 208-12
laminar convection between vertical
plates, 241, 246-8
large density variations, 11, 59
lateral heating of salinity gradient
production of layers by, 264, 26770
layers in a stratified fluid
formation by breaking
waves, 122, 310
formation by heating salt gradient
from below, 262—5
formation by salt finger convection,
266, 272 A
formation by side wall heating,
267-9
formationnearsloping boundary, 268
observations in the ocean, 270-3,
313—17
time history and stability of, 278~80
lee waves T
in the atmosphere, 34-6, 119, 327
in a channel, 33
in unconfined flows, 34
when velocity varies with height,
37-9, 327
with finite amplitude, 58-63
linearized €équations of motion, 8
applied to internal waves, 15, 22
Boussinesq approximation, 10, 24
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lock exchange problem, 70—z
with both temperature and salinity
differences, 269 ‘
logarithmic velocity profile, 128—9
log-linear profile, 131
longitudinal mixing -and dispersion,
161—4, 358

mean field approximation, 224, 261
mechanical mixing across fluid inter-
faces, 288—300
microstructure measurementsin ocean,
122, 271, 314-16, 358
mixed layer
in the atmosphere, 306—0g
in the ocean, 299—305
mixing in a stratified fluid
at a density interface, 179, 288,
202
classification of mechanisms, 116—18
comparison of various experiments,
2978
due to internal waves, 120, 125,
325-34
external mixing processes, 116, 288—
309 x
internal mixing' processes,
313-37
produced by a surface stress, 292—5
mode description of internal waves, 22
molecular effects
on free convection, 214
on turbulent mixing, 295—7
momentum transport byinternal waves,
38, 327
Monin—Obukov length, 131, 301
mountain and valley wind, 243—5

116,
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